Thomas Hunter April 6, 2005
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Math 18 (2)
Second Midterm

Show your work. Correct answers with no justification may receive little or no credit. No
calculators are allowed. No uncalled-for simplification is required. Use the backs of pages
if you run out of space.

Each part of each problem is worth 9 points. There are eleven parts altogether, in three
problems.

Problem 1. In this problem we consider the region D = {(x,y) | x> + y? < 4} and the
function f: D — R defined by f(x,y) = x>y — v.

a) (9 points) Find the critical points of f which are in the interior of D.

Solution. We have Vf = (2xy,x% —1). In order for the second component of Vf to be
zero, we must have x = £1. Thus, in order for both components to be zero, we must
also have y = 0. This gives the critical points (1,0) and (—1,0). Both of these points
are in D. O

b) (9 points) Use a second derivative test to classify each of the critical points you found
in part a as a local minimum, a local maximum, or a saddle point.

Solution. The matrix of second derivatives is Hf = Bli 2(;( ] which has determinant
det Hf = —4x?. This determinant is negative at both of the critical points, so they are

both saddles. O

c) (9 points) Use the method of Lagrange multipliers to find a system of equations whose
solutions are the constrained critical points of f on 0D.

Solution. The constraint giving the boundary is g(x,y) = x* + y> = 4. So the system
we want is the two equations given by Vf = AVg together with the constraint equation
g(x,y) =4. Writing these down we get

2xy = A2x (1)
x> —1=2A2y (2)
¥ +y?=4 (3)



d) (9 points) Solve the system of equations you found in part c.

Solution. From equation (1) we see that either x = 0 or y = A. We consider these two
cases separately. If x = O equation (3) becomes y? = 4 so y = +2-this gives constrained
extrema at (0,+2). If y = A equations (2) and (3) become

x2—2y? =1
X +y? =4
This is a linear system in x? and y? which is easy to solve giving x? = 3 and y?

=1
This gives four more constrained critical points (++/3,41). constrained extrema. [

e) (9 points) Use your work in parts a through d to find the absolute maximum and
absolute minimum of f on D.

Solution. Here we just evaluate our function at all of the critical points—both con-
strained and otherwise. We leave out the saddles, since we know they are not extreme.

(0,—2) =2
(0,2) = —2
f(V3,1) =2
f(—V3,1) =2
f(V3,~1) = -2
f(=v3,—1) = —2.

O

We see that the maximum is f(0,—2) = f(£v/3,1) = 2 and the minimum is f(0,2) =
f(£v3,-1) = -2.

Problem 2. In this problem we consider the integral

JJ etV dx dy.
o)y

a) (9 points) Draw the region of integration.



Solution. The region is the half-circle pictured below. The original order of integration
corresponds to the slices drawn horizontally in the picture.
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b) (9 points) Give an equivalent integral with the order of integration reversed.

Solution. For this, we want to imagine the region sliced vertically. Reading of of our
picture, we get

2 Va—x2
J J eV qy dx.
x=—2 Jy=0
]
c¢) (9 points) Give an equivalent integral in polar coordinates.
Solution.
7 2 5
J J e’ rdrdo
6=0 Jr=0
]



d) (9 points) Compute the integral using whichever form (the original, the one from part
b, or the one from part ¢) makes your work the easiest.

Solution.

2 4—x2 2
x?+y? _ l 2 _ T TZZZE 4
L:—2L=o e dy dx TCL 2d(e ) =3 [e ]0 2(e 1).

Problem 3. In this problem, let F : RZ — R? be the vector field defined by

Fix,u) = (y+1,x+1).
Also, let C be the circle with center (1,0) and radius 2 oriented counterclockwise.

a) (9 points) Compute _zfcl?- ds by giving an explicit parametrization of C and applying
the definition of vector line integral.

Solution. We parametrize C as follows:

x=2cost+1 y =2sint
dx = —2sint dt dy =2cost dt

where 0 < t < 2mt. We then substitute into the integral to get

27t
% F. dgzj (y+1)dx+ (x+1)dy :J ((2sint+ 1)(—2sint) + (2cost+ 2)(2cost)) dt
C C 0

N

7T

= J (4cos(2t) +4cost— 2sint) dt = [2sin(2t) + 4sin(t) + 2cos t]é7T =0.

o

O

b) (9 points) Explain how you could have obtained your answer to part a without any
nontrivial integration.

Solution. Since the circle, C, is the boundary, 0D, of a disk, D, on which Fis defined,
we have by Green’s theorem

ﬁ; ?.dgzﬂ ﬁx?-idvzﬂ <i(x+1)—i(y+1)> dxdy:H (1—1)dx dy = 0.
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