ENGINEERING 12 SPRING 2008
PHYSICAL SYSTEMSANALYSIS

LABORATORY 4: THE COUPLED PENDULUM SYSTEM
Objectives
1. To observe the behavior of a system of two loosely coupled pendulum experimentally.

2. To model the behavior of a coupled physical system using simulation software Simulink in
Matlab.

3. To compare the data obtained experimentally and from the software simulation to analytical
results.

Apparatus

Coupled pendulum with transducer to convert angular position to voltage, spring force meter,
computer with data acquisition software, PC with Simulink.

Background

Consider the single pendulum (ignore the spring and second pendulum in Figure 1 below).
f
ls
— AN v
¢
91 92

O

m m
Figure 1. Coupled Pendulum

By summing torques (consider contributions from inertia, the weight of the bob, and the spring
force; neglect friction and the weight of the rod), obtain the equation of motion.

X4 mgl sint +(kl _sin!)" (I .cos!) =0

Here the moment of inertia J is given by
J=fr2dm= ml 2.
Use the identity
sinBcos6 = %sin (26),
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and assume small angles so that
Sin” # n
to obtain
ml 2&+mgl 6 +kl 20 =0.

For two coupled pendulum, the equations of motion are as follows:

me +mglt, + k2N, 1,)=0

and
ml & + mgl 0, + kI 2(6, -6,) = 0.

Rewriting with the coefficients of the highest order derivatives set to unity, and grouping terms,

gives
2
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or compactness, let #, == and #, = —g& oy, so that
| my

él+(1<12 +K§)81—K§62 =0

(P24 2),#0%, =0,

In state variable form, let

where the state equations are
Xl = X3
XZ = X4
X, =- (Klz + Kg)xl +1K5X,

— 2 2 2
Xy == (1] +13 )X, +13x,.
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In matrix form, [)&]= [M ]° [X], where [)&] is a column vector of the derivatives of the state

variables, [M] is the matrix of constants describing the motion of the pendula, and [X] is a

column vector of the state variables. Written out,

| ) 0 0 1 o
i $ A 02 0 1$¥ﬁxz$'
8, 3 g &) & 0 of 9
ﬁﬁa% & %(& +&) 0 o% m%

The eigenvectors of the matrix M give the (characteristic) modes of the system, and the
eigenvalues of M give the (characteristic) frequencies of the modes. (Recall that each
eigenvalue has an associated eigenvector.)

To find the eigenvalues, set det (Al-M) = 0, and solve for A.

| 0 "1 0
0 L0
(+w) & 1 o7"
o () o

The determinantal equation is thus
14 ap(t2en ) e ia 2 20,
with solutions for the eigenvalues (characteristic frequencies) of
Mosa = %Ky, %] K3 265 =Ejoy, *j,

and eigenvectors V(A), that satisfy [A |- M] ¥V, =0, of

1 1

1

1 1
Vi= i (for A = jr, = jan), V,=| | |(for A,=-jK, =~jw,)
1

JKy LY
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1
-1
Vo=, (e |(or A= i+ 26 = o),
- jKs + 23
A
-1

Vo=l ke 2l (for A, = =i + 2k ==jw,)

[ 2 2
KL H265

Solutions are formed by a superposition of contributions from each eigenvector to each state
variable, with arbitrary multiplicative coefficients A; to be adjusted to satisfy the initial
conditions of the system. (A; multiplies Vi, A, multiplies V>, etc.)

x; (t)= gA V(e

where, recall, x; are the state variables representing !, !,, !‘%, and '&2

Written out, the equations of motion are as follows.
X, (1)=#(t)= A (1)e" + A, ()e " + Ay (1)e" + A, (1)e
x,(1)=#,(t)=A, ()" +A,(L)e" " +A,("1)e" " +A, (")
Xy (1)=# ()= A (j1 )" + A, ("]1 )+ AL (1, ) + AL (M, )e "
X, ()=%()=A (' )" + A, ("j1 e + A (" ,)E E + AL () ,)e

Using Euler’s Identity, € =COS(! )ijSin(! ), the equations of motion can be equivalently

rewritten as follows.

X, (t): . (t)ZAcos ( lt)+Bsin ( 1t)+Ccos ( 2‘[)+Dsin ( 2t)

X, (t) =1, (t) = Acos ( 1‘[)+Bsin ( 1t)#Ccos ( 2t)#Dsin ( 2‘[)
X3 (t): I (t): " Bcos ( 1‘[)#" Asin ( 1t)+" ,Dcos ( 2t)#" ,Csin ( 2t)
X, (t): I, (t): " Bcos ( 1t)#" JAsin ( 1t)#" ,Dcos ( 2t)+" ,Csin ( 2‘[)

Determine the behavior of the system for three sets of initial conditions.
Case (i): L (t=0)=1,(t=0)=!,=1; B(t=0)=%(t=0)=0.

The coefficients A, B, C, D are evaluated as follows.
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x,(0)=!,(0)=A+C=1 A
0)=1,(0)=A"C=1 B=
% ). 2( ) # , and the equations of motion are
x,(0)="!,(0)=$,B+$,D=0 C
D

x,(00=1,(0)=$B"$,D=0

X, (t) =1, (t) =cos ( l‘[)
X, (t) =1, (t): cos ( 1t)
X, (t) =0, (t) =#"  sin ( 1t)
X, (t) =1 (t) =#" sin ( 1t).

Case (ii): 0,(t=0)=-6,(t=0)=0,=1 6,(t=0)=6,(t=0)=0.

The coefficients A, B, C, D are evaluated as follows.

x,(00=!,(0)=A+C=1

A

0)=1,(0)=A"C="1 B

(0=, ( ) # c , and the equations of motion are
D

x,(0)=!,(0)=$B+$,D=0
x,(00=1,(0)=$B"$,D=0

x,(t)=",(t)=cos(",t)
x,(t)=",(t)=#cos(" ,t)
X, (t)=!'1(t)=#" 2sin(" 2t)
x4(t)=!'2(t)=" ,sin (" ,t).

Case (iii):  !,(t=0)=!,=1% !,(t=0)=!,(t=0)=1,(t=0)=0.

]
oS = O O

The coefficients A, B, C, D are evaluated as follows.

Al
x,(0)=!,(0)=A+C=1 )
0)=!,(0)=A"C=0 B=0

X ). . (0) , and the equations of motion are
x;(0)=!,(0)=$,B+$,D=0 oL
x,(0)=",(0)=$B"$,D=0 2
D=0
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0, (t) = % [cos (oolt)+ cos (cozt)] = cos( W ¥, t) Ccos ( ® =, t) = cos(m, t) cos(w,t)

+ _
0,(t)= % [cos (,t)~cos ((uzt)] =sin ( DT, t) sin ( o 5 ©2 t) =sin(w, t) sin(w, t)
+ -_—
Here ()\)a:u:@ and mb:M:E_
2 T, 2 T,

A plot of Position 6,(t) vs. Time (t) is shown below in Fig. 2. By measuring T, and Ty
(preferably over several periods) it is possible to determine w_ and " ,.

< >
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Figure 2: Position of Pendulum 1 vs. Time for Case (iii)
Procedure

1. Measure ¢ and | on the physical system. Observe the operation of the double pendulum
system and measure ", and w, for each of the three cases above (for the third case,

determine " ,and " ). Collect data with the data collection program provided on the course
webpage.

2. Determine k, the spring constant, using a spring force meter. The mass of the weights is
1.5Kg.

3. Plan your analog computer model and implement it on Simulink.
Report

1. Please follow the format of a formal lab report for this laboratory experiment.

2. Annotate and fill in the missing steps from the derivations shown. As examples, solve the
determinant, and verify the last two equations for Case (iii) above.

3. Include a (single) printout of the block diagram and graphical output from the Simulink
simulation for cases (i) — (iii) in the Results Section.
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4. Include Tables in the Results Section showing results from the analysis (theory), experiment,
and simulation for the frequencies (or periods) found for Cases (i) - (iii). Include percentage
errors.

5. Include a comparison of the results and errors from the analysis, experiment, and simulation
for Cases (i) — (iii) in the Discussion Section.



