HONORS EXAM IN ANALYSIS

(1) Let {x,} denote a sequence of real numbers,
(a) State what it means for the sequence {z,} to converge to a real
number z.
(b) Suppose that a sequence {z,} is bounded and for all n € N
Tn < Tpp. Show that the sequence must converge.

(2) Let X and ¥ denote subsets of R. Let f: X — Y.
(a) State what it means for f to be continuous at a point = € X.
(b) State what it means for f to be a uniformly continuous function
on X. '

(3) Determine which of the following statements are true and which
are false. Provide counter-examples for the false statements and
prove the true ones. In the case of a false statement make sure you
thoroughly explain why the example you give is a counter-example
to the statement. In this problem X and Y will denote subsets of R.
(a) If a function f : R -» R is continuous then for all open subsets
O of R, f~1(O) is also open.
(b) If a function f : R — R is continuous and onto then for all open
subsets O of R, f(O) is also open.
(c) If f : R — R is continuous and C is 4 compact subset of R, then
f(C) is also compact. _
(d) If f: X — Y is continuous, one-to-one and onto, and if X is a
compact subset of R, then for all closed subsets A of X, f(4)
is a closed subset of Y.
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(4) Let {fn} be a sequence of functions f,, : X — ¥, where X and ¥
are metric spaces.
(a) State what it means for the sequence {f,,} to converge (point-
wise) to a function f. _
(b) State what it means for the sequence {f,} to converge uniformly
to a function f.

(5) Let Cla, b] denote the set of continuous functions fila,b] — R and
for f € Cla, b] set
il = o [F{z)l.

xe ,b)
Here the notation sup, short for supremum, means the same thing

as least upper bound.
- {a) Show that the function p : C[a, b] % C[a, ] — R given by

p(f,g) = Hf‘—gli
is & metric.
(b) Show that if a sequence of functions {£,} in Cla, b] converges s to
f € C[a, b] in this metric then it converges uniformly.
(c) Is it possible for a sequence of functions {f,} in Cla, ] to con-
verge to a function f in this metric and f ¢ C[a, b]?

(6) Let S C R™
{a) State the definition of a rectifiable set S.
-{b) State the definition of a set S of measure zero.
(c) Prove that S is rectifiable if and only if it is bounded and the
boundary of S has measure zero.
{(d) Show by example that not all bounded open subsets of R™ need

be rectifiable.

(7) Let A be an n x n matrix. Let h: R™ — R” be the linear transfor-
mation h{z) = A -z. Let 8 be a rectifiable set in R™ and denote its
volume by »(S). Let T = h(S).

Show that
v(T) = |detA} v(S).

(8) Let f: [a, b]——>R with a < b.
(a) Prove Rolle’s Theorem:
Suppose f is continuous on [a, 5] and differentiable on (a b). If
f(a) = F(b) then f'(z0) = 0 for some zq & (a,b).
(b} Prove by example that the condition of differentiable on (a,b)
cannot be relaxed even at one point for Rolle’s Theorem to hold.



