
MINIMAL POLYNOMIALS AND THE SPECTRAL THEOREM FOR

HONORS LINEAR ALGEBRA
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b�c\d)e�fIg�h�e�i4jSk�f3l
Definition 1. m'n�oqpSrOsHt�uwvSxys�z]x|{!}_~w�;�;��~w{U� ∈ oq�:u���s�v�v��N��u�uI���]�1u;rNrCpS��z

�����#��� {�}���{#� � ��{E� � � ���;�;��{U� � �
s\����v���z]����p�s�v���p��N���;�Euw���wpSu;za�Nr�pSz�o c m'n<{U� 6 ��� �:u>r1sw���N�?s[�� ¡pSr��N��uOx]uw¢��,u;u���n �)����� s�z�xq�4�Np��Nu
x]uw¢ �)�������   c m'n�{U� �¤£ �:u\r1sw�¡�N��s�� �)����� pSr�����z]pS� c<¥ �]u;z¦�Pu>�)s�z_���N�§�,uwn¨uw�)�N�H�N�]u\rNuw����n
s�v�v
����v��Ez�����p�s�vSr���p��N�©�;�Euw���wpSu;za�Nr�pSz©oq�Pu���p�v�v��4�Np��Nu

o�ª �a«U¬R�®­S��������� {�}����;�;��{U� � �°¯   ∈ ± ≥ }_~){�}_~w�;�;��~w{U� ∈ oa²
³µ´;¶y·_¸�¹»º]¼>½ ���quY��u;���]vSu�¾]rNuÀ¿C����z!pS�;Á¦�N����u�s�zÂ��z]uIÃ-�N��ÃG��z]u c�Ä �]pSr\¾]rNu§pSr\u;za�Cp��1uwv��|x!pÆÅ�uw�1u;za�;Ç
�4�]u;zÈ�N�]u\�1u�s�x]uw����s�z]z]���4�Nuwv�v�nÉ�,���Ê�;��za�NuI�E���4�!pS�,�ÈpSrO��u�s�z_�;Ë��N�]uYs�¾!�N�]����rN�]��¾!vSxÈÌ�u\�wvSu�s[� c
³µ´;¶y·_¸�¹ÎÍ]¼ o|z]u;u;x®z]���§Ì�u¡sÈt�uwvSxÏn^���§�N�]uÐx]uwt�z!p��CpS��z»�N�y�¡s�Ñ3u¡r1u;z]rNu cÂ¥ u¡��p�v�v4z]���°x!p�¢��1u;r1r
�]uw�1u§u;z]��¾]¢3�Â�N�Ðr1sw�©uI�]s��w�Cv��Â�4��s��\¢3u;z]uw�,s�v�p��A�ÂpSr>�#��r1rCp�Ì]vSu°���N�]uw�\�N��s�zÂ�N�Ð�qu;z_�CpS��zÂ�N�?s[�µo � ±
pSr§s��;�����q��zÒ�E�;�;¾!�N�1u;z��;u cÈÄ �]u°�,u�s�x�uw�Y�4���¦�)s�za�Nr°�����,u°�Np�¢3���1��¾]r§x]uw�1s�p�vSr°�¡sw�ÓrNu;uwÑÒs��q���1u
�Np�¢3���1��¾�rOrN��¾]�1�;u c
³µ´;¶y·_¸�¹�Ô?¼ Ä �]uÒ¿C¾]rN¾�s�vSÁÂs��Np��N�]�quw�CpS����n)�#��v���z]����p�s[vSr�pSrY���1u;rNu;za�YpSz®o�ª �_« c©¥ uq�¡sw�Òs�x]x®s�z]x
�§¾!v��Cp��]v��¦����v���z]����p�s�vSr c mGz��?s��N�CpS�;¾!v�s���Ë�o�ª �_« pSr�sHÕ3u;�w�N����rC�Us��;uY��Õ3uw�\o c
ÖP×!·_¶°Ø�Ù¨´ÂÚ]¼µÛ ª �_« pSrµ�N�]u��;��v�vSu;�w�CpS��z®��nP�#��v���z]����p�s[vSrYn's���p�v�p�s���n¨�1���Üsqt]�1rC�\�;��¾!�,rNu§pSzÓ��s�vS�;¾!vS¾]r c
±Oª �a« ⊆ Û ª �a« s��1u>�N�]u\����v���z]����p�s�vSr���p��N�©pSz_�Nuw¢��Is[v��;�Euw���wpSu;za�Nr;Ë#s�z]x©rN����z c�Ä �a¾�r)�N�]uµrNuw�Nr

±Oª �_« ⊆ ÝOª �a« ⊆ Û ª �_« ⊆ ÞOª �a«
rN�]��¾]vSx©s�v�v�Ì�u>n's�p��Nv���n^s���p�v�p�s[���N�°�N�]uµ�1u�s�x]uw� c
ß/àwá'â�ã�
�*CZ;$&9<23$�0�äCå�B�æ,ç,çwå;W
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ÖP×!·_¶°Ø�Ù¨´�/]¼10 vSu;rNr>n's���p�v�p�s��Ys�z]xÀ�����1u�pSz_�Nuw�1u;rN�CpSz!¢©uI�]s����]vSuHpSr � ±3254 � ª �a« c m-z©�N�!pSr\x]���qs�pSzÀ�:u
��swÕ3u�ËUn^���4uI�!s����]vSu56

��£ � �#� � �¤£ �74 � � � � �¤£ � � �
��£ � �#�98>�¤£ � � � � � � �:8
��£ � �#�<;\� ( ��£ � ��� � ) � � ��£ � � � � � �¤£ � ��� � � � �¤£ � �:;
��£ � ��� �>= �¤£ � � �>= �? bA@

BDC ¾�s��CpS��z ? bA@ pSr�Ñ�z]�[�4z©s�r��N��u¦¿&nÉ�,u;rN�]�qs�z�Ì�pSz]����p�s�v�n¨���1�§¾!v�s c Á
³µ´;¶y·_¸�¹FE!¼4½ pSz]�;uYs�x�x!p��CpS��zÂs�z�xÈ�§¾!v��Cp��]v�pS��s��CpS��zÒs��1u�x]uwt�z]u;xÈpSzyo?Ë!p�n
�PuHs��1u\¢�p�Õ3u;z �����#� ∈ o�ª �a«
s�z]xHG ∈ oq�:uµ�qsw���;��z]rNpSx]uw�O�N��u\uI�E�]�,u;rNrCpS��z �)� G � ��Ì��1s[pSz�u;x©ÌE��rN¾!Ì�rN�Cp��N¾!�CpSz!¢IGÂn^��� � �N�°Ì�uµs�z
uwvSu;��u;za�O��n<o c/Ä �]pSr)pSrDJC¾]rC���N��uµ¾]rN¾�s�v�z����CpS��zy��n�����v��Ez�����p�s�v
s�r4n¨¾]z��w�CpS��z c
Definition 8. m'n �����#��� {!}P� · · · ��{U� � � ∈ o�ª �_« s�z�x'K ∈ LNM × M � o � �:uµx]uwt�z�u

��� K ��¬R� {�}�O?��{#�PK����;�;��{U�5K � ∈ LQM ×M � o � �
Exercise 1. R
S Ø!Ø�T*U�´ �����#� ~WV ����� ∈ o�ª �a« ·*XZY K ∈ LQM × M � o � �D[ ´A\D] �������Ò�)����� V ����� ¼

�)� K � V � K ��� ] � K � �
^`_ ·:\�abUc\dT�U�·*ef\ _ ·:\gT*X�´¡· h _ aC´ji!´jUc\ _ ´kU�·_¶Â´�¸�´jU S Ù�\(lme ´jan\ _ ´;¸�¶ S Ù�\na�Ø�ÙoeqØ�TEÙoe*XZT_¶pa�·EÙoU1q:¸mUA\
·*XZY�\ _ ´jXÂØ�Ù S�r abX K T_¸µØ�Ù S�r abX K q:¸AUA\\·*XZY�\ _ ´jX®¶ S Ù�\na�Ø�Ùoes\ _ ´°¸�´jU S Ù�\nabX r ¶y·:\-¸ma¨×!¼

º cutÓj�h#j�i4k�fÈd)e�fIg�h�e�i4jSk�f3l
Proposition 9. vxwkK ∈ LQM × M � o � \ _ ´jXy\ _ ´;¸[´IabUÀ·Ï¶sT*X�azh¡Ø�TEÙoe*XZT_¶pa�·EÙ �)����� ∈ o�ª �a«"{ an\ _��� K ����� M ×M ¼
|)¸WT�T w ¼ LNM ×M � o � pSrOs�z+} � x!pS��u;z�rCpS��z�s�v�Õ3u;�w�N���>rC�?s��;u�Ë�rN�§�N��uµuwvSu;��u;za�NruO,~zK�~zK � ~w�;�;�~K M$� �§¾]rC�
Ì�u�v�pSz]u�s��Nv�� x]uw��u;z]x]u;za� cÎÄ ��s���pSrq�N�|r,sw� �N�]uw�1uÈpSr¡sÓz]��z$��uw�1�Ó�#��v���z]����p�s[vcV ����� ∈ o�ª �a« ��p��N�
V � K ����� c m-n�V �������&� }�� · · · � � � � � ��p��N� � � 6 �»� Ë�vSuw� �����#��� ��:� V ����� c �

Definition 10. ��p�Õ3u;zfK ∈ L M × M � o � ËUs°��pSz!pS�qs�v�����v��Ez]����p�s�v�n^���1K pSr�s�����z!pS���#��v���z]����p�s[v�����#� ∈ o�ª �a« ��n
rN�qs�v�vSu;rC�O�#��r1rCp�Ì]vSu�x�uw¢��1u;uµn^�����4�!pS�,� ��� K ����� c
Exercise 2. � abi!´jX K ·*X�ef\ { TÈ¶pabX�a'¶y·EÙUØ�TEÙoe:XZT_¶pa�·EÙoU w T_¸ K ·_¸�´�´�� S ·EÙ�¼
³µ´;¶y·_¸�¹ b�b ¼ Ä �E¾]r;ËEp��P�¡s[Ñ3u;r)r1u;z]rNu��N�Y�1uwn^uw���N�y¿&�N�]u;Á§��pSz]pS�qs�v#�#��v���z]����p�s[v c B �!�;uw�]�:n¨���PpSz¡�N�]u
uI�!uw�1�wpSrNu;r;ËU�Pu���p�v�v
z]���4z]u;u;xy¾]z!p C ¾]u;z]u;rNr���n
�N�]uµ��pSz!pS�qs�v�����v���z]����p�s�v
pSz¦�N��u;rNu�z]���Nu;r c ? ½ u;uY�Y�
�N�]u;���N�¦z����Nu;r;Ë]n^���Os§�����1u\�;�����]vSuw�NuHx!pSrN�;¾]rNrNpS��z c�@
Proposition 12. [ ´A\ �)����� l[´q·�¶pabX�a'¶y·EÙ?Ø�TEÙoe:XZT_¶pa�·EÙ w T_¸ K ∈ LQM × M � o � ¼ K abU"abX�i!´;¸�\nazl�Ù¨´
a w ·*XZYHT*X�ÙoeIa w ���¨�!� 6 ��� ¼ v X w · h�\ { ´ _ ·*i!´c\ _ ´ w TEÙ'ÙxT { abX r �
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? bA@ v�w \ _ ´;¸�´ abUq·�� U)T�\ _ ·:\ K � � O T_¸Ð·�� U)T�\ _ ·:\�� K � O \ _ ´jX ���¨�!� 6 ��� ¼
? º @ v�w ���¨�!� 6 ��� \ _ ´jX \ _ ´;¸[´ abU¡·�� U)T�\ _ ·:\ K � � � K � O ¼? Í @ v�w K � � � K � O \ _ ´jX�� � �4¼

v \ w TEÙ'ÙxT { UI\ _ ·:\q·*X�e Ù¨´ w \cT_¸y¸Aa r _ \ abX�i!´;¸AU�´�abUÀ·Q\ { T
	zUjazY�´�YNabX�i!´;¸AU�´Ó·*XZY»·EÙ'Ù abX�i!´;¸AU�´jUÓ·_¸�´
´�� S ·EÙ�¼
|)¸WT�T w ¼�� p��,rC�4z]���Nu\�N�?s[�Op�n �)������� {�}���{#� � ���;�;��{U� � � �N�]u;zÒ{�} �Ò�)�¨�!� c
 �1�E��n
��n ? bA@ 6 ½ ¾!�]����rNu\�N�?s[� � K � OPs�z�x¦�N��s�� ���¨�!����� c<¥ u\�N��u;z¦�:��¾!vSx©�?swÕ3u

� M × M � � � M × M � � ��� K ��� {#�����;�;��{U�)K �����
�4�!pS�,� �:��¾!vSx �;��za�C�,s�x!pS�w���N��u¡��pSz!pS�qs�v�p��A� ��n �����#� cÒÄ �a¾�r;Ë<p�n � K � ONË ���¨�!� 6 � � c 0 rCpS��p�v�s��
s��N¢3¾]�qu;z_���:���NÑ�r4p�n3K � � O c
 �1�E��n
��n ? º @ 6Pm'n �)�¨�!� 6 �»� Ë��PuY��s�z©rN��v�Õ3uYn¨���uO/pSz ��� K ����� M ×M �N�°¢3uw�

O � K ��� {#�jO � {E�mK � · · · � {U�5K ����� �
£
{�}

� ��� {#�jO � {E�AK � · · · � {#�)K ����� �
£
{�} K��Ä �!pSrOrN�]�[�4r��N��s�� K � � � K � O�pSr)pSz_Õ3uw�1�Cp�Ì]vSu§��p��N� � � ��� {#�AO � {E�AK � · · · � {U�)K ����� � ���� c
 �1�E��n
��n ? Í @ 6Pm'nZK � � � K � O/�N�]u;z � � � K � � � c �

Lemma 13. [ ´A\ K ∈ LQM × M � o � ¼ v�w �����#� abU�·Â¶pabX�a'¶y·EÙ�Ø�TEÙoe:XZT_¶pa�·EÙ w T_¸ K \ _ ´jX ����� ��� �abU¡·¦¶pabX�a'¶y·EÙUØ�TEÙoe*XZT_¶pa�·EÙ w T_¸ K � �
O ¼
|)¸WT�T w ¼�� ���>s�za�¦����v��Ez�����p�s�v �����#� vSuw� V �����
�®�)��� ��� � c�Ä �]u;z©�:uHs�vSrN�¡��swÕ3u+V ����� � �
� �)����� c
� s�z]x7Vq�4p�v�v���swÕ3u\�N��u\r1s���u>x]uw¢��1u;uµs�z]x�u�s��1�È��p�v�v�Ì�u>����z!pS�>p�n��N�]u\���N�]uw�4��z�uOpSr4����z!pS� c ½ pSz]�;u
V � K � �
O ����� M ×MÀp�n<s�z�xÈ��z!v���p�n ��� K ����� M ×M c/Ä �]u>�1u;r1¾!v��4n^��v�vS���4r c �

Corollary 14. [ ´A\ ������� l[´Â·Ï¶pabX�a'¶y·EÙ�Ø�TEÙoe:XZT_¶pa�·EÙ w T_¸ K ¼ ^`_ ´|´ja r ´jX�iE·EÙ S ´jUsT wkK ·_¸[´
´I×!· h�\AÙoes\ _ ´°¸WT�T:\ U+T w �����#� ¼
|)¸WT�T w ¼ ��pSr4s�zÈuwp�¢3u;zaÕ�s�vS¾]u§p�n�s�z]xÈ��z!v���p�n3K � �
O<pSr4z�����pSz_Õ3uw�1�Cp�Ì]vSu c K � ��O/pSr4z]����pSzaÕ3uw�N�Cp�Ì]vSuHp�n
s�z]xÈ��z]v���p�n ����� ��� � ¯ ��� } ��� c �
Ä �]u>n^��v�vS���4pSz!¢��;���1��v�v�s��N�ÈpSr4pS����u;x]p�s[�Nu c

Corollary 15. v�w ´ji!´;¸Ae �����#� ∈ o�ª �a« _ ·*U�· ¸WT�T:\��f\ _ ´jX ´ji!´;¸Ae K ∈ LQM × M � o � _ ·*U�·*X
´ja r ´jX�iE·EÙ S ´�¼
Ä �]uHn^��v�vS����pSz]¢©�N�]u;���,u;� pSr\�1s�Ñ3u°n^���\¢��,s�z_�Nu;x|pSzÓ��s�vS�;¾!vS¾]rHs�z�xÂ�]�1�[Õ3u;xÓpSz|sq�G�E�]pS��s�v)s[Ì?rC�C�,s��w�

s�v�¢3uwÌ]�,s°�����;�����]vSuI�©s�z�s�v���rCpSr>�wv�s�rNr c
Theorem 16

? Ä �]u¦¿ � ¾�z]x�s���u;za�1s�v Ä ��u;���1u;�Ê��n 0 v�¢3uwÌ��,s�Á @ . Ö i!´;¸me �����E� ∈ ÞOª �_« _ ·*U¡·È¸jT�T:\&¼
Ä �]u>n^��v�vS���4pSz!¢��;���1��v�v�s��N�ÈpSr4pS����u;x]p�s[�Nu c

Corollary 17.
Ö i!´;¸Ae K ∈ LQM × M � Þ � _ ·*UÓ·*X ´ja r ´jX�iE·EÙ S ´�¼�Ö i!´;¸Ae K ∈ LNM ×M � Û � _ ·*UÂ·� Ø�T*UjUjazl�ÙoefhjT_¶°Ø�Ù¨´I×! À´ja r ´jX�iE·EÙ S ´�¼
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½ u;u��/�1uw�NrN�1��uw�)n¨����s��1uwÕapSuw�¤��n��;�����]vSuI�¦s��Np��N�]�quw�CpS� c/¥ u>Ì]�NpSu��]�q�1uwÕEpSuw�Î�4��s��:�Pu>z]u;u;x���uw�1u c
m-z¦�N�!pSr4rNu;�w�CpS��z�Ë?�:u�����p����N�]u�s��N�1�[�4r4�[Õ3uw�OÕ3u;�w�N���,r4�N���¡s�Ñ3uµ�1�E��� n^���4�;�����]vSuI�y�;��z5J&¾]¢_s[�CpS��z c³µ´;¶y·_¸�¹ b�� ¼�� u;��s�v�v��N��s��>uwÕ3uw�N� � ∈ ±»��s�rOs°¾�z!p C ¾�u��1uw���1u;rNu;za�1s[�CpS��z!� � {Y� ��" n^���Y{�~ � ∈

Û c
� u;��s�v�vPs�vSrN�Ð�N�?s[�>�N�]u°�;�����]vSuI�Â�;��z5J&¾]¢_s[�Nu���n#� � {§� ��" pSr\x]uwt?z]u;xÀÌa�%$� ¬R� { �F��" c�¥ u°��s;Õ3u
�N�]u\n^��v�vS���4pSz!¢Ðn^s��w�Nr>s[Ì���¾!�O�;�����]vSuI�È�;��z5JC¾!¢_s��CpS��z�6? bA@ ��pSr4�1u�s�v�p�n<s�z�xÈ��z!v���p�n&� � $� c? º @ �_���%�[� � $�a���'$��� c? Í @ �_�(�[� � $�_��$�[� c? Ô @ $�)� � { � � � � pSr���uw�1�§p�n<s�z]xÈ��z!v���p�n&� ��� c
Definition 19. m'n3K � ª �)*,+ « ∈ L.- ×M � Þ � �:u�x]uwt?z]u $K ¬R� ª/$�0*,+ « �N��Ì�uµ�N�]uY�qs��C�NpÆ�'K �4p��N�©u�s��1�
u;za�C�N�Ð�1uw�]v�s��;u;x¦ÌE�Ðp��Nr��;�����]vSuI�¦�;��z5JC¾!¢_s��Nu c m-z��?s��N�CpS�;¾]v�s[�[Ë��:u\�qsw�¦s��]�]v��Ð�N�!pSr��;��z�rC�C�1¾]�w�CpS��z©�N�
sHÕ3u;�w�N���21 ∈ Þ M c
Definition 20. m-n�1�~43 ∈ Þ M x]uwt?z]u 〈1�~43 〉 ¬R� $1 tr 3 c
Ä �]u�n^��v�vS����pSz]¢q�]�,���#uw�1�CpSu;r4��n 〈 ~ 〉 s��1u\u�s�rC�Ð�N�§Õ3uw�Np�n¨� c ? ¥ uµ�¡s[Ñ3u�z]�°s[�C�Nu;���]���N�§Ì�u>�;�����]vSuw�Nu

�]uw�1u65 J&¾]rN��v�pSrC�4�N��uµ����rC�)pS�������N�1s�z_�On^s��w�Nr��:uµ�4p�v�v�¾]rNu c�@
Proposition 21. 7 T_¸¦·*X�e 1�~43 ∈ Þ M ·*XZY � ∈ Þ { ´ _ ·*i!´ �? bA@

〈3Â~41 〉 � 〈1�~43 〉 ¼? º @
〈1�~41 〉 abUÈ·sXZT*X 	zX�´ r ·:\nabi!´q¸�´I·EÙ`X S ¶sl[´;¸ { _ azh _ abU98a´;¸WTsa w ·*XZY T*X�Ùoefa w:1 abU�\ _ ´98a´;¸WT
i!´�h�\dT_¸�¼

? Í @
〈 �;1�~43 〉 � $� 〈1�~43 〉 ¼? Ô @
〈1�~ �;3 〉 � � 〈1�~43 〉 ¼

Definition 22. K ∈ LFM ×M � Þ � pSr4r,s[pSxÈ�N�°Ì�u=<�uw�1��p��Cp�s�zÈp�n $K tr � K c
Lemma 23. > abU@?�´;¸�¶pan\ a�·*XFa w ·*XZYHT*X�Ùoe�a w 〈 K�1�~43 〉 � 〈1�~zK�3 〉 w T_¸¦´ji!´;¸Ae 1�~43 ∈ Þ M ¼
|)¸WT�T w ¼ ¥ u4�]�1�[Õ3u4��z]u)pS���]v�pS��s��CpS��z�vSu�swÕEpSz!¢§�N�]u����N�]uw�:s�r�s�z�uI�!uw�1�wpSrNuOn¨���<�N��u)�1u�s�x]uw� c m-n�K � $K tr

�:uµ��swÕ3u
〈 K�1�~43 〉 � � K�1 � tr 3 � ( $KA$1 )tr 3 � $1 tr $K:BDCE3 � $1 tr K�3 � 〈1�~zK�3 〉 � �

Exercise 3. 7 abX�abU _ \ _ ´\Ø�¸jT�T w T w Ù¨´;¶�¶y·GFIH]¼
Proposition 24.

Ö i!´;¸AeÒ´ja r ´jX�iE·EÙ S ´kT w · ?�´;¸�¶pan\ a�·*X®¶y·:\-¸Aa¨×IabU°¸�´I·EÙ�¼
|)¸WT�T w ¼�J uw� K ∈ LNM ×M � Þ � s�z]xÐrN¾!���#��r1u1K�1 � �;1�n^���:rN����u � ∈ Þ|s�z]xA1 ∈ Þ M c�¥ uO�N�]u;z���s;Õ3u

$� 〈1�~41 〉 � 〈 �;1�~41 〉 � 〈 K�1�~41 〉 � 〈1�~zK�1 〉 � 〈1�~ �K1 〉 � � 〈1�~41 〉 �½ pSz]�;u�1 6 ��� p��4n^��v�vS���4r��N��s���� � $� c �
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�#- ! � �
Ä �]u\�;���,��v�v�s[�1�¦pSr4z]�[�¤pS�q��u;x!p�s��Nu c

Corollary 25.
Ö i!´;¸Ae � ¸�´I·EÙ T_¸+hjT_¶°Ø�Ù¨´I×! À´ja r ´jX�iE·EÙ S ´kT w ·IUjea¶�¶Â´A\-¸Aazhq¶y·:\G¸Aa¨×�abU§¸�´I·EÙ�¼

Corollary 26.
Ö i!´;¸Ae�Uje_¶�¶Â´A\G¸Aazhq¸�´I·EÙ�¶y·:\G¸Aa¨× _ ·*U¡·È¸�´I·EÙ�´ja r ´jX�iE·EÙ S ´�¼

|)¸WT�T w ¼ B Õ3uw�N�È�,u�s[v��qs��C�NpÆ�©�?s�r>s ? �1u�s�v
�����;�����]vSuI� @ uwp�¢3u;zaÕ�s[vS¾�u°Ìa� � ���1��v�v�s��N� b E c4Ä �!pSrOuwp�¢3u;z!Ã
Õ�s[vS¾�uµpSr��,u�s[v�Ìa� � ���,��v�v�s[�1� º�/ c �

Ô c����
�Âl �������
�Uk�f ���
�!e � �!i
m-zH�N�!pSr�r1u;�w�CpS��z°�PuP��p�v�v?z]��vS��z!¢3uw�<�1uwn^uw�
�N���;�����]vSuI�°za¾]�HÌ�uw�1r;Ë�rN���:uP�1uwÕ3uw�N�
�N���N�]u:�;��z_Õ3u;za�CpS��z

��n�¾]rCpSz!¢¡s[�1�1���4r�s��N���©��¾!�OÕ3u;�w�N���1r c
Theorem 27

? ¿ Ä �]uOrC��u;�w�C�,s�v?�N�]u;���,u;��Á @ . Ö i!´;¸Ae+Uje_¶�¶Â´A\G¸AazhH¶y·:\G¸Aa¨× K ∈ L M × M � Û � _ ·*U§·*XT_¸m\ _ T*XZT_¸�¶y·EÙ:´ja r ´jXZl;·*UjabU�¼
|)¸WT�T w ¼ m-zy�N�!pSr��]�1�E��nAË#�3��¾Â�¡sw�¦t�z]xyp��>�;��z_Õ3u;z]pSu;z_�H�N���,uwn¨uw�>�N�q�N�]uHn¨��v�vS�[��pSz!¢©x]p�s[¢��Is��ÈË#�4�!pS�1�
�:u\��p�v�v
�;��z]rC�C�1¾]�w�>s�r)�Pu��]�1�E�;u;u;x�6
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OO
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OO

¥ uH�]�1��Õ3uH�N�]uH�N�]u;���,u;� Ìa�©pSz]x]¾]�w�CpS��zÒ��z'} s�z]xÂ���N¢_s�z!p���u§��¾!�>�]�,�a��n<ÌE�©��pSz!pS�qs�v��w�NpS��pSz�s�vb6
m'nO�N�]uÐ�N�]u;���1u;� n^s�p�vSr;ËP�N�]u;z®�N��uw�1u��§¾]rC�§Ì�uÐsyrN�¡s�v�vSu;rC�
} n^���°�4�!pS�1�»p��°pSr°n's[vSr1u c ½ pSz]�;u�uwÕ3uw�N�£ × £ �qs��C�NpÆ�ÈpSrOx!p�s�¢3��z�s�v'Ë��N�!pSr1}��§¾]rC�4Ì�u\Ì�p�¢�¢3uw���N�?s�z £ c J uw�1K Ì#uYs�z'} × }��qs��C�NpÆ�©��n
�N�!pSr
rN�¡s[v�vSu;rN�>x]pS��u;z]rCpS��z�Ë��PuH��p�v�v��]�,�a�;u;u;xÀ�N�¡rN�]�[� �N��s�� K ��s�r\s�zÀ���N�N����z]���1�qs�v<uwp�¢3u;zaÌ?s�rCpSr c�Ä �!pSr
��p�v�v
�;��z_�C�Is�x]pS�w����¾!���_�E�����N�]u;rCpSrO�N��s��O��¾!�4�N�]u;���1u;� n^s�p�vSrOn¨�����N�]pSr }��]�,��ÕEpSz!¢��N�]uµ�N�]u;���1u;� c½ pSz]�;u'K pSrqsy�1u�s�v�rC�E�q��uw�C�NpS�È�qs��C�NpÆ� �N�]uw�1u¦pSr¡sÀz]��z���uw�1� ~1 ∈

Û M s�z]x�s � ∈
Û rN�Ó�N��s��

K ~1 � � ~1 c J uw��� ¬R� �
span~1 � ⊥ s�z]x©vSuw� ­ ~3y�[~w�;�;� ~3 M ���C²�Ì�u�s�zÈ���1�N�]��z]���1�¡s[v�Ì?s�rCpSrOn¨����� c�� ���Nu

�N��s��µn^����uwÕ3uw�N� ~3 ∈ � �:u���s;Õ3ucK ~3 · ~1 � ~3 · K ~1 � � ~3 · ~1 � ~� c m'��n¨��v�vS�[�4rH�N��s��uK ~3 ∈ � c
Ä �E¾]r;Ë]p�n��:uµ�1s�Ñ3u�� � [

~1 ~3y� · · · ~3 M ��� ] �:uµ��swÕ3u
ª K « ¯ � ~��� ~� � �  ! ! "� ~� = 
��$# �

[ � � � × % M ���'&� % M ���'& × � K ′

] � � ��� K�� � � tr K��
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!+����,
�#- ! � �

n^���4rN����u(K ′ ∈ L % M ��� & × % M ��� & � Û � c � ���Nuµ�N��s�� � � tr K�� � tr � � tr K��¦rN� K ′ pSrOrC�E�q��uw�C�NpS� c� �[�µË
rCpSz]�;u
} �)s�rY��pSz!pS�qs�v'ËZK ′ ��s�rYs�zÒ���N�N�]��z]���1�¡s�v/uwp�¢3u;z_ÌUs�rNpSr c¦Ä ��s��µpSr\�N�©r1sw�À�N�]uw�1u�pSr
s �

′ ∈ � � } �¤£�� s�z]xÏsÐx!p�s�¢3��z�s�v � ′ ∈ L % M ���'& × % M ���'& r1�¦�N��s�� � �
′ � ��� K ′

�
′ � �

′ c ½ uw� � ¬R�
[ £ � � × % M ���'&� % M ���'& × � �

′

] c 0 z]x � � [ £ � � × % M ���'&� % M ��� & × � �
′

] cÂ¥ uÐ�N�]u;z®��swÕ3u � � � ��� � ��� K�� �

? rNu;uO�N�]u�x!p�s�¢��,s�� @ rN� � � x!p�s�¢3��z�s�v�p���u;r1K c � pSz�s�v�v�� � � pSr:���N�N����¢3��z�s�v�rCpSz]�;u � � � � ��� � � ��� � ��� ��
tr � tr � � � � � tr c �


