
Proposition.
∫

1

−1

√
1 − x2

1 + x2
dx = π(

√
2 + 1).Here is a �gure to whi
h we will refer during our dis
ussion.

Proof. Let f(z) = g(z)/(1+ z2) where g(z) is de�ned by the following formula in whi
h wemean the prin
ipal square root ea
h time we write √ .
g(z) =






√
1 − z2 if Im(z) > 0,

−i
√

z2 − 1 if z ∈ (1,∞),
i
√

z2 − 1 if z ∈ (−∞, 1),
−
√

1 − z2 if Im(z) < 0.The reader may 
he
k1 that this de�nes a 
ontinuous fun
tion on D = C−[−1, 1]. Morerra'stheorem then shows that f(z) is analyti
 on D. We 
onsider the integral of f(z) along a1Well, I wrote down a dis
ontinuous fun
tion in the �rst version of these notes, so I guess I should givethe argument that g(z) is, in fa
t, 
ontinuous on D. The potential dis
ontinuities of g are those z for whi
h
1 − z2 is a point of dis
ontinuity for the prin
ipal square root. That is to say those real z with |z| > 1. On
(1, ∞) what we need to 
he
k is that if a > 1, and ǫ > 0 is then the di�eren
es between the three numbers

p

1 − (a + ǫi)2 , −i
p

a2 − 1, −
p

1 − (a − ǫi)2go to zero with ǫ. In fa
t we have
p

1 − (a + ǫi)2 =
p

1 − a2 + ǫ2 − 2aǫi = −i
p

a2 − 1 + O(ǫ)

−
p

1 − (a − ǫi)2 = −
p

1 − a2 + ǫ2 + 2aǫi = −
“

i
p

a2 − 1 + O(ǫ)
”so g is 
ontinuous at the points in (1, ∞). The argument for 
ontinuity along (−∞, 1) is similar.1



2dumbbell-shaped path Γǫ su
h as the one drawn in the pi
ture. We will assume that theradius of the 
ir
ular parts of Γǫ goes to zero with ǫ and we will make a similar assumptionabout the separation of the linear segments. We will take the 
lo
kwise orientation of Γǫand 
onsider it to be the boundary of an external domain.Sin
e f(z) is bounded in neighborhoods of 1 and −1, and sin
e the length of the 
ir
ularparts of Γǫ go to zero with ǫ, we see that the 
ontribution to ∫
Γǫ

f(z) dz from these 
ir
ularse
tions goes to zero with ǫ. If x is in [−1, 1], then as z approa
hes x through values inthe upper half plane f(z) approa
hes √1−x2

1+x2 . Similarly, as z approa
hes su
h an x throughvalues in the lower half plane f(z) approa
hes −
√

1−x2

1+x2 . It follows that
∫

Γǫ

f(z) dz → 2

∫
1

−1

√
1 − x2

1 + x2
dx as ǫ → 0.On the other hand, the residue theorem tells us that ∫

Γǫ
f(z) dz is 2πi times the sum ofthe residues of f in the exterior domain determined by Γǫ in
luding the residue at ∞. Thepoles of f are simple poles at ±i. An easy 
al
ulation from the formula for f(z) shows thatRes(f, i) = Res(f,−i) =

√

2

2i
. We will show below that Res(f,∞) = −i and then we willhave ∫
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√
1 − x2

1 + x2
dx = πi

[√
2
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+ i

]

= π(
√

2 − 1)as desired. It remains to 
al
ulate the residue at in�nity. We have
f(z) = ±
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2 (1 + z−2)−1 = ±
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= ±
i

z
(1 + O(z−2))(1 + O(z−2)) as z → ∞.Sin
e the original formula for f(z) shows us that f(z) is pure imaginary and in the lowerhalf plane when z is real and bigger than 1, we see we must take ± to be − in the aboveseries expansion for f(z). Thus Res(f,∞) = i as desired. �


