
ON THE WEIERSTRASS PRODUCT THEOREMThis short note is in response to some 
onfusion about Gamelin's proof of the Weierstrassprodu
t theorem given in [Gam01, page 358℄. Of 
ourse, the theorem is 
orre
t as stated.However, I do not see how the poles of the gk used in the proof 
an be made to reside at
wk alone. In addition, the treatment given below makes it 
lear that we don't need to 
iteany general theorem about simple 
onne
tivity.First, for referen
e, we will repeat the statement (but not the proof) of the sharperversion of Runge's theorem, [Gam01, page 344℄.
Theorem 1. Let K be a 
ompa
t subset of C, f be analyti
 on an open set 
ontaining
K, S be a subset of C∗ su
h that ea
h 
omponent of C∗ − K 
ontains an element of S,and ǫ > 0. Then there is a rational fun
tion g with poles in S su
h that |(f−g)(z)| < ǫfor every z in K.Next, we will state a simple lemma. You should be able to supply a very expli
it formulafor the asserted bran
h, using your understanding of the logarithm fun
tion, and withoutappealing to any theorems about simple 
onne
tivity. In this lemma and below, we willuse the 
onvention that when w0 = ∞, the fun
tion f(z) := z−z0

z−w0
is given by f(z) := z−z0.

Lemma 2. Let z0 be in C, w0 be in C∗, and γ be the line segment, [z0,w0], from z0to w0, in
luding the ends. Then an analyti
 bran
h of log z−z0

z−w0
exists on C− γ.Next we state a proposition whi
h I wrote on the board in seminar last week.

Proposition 3. Let D be a domain and de�ne
Km :=

{

z ∈ D ∪ ∂D | |z| < m, ∀d ∈ ∂D.|z − d| ≥
1

m

}

.Then the Km have the following properties:(1) K0 = ∅.(2) Ea
h Km is a 
ompa
t subset of D.(3) For all m, Km ⊆ Km+1.(4) ⋃

mKm = D.(5) For all m and for any z outside of Km, there is a w in ∂D ∪ {∞} so that theinterval [z,w] is entirely outside of Km.(6) For every 
ompa
t L ⊆ D there is some m su
h that L ⊆ Km.1



ON THE WEIERSTRASS PRODUCT THEOREM 2We are now ready to state and prove the Weierstrass produ
t theorem. Our proof isbasi
ally the same as Gamelin, but with spe
ial attention to the points mentioned at thebeginning of this note.
Theorem 4. Let D ⊆ C be a domain, {zk}∞k=1 be a sequen
e of distin
t points in Dwith no a

umulation point in D, and {nk}∞k=1 be a sequen
e of integers. Then thereis a meromorphi
 fun
tion f on D whose only zeros and poles o

ur at the zk, su
hthat the order of f at zk is nk.Proof. For ea
h integer m ≥ 0 let Km be de�ned as in Proposition 3. For ea
h integer k ≥ 1,let mk be the unique integer su
h that zk is in Kmk+1−Kmk

. For ea
h k, let wk ∈ ∂D∪∞be the element provided by part 5 of Proposition 3, where z in the Proposition is takento be zk and m is taken to be mk. Thus [zk,wk] is entirely outside of Kmk
. Now applyLemma 2 get a bran
h, fk(z), of log z−zk

z−wk
whi
h is analyti
 on C− [zk,wk]. Sin
e [zk,wk]is entirely outside of Kmk

, fk is analyti
 on an open set 
ontaining Kmk
. We now applyTheorem 1, where K in the Theorem is taken to be Kmk

, f is taken to be nkfk, S is taken tobe ∂D∪ {∞}, and ǫ is taken to be 1
2k . Write gk for the fun
tion whi
h Theorem 1 providesfor us in this 
ontext. Thus we have |fk − gk| < 1

2k on Kmk
. Thus, the Weierstrass M-testtells us that ∑∞

k=1(fk − gk) 
onverges uniformly on Km for every m, and normally on
D in light of part 6 of Proposition 3. Thus, by the de�nition of 
onvergen
e for in�niteprodu
ts, the in�nite produ
t ∏∞

k=1 efk(z)−gk(z) 
onverges normally on D. Call the limitof this in�nite produ
t f(z). We 
laim that f(z) has the required properties. In fa
t, byde�nition, we have
f(z) =

∞∏

k=1

(

z − zk

w − wk

)nk

e−gk(z) .The fun
tion e−gk is entire and has no zeros. 1
z−wk

is analyti
 in D and has no zeros. Thus
f has zeros and poles only at the points zk and the order of f at zk is nk.
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