HONORS EXAM IN REAL AND COMPLEX ANALYSIS

Answer as many of the following questions or parts of questions as you can. You may quote and
use standard results but you need to fully explain your reasons. You may also use the statement of
any part of a question in any subsequent part. Show all work and fully support all answers. Good
luck.

1. Let f be uniformly continuous and nonnegative on [0,00) and suppose that the improper
o o}

Riemann integral of f on [0, 00) exists and is finite, that is, / flz)dz < oo.
0

(a) Show that lim,_.., f(z) = 0.

{b) Does part {a) hold if the word “uniformly” is removed from the hypotheses on f? Prove or
provide a counterexample.

2. Let f be a continuous real-valued function on {0, 1].
(a) Show that supz¢p 1) 1f(x)| = M < oo and that there is an xzg € [0, 1} such that f(zo) =

(b} Show that for every ¢ > O there is a nonempty open interval (a,b) C [0, 1] such that |f(z)| >
M — ¢ for all z € {(a,b).

1 1/p
{c) Show that for each p > 1, (/ |f(z)P dz> < M and that
0
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3. A function f on [0, 1] is said to be of bounded variationon [0, 1] provided that there is a number M
such that for every partition of {0,1], 0 =zo < 21 < Zo < -+ < ZTn =1, S0t [f(zic1) = f(zi)] < M.
The function f is said t0.be absolutely continuous on [0,1] provided that for every € > 0 there is
a 6 > 0 such that for any collection of nonoverlapping subintervals of [0, 1], {lai, ;] € [0,1]}, such
that 37,(b; — a;) < 8, 35, [f(bs) — f(as)| <e.

Let C denote the class of functions continuous at each point of [0,1], UC the class of functions
uniformly continuous on [0, 1], BV the class of functions of bounded variation on [0, 1] and AC the
class of functions absolutely continuous on [0, 1].

(a) Show that C =UC. *
(b) Show that AC C BV.

(¢} Show that UC\ BV is nonempty, that is, find a function which is uniformly continuous on [0, 1]
but not of bounded variation on [0, 1]. (Hint: Consider a function of the form z* sin (%)
for appropriately chosen &, 8 > 0.)




4. Let {z,}32, bea reai—valued bounded sequence.

(a) State the definition of limsup,_, ., z» and lim inf, .. ., and show that each exists as a finite
number.

(b) Show that if z is an accumulation point of the sequence {z,} then

hm mf zp, <z < limsupz,.
n—oo

5. Let {a,,,}n_l, an 2 0 for all n, be i mcreasmg Define the sequence {0,}32;, called the sequence
ay + a+ - + an

n

of arithmetic means, by o, =

(a) Show that {o.} is a bounded sequence if and only if {a,} is bounded.

(b) Show that if hm, o on = L, then limp—s an = L.

6. Show that i --—-—2——d9 z
’ o 1l+sin’(d) 23

7. Suppose that the function f(2) is analytic in a region R of the complex plane and let f{z) =
flz +iy) = u(z, ¥} +iv(z,y).

(a) Show that u and v are harmonic on R (now considered as a subset of the plane R?), that is,

32‘ 32
thatAu-:-A'u:OonR,whereAzﬁ-i-é—y—z.

(b) State what it means for a function on the complex plane to be a conformal mapping.

(c) Show that if f(z) is analytic on R, and if f'(z) does not vanish on R, then f(z) is a conformal
mapping.
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