


6. Let ffng1n=1 be a sequence of continuous, real{valued functions on R and let f also be a
continuous real{valued function on R. Prove or �nd a counterexample to each of the following
statements.

(a) If fn ! f pointwise on [0; 1] then
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fn(x) dx!

Z
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f(x) dx:

(b) If fn ! f uniformly on [0; 1] then
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fn(x) dx!
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f(x) dx:

(c) If fn ! f pointwise on [0; 1] then

sup
n
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jfn(x)j dx <1:

(d) If fn ! f uniformly on [0;1) thenZ
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0

fn(x) dx!

Z
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0

f(x) dx:

7. State the de�nition of an orthogonal multiresolution analysis (MRA).

8. Let '(x) be a compactly supported scaling function for an orthogonal MRA. That is, there
exists some �nite interval [a; b] such that '(x) = 0 if x =2 [a; b].

(a) Show that there exists a �nite sequence fh(k)g (called the scaling �lter) such that

'(x) =
X
k2Z

h(k)'(2x� k):

(b) Let h(k) be as in part (a). Show that the orthogonality conditionX
n2Z

h(n) h(n� 2k) = �(k)

implies that h(k) must be supported on an even number of points. That is, if M and N are
such that h(k) = 0 for k < M or k > N and if h(M) and h(N) are nonzero, then N �M + 1
is even.

9. Suppose that for some positive integer N ,  (x) is a compactly supported wavelet with N

vanishing moments, that is, suppose that

f j;kgj;k2Z = f2j=2 (2jx� k)gj;k2Z

is an orthonormal basis for L2(R) and thatZ
1

�1

xk  (x) dx= 0

for k = 0; 1; : : : ; N � 1. Prove that if for some r � N , f(x) has r continuous derivatives each of
which is bounded on R, then jhf;  j;kij � C 2�jr for some constant C independent of j and k.
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