


6. Let ffng1n=1 be a sequence of continuous, real{valued functions onR and let f also be a continuous
real{valued function on R. Prove or �nd a counterexample to each of the following statements.

(a) If fn ! f pointwise on [0; 1] then

Z
1

0

fn(x) dx!

Z
1

0

f(x) dx:

(b) If fn ! f uniformly on [0; 1] then

Z
1

0

fn(x) dx!

Z
1

0

f(x) dx:

(c) If fn ! f pointwise on [0; 1] then

sup
n

Z
1

0

jfn(x)j dx <1:

(d) If fn ! f uniformly on [0;1) then

Z
1

0

fn(x) dx!

Z
1

0

f(x) dx:

7. Show that the transformation T :R2 ! R
2 given by u = ex cos(y), v = ex sin(y) is invertible in a

neighborhood of each point (u0; v0) 2 R
2 but is not globally one-to-one.

8. Can the surface xy � z ln(y) + exz = 1 be represented in the form z = f(x; y) in a neighborhood

of the point (0; 1; 1)? If so, �nd
@f

@x
(p) with p = (0; 1). Do the same for y = g(x; z) with p = (0; 1)

and x = h(y; z) with p = (1; 1).

9. Let 0 < � � 1 and F be the generalized Cantor set formed by removing from the middle of [0; 1]
an open interval of length �=3, then from the middle of each of the remaining intervals an open
interval of length �=9 and so on. Prove that the Lebesgue measure of F is 1� �.

10. (a) De�ne what it means for a subset M of Rn to be a k{dimensional manifold (in Rn).

(b) Prove using the de�nition you wrote in part (a) that the (n� 1){sphere

Sn�1 = fx 2 Rn: jxj = 1g

is an n � 1 dimensional manifold in Rn.
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