NAME

Honors Exam in Statistics
May 2005

Please read carcfully:.

e This three hour exam consists of 6 questions of equal
weight.

e Answer all 6 questions.
e This is a closed book/closed notes exam.

e You may use a calculator that does not do algebra or
calculus, '

e Use additional answer sheets as needed.

e Label each sheet with the question number and your
name at the top.

¢ Do not write the answer to more than one questionon . ... ... ..

a single page.
o Do not write on the back of any sheet.

¢ Normal, ¢, ¥? and F tables should be supplied with this
exam.
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Question 1

A systolic blood pressure (SBP) greater than 150 mmHg indicates the
presence of hypertension. The definitive method for diagnosing hyperten-
sion requires that three consecutive systolic blood pressure readings each be
greater than 150 mmHg. A new diagnosis method diagnoses hypertension if
" the mean of the three consecutive measures is greater than 150 mmHg. SBP
measurements are independent and normally distributed with mean equal
to the true underlying value and a variance of 30 mmHg.

(2) What is the probability that a subject with a true underlying SBP
of 155 mmHg will be given the correct diagnosis under the definitive

method?

(b) What is the probability that a subject with a true underlying SBP of
155 mmHg will be given the correct diagnosis under the new method?

(c) What is the probability that these two methods applied to the same
three readings will agree for a subject with a true underlying SBP of

155 mmHg? :
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Question 2

The following data are measures of pulmonary vascular resistance (PVR)
in seven lambs before and after infusion of the drug histamine

Lamb PVR before histamine PVR after histamine

1 09 17
2 10 14
3 .09 .19
4 13 ' 18
5 .09 11
6 08 .08
7 .13 : .10

() Perform a statistical test using @ = 0.05 to determine if histamine
increases PVR on average. Be sure to state the null and alternative
hypotheses, state all your a,ssumptmns and state thé conclusions that
can be drawn from the test.

(b) You are how asked to design a smnlar study for a similar type of lamb
- from another region. How many lambs would you use in the study to
ensure the test will have 90% power at the o = 0.05 significance level

_ for a difference in means of .037 Show your calenlations. . ...
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Question 3

A new medical device has four components, A, B, C, D. Every time it is
used each of the components may fail, independently, with probability 0.1.
Failure is permanent. The device will not function if more than one of the
components has failed. Assume no replacement of failed components.

(a) What is the probability that the device fails during the first usage?
(b) What is the probability that the device still works after 2 uses?

(c) What is the expected mumber of uses that we will get from the device
before it fails?
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Question 4

Bananas on a special banana tree come in bunches whose size is Poisson
with mean A. Trucks deliver bunches to stores. A% the store, a fraction
0 < p < 1 of bananas are found to be bad. Bananas go bad independently of
each other. Bad bananas are removed from their bunch before the bunch is
put on sale. Bunches of size zero are not delivered and are not put on sale.

(a) What is the distribution of the size of banana bunches on sale?
(b} What fraction of bunches from the tree are never put on sale?

(c) By going to the store and buying bunches of bananas, what function(s)
of p and A can you estimate? :

(d) Discuss whether, in reality, a Poisson model is appropriate for barana
bunches.
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Question 5

In a repeated measures design with n subjects, we take J measurements Y,
7=1,...,/ on subject ¢. A commonly used model for this data is

Yij=u+05 + &
where

&; ~ N(0,6°)

and all §; and all €;; are independent. The goal is to estimate . The usual
estimator of y is

= (”J)_l-iiyz‘j = n_li?ﬁ‘-’

i=1 j=1 i=1

defining ¥ and V.
The cost of recruiting each sub;ect isCh dollars. The cost of each mea-

surement is Cy dollars, including the first measurement.
A cross-sectional design has J = 1. The model is the same, Yj; = p +
Fi + €; but now 7 only takes on the value 1. Assume m subjects in the

e CTOS8G- r-‘.pchnnnf anw‘q R

A measure of the eﬁimency of a de51gn ig

(efficiency) ™! = cost * variance

where “cost” is the total cost of recruiting subjects and taking all measure-
~ ments; “variance” is the variance of V.

(a) What is the variance of ¥ in the repeated measures design?

(b) What is the cost of a repeated measures study with n subjects and .J
repeated measures?

(¢) How many subjects m could you afford in the cross-sectional study for
the same price as the repeated measures study with given J, n, 01 and

Ca?
(d) Suppose m = 2n and J = 4;

1. When does the repeated measures design have smaller variance
of ¥ than the cross-sectional design?

2. And when is the repeated measures design cheaper than the cross-
sectional de;«sign?

3. When is the repeated measures design more efficient?
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Question 6

The following data are the remission tlmes 1 in Weeks for n = 21 inde-
pendent leukemia patients:

1,1,2,2,3,4,4,5,8,8,8 8 11, 11,12+, 12, 14, 15+, 17, 18+, 234 _

The + indicates an observation whose exact value is unknown, but is at
least as large as the given value. Let y denote the remission time of a generic
patient.

(a) Estimate the more than 5-week remission probability P{y > 5). Do not
assume any distribution for the ;.

(bj Give a 95% confidence iz.lterval_ for your estimate in (a).

¢) Does not knowing the exact values of 4 of the observations matter for
g
your calculations? Yes/No

(d) Assume an exponential distribution f(3;|A) = exp(—y;/A)/A for y; with
unknown mean A, What is the probability, as a function of A, that a
¥ > ¢ for known ¢? This is the likelihood contribution made by a '+’
observation, where ¢ is 12, 15, 18, or 23 as appropriate.

_ (e) Write down the likelihood of A. The total of the 17 known remission

‘times ig° 119 The total of the 4 ° 10 times i 68
(f) Calculate the maximum likelihood estimate A of A.

{g) Find the asymptotic standard deviation of A as a function of \. Calcu-
late the asymptotic standard error of A by substituting in the maximum
likelihood estimate for the unknown A.
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the critical value ¢* with
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[ T-20 | ‘ Tables

right.

I. S : Tail probability p
SRR . df| .25 20 15 10 .05 025 02 01 005 . 0025 001 .000%
1 132 164 207 271 384 541 663  7.88 9.4 10.83 1212
2 277 322 . 379 461  59¢ 782 921 1060 1198 1382 {520
3 441 464 532 625  7.81 9.84 11.34 [2.84 1432 1627 1773
4 539 599 674 778 949 1114 1167 1328 14.86 1642, 1847 2000
[ S L SRR ] R 75 b A X SR £ K1 s O'2 K M o |- e € [ .iib PES & [ Rty 1 v S 1 e -
6 7.8 8.56 945 106 2.59 503 1681 1855 2025 2246 24.d0.
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10 | 42555 - 1344 1453 1599 1831 2048 2116 2321 2519 2711 2959 3{42
F 370 1463 {577 728 {968 3192 2262 2472 2676 2873 3126 3314
2 485 {581 1699 1855 21.03 2334 24.05 2622 2830 3032 3291 3482
3 598 1698 1820 19.81 2236 2474 2547 27.69 29.82 31.88 3453 3648
:. 4 712 1815 1941 21.06 2368 2612 2687 2914 3132 3343 3612 381}
/] 5 825 1931 2060 2231 3500 2749 2826 3058 3280 3495 3770 3972
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‘ 22| 2604 2730 © 2882 30.81 3392 3678  37.66 4029 42,80 4520 4827 5051
23] .2214 2843 29.98 3201 3517 38.08 3897 41.64. 4418 4662 4973 5200 @
24 | 2824 2955 31.13 3320 3642 3936 4027 42.98 4556 48.03 5118 5348 X
1.57 4431 4693 4944 5262 54.95

25| 2934 3068 3228 3438 3765 4065  41.5
26 | 3043 3179 3343 3556 38.89 4192 4286 45.64
27 ¢ 3153 3291 3457 3674 4011 4319 4414 4696 4964 5222 _
28 | 3262 3403 3571 3792 4134 4446 4542 4828 5099 5359 5689 3930 §
29| 3371 - 3514 3685 39.09 4256 4572 4669 49,59 5234 5497 5830 6073 §
2 30 | 3480 3625 3799 4026 4377 - 4698 4796 5089 53.67 5633 5970 6216 %
& 40 | 4562 4727 4924 5181 5576 5934 60.44 63.69 6677 69.70 7340 7609 3
€1 50 | 5633 5816 60.35 63.17 6730 7142 7281 7615 79.49 8266 8666 89.56
60 | 6698 6897 7134 7440 79.08 8330 8438 8838 9195 9534 0081 1027 §
i 80 | 8843 9041 9311 - 9658 1019 1066 1084 - 1123 (1163 1200  1248. -1283
b 100-| 109. 1147 1147 1185 1243 1296 1311 1358 . 1402 1443 1494 1332

829 50831 5405 56 4[1 j
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T-20 Tables

Table entry for p is the critical value (y 2)* with probability p lying to its

right.
AR 4
Tail probability p
df .25 .20 15 10 .05 025 .02 .01 .005 0025 .001 0005
1 1.32 1.64 2.07 2.71 3.84 5.02 5.41 6.63 7.88 9.14 10.83 12.12
2 2,97 3.22 .79 4.61 5.89 7.38 7.82 8.21 10.60 11.98 13.82 15.20
3] 411 464 532 625 781 935 984 1134 284 1432 1627 iz,
4| 539 599 674 778 949 1114 1167 1328 l486 (642, 1847
SR 663 29N TR 924 TR0 1283 1339 15097 67571832051
6 7.83 856 945 1064 ]2.59 14.45 5.03 Ié.sz 1855 2025 22.46
7 9.0 9.80 10.75 2,02 4.07 6.01 6.62 8.48 20.28 22.04 24.32 )
8 0.22 1.03 2.03 138 551 © {753 8.17 20.09 21.95 23.77 26,12 .
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2 4.85 5.81 6.99 855 2103 233 24,05 26.22 2830  30.32 3251 14.82
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5 8.25 19.31 20,60 22.31 2500 2749  28.26 30.58 32.80 3495 3770 39.72
6 19.37 2047 21,79 2334 2630 28.85 29,63 32.00 34.27 36.46 38.25 41.31
7 20.49 21.61 22.98 2477 159 3019 31.00 33.41 35.72 37.95 0.79 2.88
18 21.60 22.76 24.16 25.99 28.87 31.53 32.35 34.81 37.16 39,42 2.31 4.43
19 2272 . 2390 2533 2720 30.14 32.85 33.69 3619  38.58 40.88 3.82 5.97
30 | 23.83 2504 2650 2841 3141 3417 3502 3757 4000 4234 4531 47.50
21 2493 26.17 27.66 29.62 32.67 35.48 36.34 38.93 1.40 3.78 6.80 490]
22 26.0 27.300 28.B2 30.81 3362 368,78 37.66 40.29 2.80 5.20 8.27 30.51
23 271 2843 2088 3201 3517  38.08 3897 41.64 4.18 6.62 8.73 52.00
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25 29.34 30.68 32.28 34.38 37.65 0.65 1.57 44,31 46,93 19.44 52.62 54.?5
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28 32.62 34.03 35.71 37.92 1.34 4,46 542  48.28 50,99  53.539 56,80  39.30
29 3371 35.44 36.85  39.09 2.56 5.72 }6.69 4959 . 52.34  34.97 35830 60.73
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60 66.98 68.97 7134 7440 79.08 8330 84.58  B88.38 91.65 95.34 99.61 102.7
80 88.13 90.41 93.11 56.58 101.5 106.6 108.1 1123 ,116.3 120.1 124.8 123.3
100 ¢ 109.1 111.7 114.7 118.5 1243 129.6 131.1 1358 . 1402 1443 149.4 153.2
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Table entry for p and C is

the critical value ¢t* with
probahility p lying to its right
and probability C lying between
—¢* and £*,

Upper tail probabilityp

A5 10 A5 .025 .02 .01 005 0025 .001 = .0005
1.963 3.078 6.314 12,71 15.89 31.82 63.66 1273 3183 6366
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Tablewentry for p-is:thewcriticalvalue: F* withiprobability p-lying:to-its-zight. H Table:entry:forp-is-thewcriticalvalue F* with-probability p- lying to its right,
: i ' 1
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Degrees of freedom-in the numerator
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3.89
5.04
8.62

238
3.06
3.80
4.82
8,25

233
301
373
4.77
7.94

231
296
.66
4.67
7.68

3.69
4.82
6.63

4.04
5.32
9.58

2.39
311
3.89
5.06
8.89

2.35
3.03
157
4.86

'8.35

231
2.96
3.66
4.49
71.92

2.27
2.90
3.58
4.56
.57

2.24
2,85
3.50

4.44

7.27

222
2.81
3.44

434
7.02

3.38
4.65
6.37

3.88
5.07
9.05

2.33
3.00
333
4.82
8.38

2.28
2.92
3.60
4.62
7.86

224
2.85
3.50
4.46
7.44

221
2,79
3.41
4.32
7.09

2.18
274
334

T 4.20

6.80

2,15
270
3.28
4.10
6.56

3.50
4,33
6.18

1.76
4.89
8.66

228
2.91
3.61
4.64
8.00

223

2.83
348
4.44
7.49

2.19
276
.38
4.28
7.08

216
278
329
4,14
6,74

2.13
2.66
322
4.03
6.46

2.10
2.61
3.16
393
6.22

166
4.74
8.35

2.24
2.85
3.51
4.50
171

2.20
2.77
3.39
4.30
7.21
2.15
2.70
329
4.14
6.50

2.12
2.64
3.20
4.00
547

2.09
2.5%
312
1.89
6.19

2.06
2.55
3.06
379
5.%6

1.59
4,63
a.12

221
2.80
344
4.39
7.48

2,16

. Tables

Degrees-of freedoin in the numerator

12 13 20 25 an 40 54 60 - 120 1000
2,50 146 1.42 2.40 2.38 23 2,35 2,34 232 2,30
3.28 122 ils 311 3.08 3.04 302 X 297 293
4.20 4.1¢ 4.00 194 1.89 3.84 3.81 1.78 3.73 3168
5.67 5.52 536 3.26 3.20 512 5.07 503 4.95 4.87

11.19 10.84 10.48 13,26 19.11 9.92 9.80 9.73 ©.53 ' 9.36
238 134 2.30 227 2.25 2.23 222 2.21 2,18 2,16
.07 am 2.94 2.89 2.86 2,83 .80 .79 2,75 271
a7 .77 3.67 3.60 156 151 3.47 3.45 339 334
5.11 4.96 4.81 4.71 4,65 4.57 4.52 4.48 4,40 4,32
9.57 .24 8.90 8.69 8.55 8.37 8.26 8.19 8.00 7.84
2.28 2.24 .20 217 2.16 2.13 212 2.11 © 2,08 2.06
291 2.85 277 273 2.70- 2.66 2.64 2.62 2.58 2.54
3.62 152 142 3.35 3.31 3.26 322 3.20 3.14 3.09
4.71 4.56 441 4.31 4.25 4.17 4.12 4.08 4.00 3.92
8.45 g.13 7.80 7.60 747 7.30. 7.1% 7.12 6.94 6.78
2.21 217 212 2,1¢ 2.08 2,05 2.04 253 2,00 1.98
2,79 272 2.65 2.60 2.57 2,53 2,51 2,49 2.45 .2.41
3.43 3.33 - 323 3.16 .12 3.06 3.03 3.00 2.94 2,89
4.40 425 4.10 4.01 3.94 3.86 381 3178 3.69 3.61
7.63 .32 1.01 6.81 6.68 6.52 6.42 6,35 6,18 6,02
215 2,10 206 103 2.0] 1.99 1.97 1.96 1.93 [.91
249 2.62 2,54 2.50 2.47 2.43 2.40 2,38 2,34 2,3¢
3.28 3.18 3.07 3.01 2.96 2.91 2.87 2.85 2.79 273
4.16 4.01 3.86 3.76 3.70 3.62 3.57 3.54 3.45 3.37
7.00 6.71 6,40 6.22 6.09 5.53 583 5.76 5.59 5.44
2.10 205 2.0 198 1.96 1.93 £.92 1.90 1.88 L85
2.60 2.53 2.46 2.41 2.38 2,34 2,31 2.30 2.25 2.21
315 3.05 295 2.88 2.84 278 2,74 2.72 2.66 2.60
3.56 3.82 3.66 3.57 3.51 343 3.38 3.34 3.25 318
6.52 6.23
1.86 1.83 1.80
2.53 2.46 © 239 2.34 231 2.27 2.24 222 2,18 2.14
3.05 2,95 2,84 2,78 2.73 2.67 2.64 2.61 . 2.55 2.50
3.80 3.66 3.51 341 335 3.27 322 3.18 3.09 3.02
6.13
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- T-20 Tables
1
iﬂ
§
right.
Pz
Tail probability p
l df | .25 .20 .15 .10 .03 .025 .02 .01 005 0025 .001  .000S
1 132 164 207 271 38 502 541 663 78 914 1083 1212
2 277 322 379 461 599 738 782 921 1060 1198 1382 1529
3 411 464 532 625 781 935  9.84 1134 {2.84 1432 {827 {73
4 539- 589 674 778 949 1114 1167 1328 1486 1642 1847 2000
B SRS R T R 15 6 - 5 7 SRS I 1 SRS B2 & DS B 5 i e[ A ¥ e it = e 1.8 e 0 e
I 6 784 856  9.45 ,0.53 359 1445 1503 {681 1855 2025 2246 24.1p '
7 9.01 9.80 1075 {20 407 16.01 6.62 1848 2028 2204 2432 2602
8 0.22 1.03 12,03 1336 1551 1753 1817 2009 2195 23.77 2612 . 27.87
9 139 2.2 329 1468 1692 ° 19.02 19.68 2167 2359 3546 27.8%8 2967
10 255 134 453 1599 1831 2048 2i.is 2321 2519 2711 29.59 3142
1 3,70 1463 1577  17.28 1968 2192 2262 2472 2676 2873 3126 3314
i3 2 485 1581 699 18.55 21.03 2334 2405 2622 2830 3032 3291 3482
j 3 598 1698 1820 19.81 2236 2474 2547 2769 29.82 3188 34353 3648
i 4| 1742 1815 1941 21.06- 2368 2612 2687 29.14. 3132 3343 3612 381
: 5 825 {931 2060 - 2231 2500 2749 2826 3038 32.80 3495 3770 3972
] ‘ 6.| 1937 2047 2179 23.54 2630 2885 2963 3200 3427 3646 3925 41.3]
, 7| 2049 3161 2298 2477 2759 3019 3100 3341 3572 3795 4079 42.88
| 18 | 21.60 2276 - 24.16 2599 2887 3153 3235 3481 3716 3942 4231 4443
_ 197 2272 2390, 2533 2720 .30.14 3285 3369 3619 3858 4088 4382 4597
| EE T 20| 23,83 25.04 2650 2841 3141 3417 3502 3757 4000 4234 4531 4750
I 21 | 2493 2617 2766 29.62 32.67 3548 3634  38.93 1.40- 4378 46.80 49.01
' 22 | 3604 2730 28.82  30.8] 3392 3678 37.66 4029 ' 4280 4520 4827 3051
23| 27.14 2843 2998 3201 3517 3808 3857 41.64 44.18 4662 4973 5200
24 | 2824 2955 3113 3320 3642 39.36 4027 4298 4556 4803 5118 5348 M
35 | 29.34 3068 3228 34.38  37.65 4065 - 4157 4431 4693 4944 5262 5455 ‘A
260 3043 3179 3343 3556 3389 4192 4286 45.64 4829 5083 5405 5641 2
27 | 3153 3291 345 36.7j 041 4319 4414 4696 49.64 5223 5548 - 57.86 B
28 | 3262 3403 3371  37.92 134 4446 4542 4828 5099 5359 56.89 59.30 §
. 29| 3371 3514 3685 39.09 4256 4572 4669 4959 5234 5497 5830 6073
: 30 3480 3625 3799 4026 4377 4698 47.96 = 350.89 5367 5633 5970 62l6 M
- 40 | 4562 4727 4924 S51.8] 3576 59.34 6044  63.89 66.77 69.70 73.40 - 76.09
-~k 50 | 5633 5816 6035 6317 67.50 7142 © 7261 7615 7949 82.66 86.66 B9.56"
H . 60| 46.98 6897 71.34 74.40 79.08 83.30 8458 8838 9195 9534 99.51 1027
S I 80 | 8813 9041 93.11 9658 1019 - 1066 1081 1123, 1163 1201 1248 1283
¥ | ' 100 | 109:f 1117 1447 1185 1243 1296 1311 i358 1402 1443 . 1494 1532




