Swarthmore Honors Exam 2011
Complex Analysis

Richard A. Wentworth — University of Maryland
Part I : Real Analysis

Instructions. Please answer three out of the following four questions. Show all of your work.
If you refer to a significant theorem, please state the theorem with all necessary hypotheses. If you
answer more than three, please clearly indicate which problems you wish to be graded.

I-1 A topological space is called separable if it contains a countable dense subset.
(a) Show that euclidean space R" is separable.
(b) Show that every compact metric space is separable.
(¢) Let £ be the space of bounded sequences a = {a;}72,. We make {5 into a metric
space by declaring

d(a,b) = sup|a; — bj]
J
Show that £, is not separable.

I-2 Let {f,} be a uniformly bounded sequence of continuous functions on [a, b]. Let

Fy(x) = / "t

(a) Show that there is a subsequence of {F),} that converges uniformly on [a, b].
(b) Each F,, is differentiable. Show by an example that the uniform limit in part (a) need
not be differentiable.

I-3 Let {a,}72, be a positive decreasing sequence a,, > an+1 > 0.
(a) Show that Y °° | a, converges if and only if > 72 2Fa,. converges.
(b) Use the result in part (a) to show that the harmonic series > 7 ;(1/n) diverges.
(c) Use the result in part (a) to show that the series Y 2 ,(1/n(logn)P) converges for
p>1.

I-4 Let f be a continuous function on the closed interval [a, b].

(a) Show that
b 1/p
i ([ 1f@Pds) = ma [70)

p—00 z€a,b]



(b) Give an example of a continuous function f on (a,b) where the improper integrals

/ | f@)Pda

exist (i.e. are finite) for all 1 < p < oo, but

1/p
i ([ b falrde) - =oc



Part II: Complex Analysis

Instructions. Please answer three out of the following five questions. Show all of your work.
If you refer to a significant theorem, please state the theorem with all necessary hypotheses. If you
answer more than three, please clearly indicate which problems you wish to be graded.

II-1 Let f(z) be an entire function. Suppose there is a constant C' and a positive integer d such
that |f(z)| < C|z|? for all z with |z| sufficiently large. Show that f(z) is a polynomial of

degree at most d.

o0
I1-2 Evaluate the integral / —.
0 x° + 1

I1I-3 Let D C C be the unit disk, and
Q={z€C:|Imz| <7n/2}

(a) Find a conformal mapping f : D — @ with f(0) =0, f'(0) = 2.
(b) Use the conformal mapping in part (a) to show that if g : D — @ is analytic with
9(0) = 0, then |g/(0)] < 1/2.

IT-4 For a complex parameter A, |A\| < 2, consider solutions to the equation
2 —dz42=0 (1)

(a) Show that there is exactly one solution z(A) to eqn. (1) with |z(\)| < 1.
(b) Show that the map A — z()) is analytic for || < 2.
(c) What is the order of vanishing of z(\) at A = 07

II-5 The Bernoulli numbers B,, are defined by the equation

e k
|

z z
-N"pB =
e —1 ;0 kk

(a) Compute By, B, and Bs.

(b) Show that

(2m2) %
(2k)!

o
mzcot(mz) = Z(—l)kBQk
k=0
and that Bopq =0 for n > 1.



(c) Compute the residues
Res,—o(mz 2" cot(72))

forn=1,2,3,..., in terms of Bernoulli numbers.



