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Speedups and orbit equivalence of finite
extensions of ergodic Z%actions
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ABSTRACT. We classify n-point extensions of ergodic Z%-actions up to
relative orbit equivalence and establish criteria under which one n-point
extension of an ergodic Z%-action can be sped up to be relatively iso-
morphic to an n-point extension of another ergodic Z%action. Both
results are characterized in terms of an algebraic object associated to
each n-point extension which is a conjugacy class of subgroups of the
symmetric group on n elements.
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1. Introduction

In a 1985 paper of Arnoux, Ornstein, and Weiss [AOW], it is shown that
for any two measure-preserving transformations (X, X, u, T') and (Y, Y, v, S)
where T is ergodic and S is aperiodic, then one can find a measurable
function p : X — N such that, by setting T'(z) = TP®)(z), (X, X, pu,T) is
isomorphic to (Y,),r,S). In other words, it is always possible to “speed
up” one such transformation to “look like” another. This idea was extended
in [BBF] to both group and n-point extensions. In this paper Babichev,
Burton, and Fieldsteel showed that for extensions by a locally compact,
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second countable group, the function p can be taken to be measurable with
respect to a factor. They also consider n-point extensions of the form

U: X x{1,...,n} - X x{1,...,n}

where U™ (z,i) = (T"x,0(x,n)(i)) and o : X XxZ — S,,, the symmetric group
on n elements. They use a conjugacy class of subgroups of .S,, associated to
each such U, originally studied by Mackey [M] and Zimmer [Z1], and use it
to characterize which n-point extensions one can relatively speed up to look
like another.

Classifications of n-point extensions up to relative equivalence has been
performed in other contexts as well. Finite extensions of Bernoulli shifts are
classified up to factor isomorphism in [R] and n-point extensions of ergodic
automorphisms are classified up to factor orbit equivalence in [G]. The
latter work characterizes those which are factor orbit equivalent by defining
something called the “G-interchange property”.

The works mentioned above concern dynamical systems generated by a
single transformation, i.e., actions of Z. It is thus natural to ask what
happens when one generalizes to a Z%-action. In this paper we consider the
questions of when one can “speed up” one n-point extension of a Z%action
to “look like” another, and when two n-point extensions of Z%actions are
relatively orbit equivalent. As noted in [JM], it is not clear what “speed
up” means when there is no “up”. As we will define more explicitly below,
we will take this to mean that the measurable function p is now a function
from X to (Z%)%, and that each coordinate p; of p can be taken so that
pi : X — C where C is a cone-like region in Z%. We will call this a C-
speedup, and if p is measurable with respect to a factor, we will call the
C-speedup ‘“relative”.

A crucial step in understanding which n-point extensions are orbit equiv-
alent and which ones we can speed up to look like others involves associating
to each n-point extension T an algebraic object we call gp(T ) This is done
in Section 3, and it relates the conjugacy class of subgroups of S, used in
[BBF] to the G-interchange property used in [G]. We show the following;:

Theorem 1.1. Let (X, X, 1, T) be an ergodic Z% -action and let (Y,Y,v,S)
be an ergodic 7% _action. Suppose these actions have respective n-point ex-
tensions T and S. Then S is relatively orbit equivalent to T if and only if
gp(S) = gp(T).

Theorem 1.2. Let (X, X, u, T) and (Y,Y,v,S) be ergodic Z%-actions with
respective n-point extensions T and S. Given any cone C, there is a relative

C-speedup of T which is relatively isomorphic to S exactly when for each
Gr € gp(T), there exists Gg € gp(S) such that G C Gr.

We begin by providing necessary background definitions and results in
Section 2. The definition and properties of gp(T) are given in Section 3,
along with results on orbit equivalence and the proof of Theorem 1.1. The
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proof of Theorem 1.2 is given in Section 4, and we conclude in Section 5
with some examples that explore the relationship between gp(T) and gp(Ty)
where T, is a subaction of T.

2. Background and definitions

2.1. Z%-actions. Let X be a Lebesgue probability space with measure p.
Given d commuting, invertible, measurable, measure-preserving transforma-
tions 11,15, ..., Ty of X, the collection {Tj} generates a Z%action T on X.
In particular, given vector v = (vy,...,vq) € Z* we write Ty for the trans-
formation TY* oTy?0---0T}* : X — X. The Z%-action T is said to be ergodic
if the only sets invariant under every Ty, v € Z%, are of zero or full measure,
and is called totally ergodic if for every v € Z%, v # 0, the transformation
T, is ergodic.

2.2. Finite extensions. Let [n] = {1,2,3,...,n}; let 2" denote the power
set of [n] and let §,, be uniform counting measure on [n]. Throughout this
paper, S, denotes the symmetric group on n letters.

Definition 2.1. Let (X, X, u, T) be a measure-preserving (m.p.) Z%action.
A finite or n-point extension of (X, X, u, T) is another Z% m.p. system

(X x [n], X x 2" 1 x 6,,T)

defined by setting ’i‘v(x,i) = (Ty(x),0(x,v)i) where 0 : X x Z¢ — S, is a
measurable function satisfying

(2.1)  o(x,v+w)=0(Ty(x),w)o(z,Vv) Vv,w e Z% ae. x € X.

The function ¢ is called the cocycle of T, and Equation (2.1) above is called
the cocycle equation.

2.3. Group extensions. Let G be a locally compact, second countable
group; let A be Haar measure on G (A need not be finite).

Definition 2.2. Let (X, X, u, T) be a measure-preserving (m.p.) Z9-action.
A G-eatension of (X, X, u, T) is another Z¢ m.p. system

(X x G, X X G, ux AT
defined by setting
T?/(I’g) = (TV('I>7O'(‘T3V)9)

for each v € Z¢, where o : X x Z¢ — G is a measurable function satisfying
(2.1). The Z%-action T is then referred to as the base or base factor of T.

In fact, a locally compact, second-countable group G admits an ergodic
G-extension if and only if G is amenable [H], [Z2].
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Definition 2.3. Let T be an n-point extension of T with cocycle o. Then
the S,-extension of T, T : X x S,, = X X S, defined by

T3(2,9) = (Tv(x), 0(z,v)g)
is called the full extension or S, -extension associated to T.

In the setting of either a finite extension or G-extension, we can also define
a cocycle on the orbit relation of T, which is again labelled o: if z = Ty (x)
for some v € Z%, we set o(x, 2) = o(x,V).

In this paper we use the symbol o to refer to most of our cocycles and
when necessary, distinguish between the cocycles for different actions with
subscripts (i.e., o is the cocycle associated to an n-point or S,-extension
of T).

2.4. Iterates and speedups. We define a filled cone C to be any open,
connected subset of R% whose boundary is contained in d distinct hyper-
planes passing through the origin. For example, the interior of the first
quadrant is a filled cone in R?, and the set of points (z,y,z) satisfying
x>0,y >z and z > y is a filled cone in R3. A cone is the intersection of
a filled cone with (Z¢ — {0}). In particular, notice the zero vector does not
belong to any cone.

Given a Z%-action (X, X, u, T), an iterate of T is an element of the full
group of T. In other words, it is a 1 — 1, measurable and measure-preserving
function R : X — X given by R(x) = Ty(y)(z) for some measurable function
k : X — Z% The function k is called the iterate function (of R). If the
iterate function of R takes values in a cone C, then we call R a C-iterate.

Definition 2.4. Given two 73 —actions (Z,Z,¢,U) and (Z, Z,¢,U), and
given a cone C, we say U is a C-speedup (or just speedup) of U if there
is a measurable map p = (pl,...,pdl: Z iCd such that the iterates
Up,y;- -+, Up, commute and generate U, i.e., Ue; = Up, for each j. p is
called the speedup function of U.

As we mentioned in Section 1, the word “speedup” is used in analogy to
the 1-dimensional results from [AOW] and [BBF].

If we are considering a finite extension T or group extension T?, then a
relative speedup of such an action is a speedup whose speedup function is
measurable with respect to the base factor.

2.5. Orbit equivalence. Suppose we are given a Z%-action (X, X, u,T)
and a Z%-action (Y, V,v,S). Wesay T and S are orbit equivalent if there is
an isomorphism ¢ of the measure spaces (X, X, u) and (Y, Y, v) which pre-
serves orbits, i.e., if x9 = Ty (x1) for some v € Z% | then d(z2) = Sw(p(z1))
for some w € Z% (and similarly for ¢~1).

Two finite extensions are called relatively orbit equivalent if they are orbit
equivalent via a map ® which is measurable with respect to the base factors,
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i.e., for all measurable B € Y, @ 1(B x [n]) = A x [n] a.s. for some A € X.
Similarly, two group extensions by G are called relatively orbit equivalent
if they are orbit equivalent via ® such that for all measurable B € Y,
® 1B xG)=AxG as. for some A € X.

Dye [D1, D2] proved that any ergodic action of Z? is orbit equivalent to
any ergodic action of Z, and later Fieldsteel [F] proved a relative version
of Dye’s theorem, showing that any two group extensions by a compact
group are relatively orbit equivalent. In 1987 Gerber [G] proved that two
n-point extensions of ergodic Z-actions are orbit equivalent if they have the
“G-interchange property” for the same group G; in this paper we show how
the Gerber result naturally extends to Z%actions.

2.6. Isomorphisms. Let (X, X, u, T) and (Y, ), v, S) be two measure-pre-
serving Z%-actions with respective G-extensions T and S°. We say S and
T? are G-isomorphic if there is a measure space isomorphism

D (X XxGXXG,uxA)—=(YXGYXxGvxA)

that intertwines the dynamics (i.e., ® o TS = S o ® a.s. for each v € Z%)
and is measurable with respect to the base factors. Equivalently, this means
the base transformations are isomorphic via some isomorphism ¢, and that
the cocycles are cohomologous after the spaces are identified by ¢, i.e.,

(2.2) ®(z, 9) = (¢(x), alx)g)

where ¢ is an isomorphism from (X, X, u, T) to (Y, V,v,S) and a: X — G
is measurable. The « in the previous sentence is called the transfer function
relating the cocycles. In particular, if T? is G-isomorphic to S by the map
® described above, then the cocycle og must satisfy

os(o(z),v) = a(Tyz)or(z, v)a(z) L.

Motivated by this fact, if T is a G-extension of a Z% action and o : X — G
is any measurable function, we define the skewing of o by a to be the cocycle

o%(z,v) = a(Tyz)o(z, v)a(z) !
and remark that T is G—isomorphic to T(°") (the “skewing of T? by o)
by the map (2,9) > (2, a(z)g).

We can also talk about relative isomorphisms of finite extensions: given
measure-preserving Z%actions (X, X, u, T) and (Y, ), v, S) with respective
n-point extensions T and g, we say T and S are relatively isomorphic if there
is a measure space isomorphism ® : X x [n] — Y x [n] which intertwines
the dynamics and is measurable with respect to the base factors. The map
® is called a relative isomorphism. Equivalently, this means there is an
isomorphism ¢ from (X, T) to (X,S) and a measurable transfer function
o : X — S, such that

(2.3) D(z,i) = (Pp(x), a(x)i).
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In this paper we will need to convert between maps on X x S, and maps on
X X [n]. Toward that end, we establish the following notation:

Definition 2.5. Given a function ® : X x [n] — Y X [n] of the form
O(z,i) = (¢(z),a(x)i) where ¢ : X - Y and a : X — S, define ®* to be
the function

O*: X xS, =Y xS,

given by ©*(z, g) = (¢(z), a(x)g).
Given a function ® : X x S;, — Y xS, of the form ®(z, g) = (¢(x), a(x)g)
where ¢ : X — Y and o : X — S,,, define ®, to be the function

D, : X x[n] =Y x|[n

given by ®.(z,i) = (¢(z), a(z)i).
In either of these settings we call ®* or &, the associated map of .

In light of the characterizations of G- and relative isomorphisms given in
(2.2) and (2.3), we see that an associated map of a relative isomorphism is a
relative isomorphism (and record this observation in the following lemma).

Lemma 2.6. Let (X, X, 1, T) and (Y,Y,v,S) be Z-actions with respective
n-point extensions T, S whose full extensions are T? and S°.

(1) If ® : X x [n] — Y x [n] is a relative isomorphism between T and S,
then ®* : X x S, =Y xS, is an S,-isomorphism between T° and
se.

(2) IfD: X xS, =Y x5, is an Sy-isomorphism between T? and S°,
then @, : X x [n] — Y X [n] is a relative isomorphism between T
and S.

The following theorem, proven in [JM], makes use of a G-isomorphism to
relate two G-extensions under certain assumptions:

Theorem 2.7. Fiz a locally compact, second countable group G and a neigh-
borhood U C G of the identity element of G. Let (X, X, u, T) and (Y,Y,v,S)
be measure-preserving Z%-actions with (Y, V,v,S) aperiodic. Let T be an
ergodic G-extension of T and S be a G—extension of S. Let C C Z% be
any cone.

Then there is a relative C-speedup T of T, such that T is G-isomorphic
to S via a G-isomorphism whose transfer function & takes values in U al-
most surely.

In dimension one, a result of [N] states that when the speedup function p
is integrable, then the entropies of T' and T? satisfy h(T?) = ([ pdu) h(T).
How this statement generalizes to higher dimensions is an open question.

The proof of Theorem 2.7 in [JM] can be straightforwardly adapted to
give the following more general result, which we will use in Section 4:
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Theorem 2.8. Fiz a locally compact, second countable group G and a neigh-
borhood U C G of the identity element of G. Let (X, X, u, T) and (Y,Y,v,S)
be measure-preserving actions of Z% and 7%, respectively, with (Y, Y, v,8S)
aperiodic. Let T? be an ergodic G-extension of T and S° be a G—extension
of S. Let C C Z™ be any cone. B -

Then there are dy commuting C-iterates T , . . . ,ng of T which generate
a Z% -action T° such that T is G-isomorphic to S° via a G-isomorphism
whose transfer function @ takes values in U almost surely.

3. An algebraic invariant associated to orbit equivalence of
finite extensions

In this section, we describe an algebraic invariant of a finite extension
originally studied in [M] and [Z1] and independently discovered in [R]. First,
observe the following, which is part of Theorem 3.25 in [Gl]:

Theorem 3.1. Let G' be a compact group and let T° be a G-extension of
an ergodic Z%-action (X, X, 1, T). Then there is a subgroup G C G and a
G-extension T of T, such that:

(1) T is G-isomorphic to T, via a G-isomorphism of the form
(@, 9) = (z,a(x)g).
(2) X x G is an ergodic component of T .

Moreover, the set of G with this property is a conjugacy class of subgroups

of G.

In our setting, we call this conjugacy class the “interchange class” because
this machinery relates to what Gerber called the “G-interchange property”
in [G]. More precisely:

Definition 3.2. Let (X, X, u, T) be an ergodic Z%action and let T be an
n-point extension of T whose full S,-extension is T?. The interchange class
of ’f, denoted gp('f), is the conjugacy class of subgroups G of S, such that
T is S,,-isomorphic to an S,-extension of T with ergodic component X x G.

We remark that gp(T) depends only on the orbit relation of T and the
cocycle o (see Proposition 3.6 below). As such, in [BBF] this object was
denoted gp(T,0). We use slightly different notation because in this paper,
we are most interested in the application of this object to n-point extensions.

The next theorem provides an equivalent characterization of the inter-
change class, generalizing the description in [G] to classify finite extensions
of ergodic Z-actions up to relative orbit equivalence.

Theorem 3.3. Let (X, X,u,T) be an ergodic Z-action, and let o : X —

Sp be a cocycle. Let T and T be the S,- and n-point extensions of T



1378 AIMEE S. A. JOHNSON AND DAVID M. MCCLENDON

determined by 0. Let G C S,,. Then G € gp( ) if and only if T is G-
isomorphic to another Sy -extension S°S of some ergodic action (Y,),v,S)
satisfying the following conditions:
(1) For every v € Z¢, os(y,v) € G a.s.
(2) For any g € G and any sets A and B of equal positive measure in
Y, there is an iterate R of S, given by iterate function k, such that
R(A) = B and for almost every y € A, og(y,k) = g¢.

Proof. (=): Suppose G C S,, where X x G is an ergodic component of T"/7
some S,-extension of T which is G-isomorphic to T?. Note that since X x G
is invariant under T, for a.e. z € X and v € Z%, we have that o'(z,v)
must be in G. If we take g € G and A, B C X with u(A) = u(B) > 0, then
by the ergodicity of T on X x G, there is an iterate R of T mapping
A x{id} to B x{g} (see Lemma 3.3 of [JM]). Thus the equivalent condition
is satisfied with Y = X, S = T, og = ¢’, and this R.

(«<): Let S?s be an Sj-extension of (Y, ), v, S) which is S,-isomorphic to
T and satisfies (1) and (2) with respect to G. By (1), Y x G is invariant
under S78 and by (2), Y x G has no nontrivial invariant subsets. Let ®;
be a Sp-isomorphism from (X x G,T?) to (Y x G,S?8); this isomorphism
(since it is a Sp-isomorphism) has the form

®1(z,9) = (¢1(2), B1(2)g)
for suitable functions ¢; and §;. Now define 5 : Y x 5, = X x S, by

®a(y.9) = (91 (1), 9);
this is a Sn—isomorphismibetvveenis"S and some other S,-extension T of
T. Observe that ®»(Y xG) = X x G is an ergodic component of T? | and the
composition ®5 0 ; gives a S,-isomorphism from T to T as desired. O

We remark also that for any G € gp( ), the action of S, on the set of
right cosets G\S,, is the Mackey range of the cocycle o (see Section 3.5 of
[G]] for a definition of the Mackey range).

The following two results will be used when studying examples con-
structed in Section 5.

Proposition 3.4. T is ergodic if and only if there is some G € gp( ) which
is transitive if and only if every G € gp(T) is transitive.

Proof. Suppose T the n-point extension of T, is ergodic. Let G € gp(T)
By Theorem 3.3 and Lemma 2.6, T is relatively isomorphic to some S whose
full extension S7 satisfies (1) and (2) of Theorem 3.3. But then S is also
ergodic, so given sets A x {i} and B x {j}, there is an iterate R with iterate
function k such that R(A x {i}) intersects B x {j}. That is, for a nontrivial
set of y € A, (Sk(y)v,0s(y, k(y))i) € B x{j}, i.e., 0s(y,k(y))i = j. But by
(1) of Theorem 3.3, os(y,k(y)) € G, so for every pair i,j € [n], there is an
element of GG that sends ¢ to j and thus this G is transitive.
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It remains to show that if there is G € gp( ) that is transitive, then
T is ergodic. Suppose there exists G € gp(T) which is transitive. By
Theorem 3.3 and Lemma 2.6, T is relatively isomorphic to some g, which
has a full extension S7s satisfying (1) and (2) of Theorem 3.3. We first show
that S is ergodic: suppose not, but rather that it has a nontrivial, nonproper
invariant subset. Then we can find A x {i} in this invariant subset and
B x {j} outside it, where v(A) = v(B) > 0. Since G is transitive, there
exists ¢ € G which maps i to j. By (2) we can find an iterate that takes A
to B and iterate function k with og(y,k(y)) = g for a.e. x € A. But then
this iterate maps A x {i} to B x {j}, a contradiction. Thus S is ergodic and
by isomorphism, so is T. O

Proposition 3.5. Let (X, X, 1, T) be an ergodic Z%-action. Let ’T‘ be an
n-point extension of T and fix v € Z%. Then for each G € gp( ), there
exists H € gp(Ty) such that H is a subgroup of G.

Proof. Let G € gp( ). Then by the definition of 1nterchange class, the full
extension T? is S, -isomorphic to another S,,-extension T° which has X x G
as an ergodic component. This Sj,-isomorphism induces an S,-isomorphism
between T¢ and T¢ . Applying Theorem 3.1 to the system (X x G, TY),
we find a subgroup H C G which satisfies H € gp(Ty). d

The next result allows us to convert the results of [G] to actions of Z¢ (in
fact, the next three results hold for the actions of any amenable group, not
: d
just Z%):

Proposition 3.6. Suppose (X, X, u, T) and (Y, Y, v,S) are orbit equivalent
actions of Z% and 7%, respectively, where the orbit equivalence is given
by ¢ : X — Y. Then if or : X — Sy is a cocycle for T, the function
os Y — S, defined by

as(y.v) = or(¢™ (), 6~ (Sv(y)))

is a cocycle, and if ’i‘ and §~are the n-point extensions determined by or
and og, we have gp(T) = gp(S).

Proof. That og satisfies the cocycle equation is clear. To show gp(rf‘) =
gp(g), suppose G € gp(’f‘). By definition, there is a measurable transfer
function o : X — S, such that X x G is an ergodic component of (X X
S,,, T,

Let 8 = ao¢~! and consider the system (Y x S,,, S(”ﬂ)): note this system
is Sp-isomorphic to (Y xSy, S?). Now note that ® : X xS, — Y x.5,, defined
by ®(z, g) = (¢(z), g) is a relative orbit equivalence between T(“") and S,
Since orbit equivalences preserve ergodic components, and because X x G
is an ergodic component of T(°*) we have that ®(X x G) =Y x G is an
ergodic component of S(°”). Thus G € gp(S) and therefore gp(T) C gp(S).
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A symmetric argument shows the reverse inclusion and establishes the
theorem. 0

Proposition 3.7. Let (X, X, u, T) be any ergodic Z%-action. Given any
subgroup G of Sy, there is a cocycle o : X — Sy for T so that the n-point
extension T determined by o satisfies G € gp(T)

Proof. Let (G%,S) be the full shift with alphabet G. Define a cocycle
0s:G* x7 — G by

Us(%n) = Tn—1"""T1T0

where concatenation indicates the group operation. Letting S be the n-point
extension of S defined by this cocycle, we have G € gp(S) by the proposition
on page 34 of [G]. By Dye’s theorem, S is orbit equivalent (via some map
¢:G% — X) to T. Now define op : X x Z? — S, setting

or(z,v) = 05(¢6~ " (2),¢~ (Ty(2))).
By Proposition 3.6, o is a cocycle with gp('f‘) = gp(g) 3 G. O

The next result is the first theorem mentioned in the introduction (The-
orem 1.1).

Theorem 3.8. Let (X, X, u, T) be an ergodic Z -action and let (Y,Y,v,S)
be an ergodic 7% _action. Suppose these actions have respective n-point ex-
tensions T and S. Then S is relatively orbit equivalent to T if and only if

gp(S) = gp(T).

Proof. T and S are orbit equivalent to Z-actions 7" and S’, respectively,
via maps ¢ and ¢g. Let

o (' n) = ox (o (), o7 (T (2')))

and let 7" be the n-point extension of 7’ given by ¢’ (and define S similarly).
T and S are relatively orbit equivalent if and only if T’ and S’ are relatively
orbit equivalent if and only if gp(T") = gp(S’) (by [G]) if and only if gp(T) =
gp(S) (by Proposition 3.6). d

4. Speedups and relative isomorphisms

In this section we want to consider ergodic n-point extensions of two Z%-
actions, and ask when one can be “sped up” to “look like” the other. This
will generalize Theorem 2 of [BBF].

Recall that given an ergodic Z-action f: X — X and a subset A C X it
is well known how to induce an action f4 : A — A. We begin this section
with the following preliminary lemma, which modifies the above notion to
our situation.
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Lemma 4.1. Let (X, X, u, T) be an ergodic Z%-action and let G be a sub-
group of Sp. Let T be an ergodic G-extension of (X, X, u, T). Given any
cone C and any subgroup H C G, there is a relative C-iterate of T? which
has X x H as an ergodic component.

Proof. This result is obtained by speeding up the original G-extension T?
and then picking a particular iterate of this speedup. First, let

(Y X G, Y xG,vxA\S8%

be any totally ergodic 74 G-extension. By Theorem 2.7, there is a relative
C-speedup T° of T? which is G-isomorphic to S°.

Second, let v = e; (the first element of the standard basis of RY), and
consider the ergodic transformation (TU)V. Construct the first return time

map of (T7), to X x H, i.e., let j: X x H — N be defined by

Jj(x, h) = min{z’ eN: (Tg)iv(x,h) € X x H}
In fact, j depends only on z (and we therefore subsequently write j(x)
instead of j(x,h)), because for any (z,h) € X x H and any i € N, we have

(T7), (x,h) € X x H & 5(x,iv)h € H & (z,iv) € H

(since H is a subgroup) and this last condition depends on z but not on h.
To complete this second step, define R to the C-iterate given by

=1

R(z,h) = (T x,h).

)j(m)v(

Composing the speedup functions from these two steps, the transformation
R is the relative C-speedup of T, as desired. O

The following result is the main result of our paper; it includes Theo-
rem 1.2 as mentioned in the introduction in the case where di = ds.

Theorem 4.2. Let (X, X,u,T) and (Y,Y,v,8) be ergodic actions of Z%
and 7% | respectively, with respective n-point extensions T and S. Then, the
following are equivalent:
(1) Given any cone C, there are dy commuting C-iterates of T which
generate a 792 -action relatively isomorphic to S.
(2) For some cone C, there are dy commuting C-iterates of T which
generate a 792 -action relatively isomorphic to S.
(3) Given any Gt € gp(’i‘), there exists Gg € gp(g) such that Gg C Gr.

(4) For some Gp € gp(T), there exists Gs € gp(S) such that Gg C Gr.

Proof. (1) = (2) is obvious; we will first show (2) = (3). We know by
assumption that there are ds relative C-iterates of T which generate a Z9%-
action relatively isomorphic to g; let p1,...,P4, be the associated iterate
functions of these iterates (see Section 2.4). Note that by Lemma 2.6, the
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Z%-action T’ generated by the C-iterates of T given by the same iterate
functions p1, ... s Pdy is Sp-isomorphic to S°.

Now let Gr € gp(T). By Definition 3.2, there is an S,-extension T, S,,-
isomorphic to T, which has X x G as an ergodic component. Agaln use
the same iterate functions pi,...,p4, to yield da commuting C-iterates of

T’ which generate a 7% action of T"/, denoted TU/, which is Sj,-isomorphic
to T'. -
Composing these two isomorphisms gives a S,-isomorphism between T
and S°. o
Next, note that X x G is an invariant set for T° and therefore by
applying Theorem 3.1, we obtain a subgroup of Gr, which we denote by G,

such that T° is Sp-isomorphic to another S),-extension which has ergodic
component X x Gg. Composing these isomorphisms, we get that S? is .S,,-
isomorphic to an Sp-extension satisfying (1) and (2) of Theorem 3.3 and
thus Gg € gp(S), as desired.

Note that (3) = (4) is obvious, so it only remains to show (4) = (1). For
this, let C be a cone. By assumption, there is some G € gp(’i‘) for which
there exists Gg € gp(g) with Gg C Gp. By the definition of interchange
class, T is S,-isomorphic to T? which has X x Gr as an ergodic component
and S? is Sp-isomorphic to S which has X x Gg as an ergodic component.

Consider T restricted to this ergodic component X x Gp. By Lem-
ma 4.1 we can find a C-iterate R of T (R is an action of Z), which has
X x Gg as an ergodic component. We can now use Theorem 2.8, applied
to the restriction of R to X x Gg, to yield a relative C-speedup of R (this
speedup is a Z%-action) which is G'g- isomorphic to 87, Composing the two
speedup functions, we have a C-speedup of T which is G- isomorphic to
Sl Using the same speedup function yields a C-speedup of T which by
Lemma 2.6 is relatively isomorphic to g, as desired. O

5. Relationship between the interchange classes of a
Z%*action and its generators

In this section we examine the (lack of) relationship between the inter-
change class of an n-point extension of a Z%action and the interchange
classes of its generators and directions. First, the following result demon-
strates that the interchange class of a Z%action cannot be discerned by
looking at the interchange classes of its generators. Recall that gp(Ty) is
only defined when T, is ergodic; we therefore consider only totally ergodic
actions in the next two results.

Proposition 5.1. For any totally ergodic 72- action T, there exist two 4-
point extensions T and T’ such that gp(T(1,0)) = gp( a, 0)) and gp(T(O ) =

ap(Tq 1)) but gp(T) # gp(T").
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Proof. Define cocycles 0,0’ : X x Z?> — S, by setting

o(x, (v1,va)) = (12)"F2;
o' (z, (v1,v9)) = (12)"1(34)"

for all z € X (i.e., 0 and ¢’ depend only on v = (v1,v2) and not on z). Let
T and T’ be the respectlve 4-point extensions of T. Note that

((12)) € gp(T(r) and ((12)) € gp(Tiy ).

By Theorem 3.1 this means gp(’f‘(l 0)) and gp( (1 0)) are the same conjugacy

class of subgroups of S, i.e. gp(T(l 0)) = gp(T a, 0))
Next, note that

((12)) € gp(T(o)) and ((34)) € gp(T(y 1))

since ((12)) and ((34)) are conjugate subgroups, Theorem 3.1 again says

that gp(T(o,1)) = gp(T(y4))-
However,

((12)) € gp(T) while ((12),(34)) € gp(T").

As ((12)) is a subgroup of Sy of order two and ((12), (34)) is a subgroup of
Sy of order four, gp(T) # gp(T’) O

Applying Theorems 3.8 and 4.2 to the two extensions described in the
previous proposition, we see:

Corollary 5.2. For any totally ergodic Z2-action T, there exist two 4-point
extensions T and T’ such that:

(1) Each generator of’f is relatively orbit equivalent to the corresponding
generator of'i", and each generator can be relatively sped up to obtain
a relatively isomorphic copy of the respective generator of 'T", but

(2) T is not relatively orbit equivalent to 'i", and for any cone C C 72,

there is no relative C-speedup of’i‘ which is relatively isomorphic to
T.

We now move to an example illustrating the reverse situation, i.e., when
the interchange classes of the Z2-actions coincide but the properties of the
directions of those actions are quite different. We first build an example
that, similar to T” above, shows how different the interchange class for the
action can be from the interchange classes of its generators.

Lemma 5.3. There exists an ergodic Z2-action (X, X s T) which has an
ergodzc 2-point extension T such that gp(T(1 0) = gp(T(O 1) = {id}, but

gp(T) = S.
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Proof. Let X = {0,1}%° x [2]. Then X is a 2-point extension of the full
shift on two symbols (i.e., the base space in this example is itself a 2-point
extension). Let ¥ be the usual two-dimensional shift map, and define T to
be the Z2-action

T(vl,vg)(xai) = (2(v1,v2)$7 (12)v1+’022~) .

In other words, this action is defined via a cocycle that only depends on the
vector (v1,v2) and not on x. The cocycle satisfies the cocycle condition and
thus the two-dimensional action T is well-defined. Note that although this
action T is ergodic, and its generators T(; o) and T (g ) are both ergodic,
there are other subactions of T which are not.

Next define a 2-point extension of (X, T) via the cocycle

o ((z,1), (v1,v2)) = o(v1,v2) = (12)".

The cocycle o also satisfies the cocycle condition and thus yields the action
T on the space X = X x [2]. We note that

T(1,0) ((2,1),5) = (B, (12)i), (12)5)
and
T(O,l) ((z,1),4) = (B, (12)), j) -
The space X can be divided into four disjoint sets D11, D12, D21 and Dao

where
2 . .
Dy = (10,13 x {i}) x {j}.

Observe that the set D11 UDsg is an invariant set for T(I,O) while D11 UD9; is
an invariant set for T q 1), showing that these two actions are not ergodic. By
Proposition 3.4, their interchange classes must contain only non-transitive
subgroups of Sz. Therefore gp(T (1)) and gp(T (g 1)) each consists only of
the trivial subgroup {id}.

However, we can see that T is ergodic as follows: let A and B be nontrivial
subsets of X x [2]. We can then find nontrivial subsets 4, B C {0,1}%” and
i1,1%2, J1, j2 such that (A X il) X {]1} C A and (B X ig) X {jg} C B. If
j1 = jo, we use the structure of {0,1}%° to find (0, k), where k is even if
11 = i and odd otherwise, such that 2(0 k)A intersects B nontrivially. This

is turn tells us that T(O k)A intersects B nontrivially. If j; # jo, we again

use the structure of {0, 1}Z to find (1,k), where k + 1 is even if i1 = i
and odd otherwise, so that 3 k)A intersects B nontr1v1a11y Again this

tells us that T(1 k)A intersects B nontrivially. Thus T is ergodic and by
Proposition 3.4, gp(T) is a conjugacy class of transitive subgroups of Sy, so

gp(T) = {Sa}. O

We now use this example, along with one constructed in the proposi-
tion below, to show that it is possible for the relationship between two
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2-dimensional actions to be quite different than the relationship between
their respective generators.

Proposition 5.4. There exist two Z*-actions (X, X, u, T) and (Y,Y,v,S)
with respective 2-point extensions T and S such that:

(1) T and S are relatively orbit equivalent and there is a relative speedup
of’i‘ which is relatively isomorphic to §; but

(2) given any v € Z? and any w # (0,0) in Z2, T, is not relatively orbit
equivalent to gw, and, for any cone C, there is no relative C-speedup
of ’i‘v which is relatively isomorphic to gw.

Proof. S will be defined as a 2-point extension of a Z2 subshift of finite
type: first, let Q = Sy x So = {id, (12)}? and define 71, m : Q — Ss to
be projection onto the first and second coordinate, respectively. Next, let
Y C 02 be the set of 2-dimensional infinite arrays {yy : v € Z?} of symbols
in  which satisfy, for every v = (vy,v2) € Z¢,

(5.1) T2(Yv+(1,0)71(Yv) = T1(Yy+(0,1))T2(Yv)-
This set Y is invariant under the 2-dimensional shift S, and in fact S pre-
serves a measure v on Y which can be informally described as follows: to
specify a point y = {y(; )} )ezz € Y, start by taking an i.i.d. sequence of
Ss-valued random variables, each uniform on Sy. Think of this sequence as
giving the values of y(; o) where ¢ ranges over Z. Now, independent of this
sequence, for each i € Z take another sequence of i.i.d. random variables,
where each random variable is again uniform on Sy, and think of this se-
quence as giving the values of y(; ;) where j ranges over Z. Note that the
sequences associated to different i’s are chosen independently of one another.
The coordinates of y so chosen determine the remaining coordinates using
(5.1). To define v, let the measure of any cylinder be the probability that a
point y so chosen lies in that cylinder.

Note that under v, knowing the coordinates at a single index (or even
a finite set of indices) of some y € Y does not affect the coordinates of y
that are some distance away, so cylinder sets in Y that are “sufficiently far
apart” are independent. It follows that (Y, ), v, S) is totally ergodic.

Now define a cocycle o : Y x Z¢ — Sy by setting

o(y, (v1,v2)) = F?(y(vl,vg—l))7T2(y(v1,v2—2)) e 7F2<y(u1,0))7T1 (y(v1—1,0)) T
o m1(Y2,0)) 71 (Y1,0)) 71 (Y(0,0))-
By the definition of Y, this ¢ satisfies the cocycle condition and therefore
determines a 2-point extension S of S. Fix any w = (wy, wy) € Z% with w #
(0,0). One can show, using the independence property of v and the definition
of o, that Sy is ergodic. Thus by Proposition 3.4 we have gp(gw) = {S2}.
It follows that S is also ergodic and gp(S) = {2} as well.

Let T be the system from Lemma 5.3. In that result we saw that gp(’i‘) =
{S2}, so by Theorems 3.8 and 4.2 we obtain statement (1) of the proposition.
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Now let v, w € Z2 with w # (0,0). We have already said gp(Sw) = {S2}.
To verify statement (2) of this proposition, we consider two cases: when
v1 + vo is even and vy + vs is odd. First, assume vy + vo is even. Then

T(vhvg)(‘rvi) = (E(vl,vg)xa (12)v1+1}2i) = (Z(m,vz)xai)

and we see that the action T, ,,) has, for instance, {0, 1}%2° x {1} as an
invariant set and thus is not ergodic. Since Sy, is ergodic, it is clear that the
two base actions Ty and Sy, are not orbit equivalent and that no speedup of
T, is isomorphic to Sy,. It then follows that T and Sy cannot be relatively
orbit equivalent, nor is there a speedup of T relatively isomorphic to Sy,
yielding statement (2) of the proposition for this case.

Next we assume vq + vy is odd. Then

r]:‘(v1 v2)($ Z) = (E(vwz)x (12)v1+v2i) = (E(vl v2) LU (12)2)

This action is ergodic and we proceed to compute gp( v)- We again look
at two cases: when vy is even and when vy is odd. In the first case we have

’T(vl,vz) ((l‘ Z) .7) = ((E(vl,vg)x (12)U1+U2i)7 ) = ((2(1)1,112)1' (12)1) .7)

and, similar to how we argued for T(O 1) in Lemma 5.3, we see that D11 U Dy

is an invariant set for Ty. Thus Ty is not ergodic and gp(Ty) = {id}. On
the other hand, if v is odd we have

T‘(111,1)2) ((.%', 7’)7]) = ((2(v1,v2)x7 (12)U1+v2i) ) (12)j)
= ((2(v1,v2)x7 (12)0 s (12)])

and, again similar to how we argued for T(l,o) in Lemma 5.3, we see that

D11 U Dy is an invariant set for Ty. Again we have T+ is not ergodic and
therefore gp(Ty) = {id}.

In all cases we have gp(Ty) = {id} while gp(Sw) = {S2}. Theorem 3.8
then tells us that ’f‘v and Sw are not relatively orbit equivalent. We use
Theorem 4.2 to show that it is not possible to find a relative speedup of ’i‘v
which is relatively isomorphic to Sy, yielding statement (2) of the proposi-
tion, as wanted. U
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