Honors Linear Algebra Main Problem Set

Note: Problems are usually referencedby sectionand number, e.g., C{6. If a problem is referenced
by a number alone, that meansit is in the current section. Thus a referenceto Problem 5 within
Section DA meansProblem DA({5.

Section A. Matrix Operations, More Theoretical

The next few problems (1{7) ask you to prove various basic properties of matrix operations. A
satisfactory proof must rely on de nitions or earlier theorems,but at this point you have no theorems
about matrices, soyou must rely on de nitions. All the properties say that two matrices are equal,
soyou needto apply the de nition that A = B if corresponding entries are equal as numbers (e.g.,
that a; = b; for all i;j). If a problem is about, say, two matrix sums being equal, then you will
alsoneedto invoke the de nition of A + B, which is also an entrywise de nition. Thus good proofs
of theseresults at this stagewill almost surely be \entrywise argumerts".

1. Provethat A+ B = B + A (more precisely if A and B are the sameshape, say m n, sothat
both sums are de ned, then both sums are the same). This fact is pretty obvious, soit is a
good one for concerirating on appropriate proof style. Do what you think constitutes a good
writeup and we will discussit in class.

2. Provethat scalar multiplication distributes over addition of matrices: k(A + B) = kA + kB.
3. Provethat matrix multiplication distributes over matrix addition: C(A + B) = CA + CB.

4. Prove: k(AB) = (kA)B = A(kB). We say that \scalars passthrough matrix multiplication”
even though matrix multiplication itself doesnot commute.

5. Prove: a(bM) = (ab)M . This is sort of an assaiative law. It's not the assaiativ e law, because
that involvesjust one sort of multiplication and this involvestwo (why?).

6. ProvelM = M. That's 1, not |, sothis theorem is about scalar multiplication. The theorem
is rather obvious, but it doesshow up again later.

7. Prove the Asscciative Law: A(BC) = (AB)C. (More precisely: For any matrices A; B; C, if
A(BC) exists, then sodoes(AB)C, and they are equal.)

8. If B and B? both commute with A, for eat of the matrices below prove or disprove that it
must commute with A:

kB; B+B% BB% BZ

Note: Sincethe hypothesis(that B;B°commute) algebraicizesinto a statemert at the matrix
level, namely BB? = B9, rather than at the entry level, it is reasonableto look for a proof
ertirely at the matrix level. Most earlier proofs have beenat the entry level.

9. Doesthe high school algebraidentity a?> b = (a+ b)(a b) generalizeto n n matrices?

10. Show that
Al+B '=A !a+B]B I

(Just multiply out the righthand side.) This looks pretty weird but it doesgeneralizea familiar
high school algebrafact. What fact?
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page2 Section A, Matrix Operations, More Theoretical

The transp ose AT of a matrix A is obtained by interchanging rows and columns. Thus, if
A=[a;]lism n,thenATisn manditsji entry is a; . Another namefor the ji ertry of AT
is a;, soby de nition we may write AT = [a[;] wherea]; = a; . (Why call the typical entry of
AT the ji entry when usually we useij ? Becausei has already beenassaiated with the rows

of A andj with the columnsof A. SinceA ism n, then i rangesfrom 1to m andj from 1
to n. By naming the typical ertry of AT asa'; we are saying that AT isn m.)

Find a formula for (AB)T in terms of AT and BT. Hint: It helpsto think of A asmade up
of rows and B as made up of columns, for then

2 32

3
AB looks like g—zﬁ g

Now, what doesBT AT look like?

Prove: Regardlessof the shape of matrix A, both products AAT and AT A exist. In fact, they
are both the sameshape in someway; what way?

a) Comeup with a2 2 nonzeromatrix A, with all entries nonzero,and a 2 1 vectorsb,
alsowith nonzeroertries, suc that Ab = 0.

b) For the sameA, come up with a nonzero2 2 matrix B, with all entries nonzero, such
that AB = 0. Show the multiplication asa chek. Note what we have shown: the claim

ab=0=) [a=0orb=0j

true and so useful for real number multiplication, is false for matrix multiplication.

c) Leaveyour b from above alone, and modify your A slightly to obtain a C 6 | such that
Cb =b.

Show that the cancellation law
AC=BC =) A=B
is false for matrices, even nonzeromatrices. Hint: useProb. 13.

Let

By direct calculation, verify that
PQ = RS;
but
PAQ 6 RAS:

This shows that \mid multiplication” doesn't work (though it doeswork for ordinary numbers;
why?).
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The trace of a matrix is the sum of its main diagonal ertries. Let A; B be any two square
matrices of the samesize. Prove that AB and BA have the sametrace.

Suppogpthe columns of A are ci;Co;:::;cy and the rows of B arerq;ro;:::;r,. Show that

Section AA. Matrix Operations, Numerical Practice

1.

Let the rows of B beri;ry;rz. You want to premultiply B to obtain

2 3
ri+ro

2 ro 2r3 g

r{+rz 2rp
What is the premultiplier matrix?

2 3
0 01
What doespremultiplying byﬁ 1 00 Z do to a matrix?
010

Determine a premultiplier matrix that corwverts

2 3 2
111 100
90 00f to 801 1 £
01 1 000

by elemenary row operations.

Determine the premultiplier matrix that doesthe downsweepfrom the rst pivot in

2 3
1 2 3
2 2 3 4 g
3 4 4
Supposemystery matrix A hasthe property that
8.9 8 9
1 8 l9 4 8 09
A§2§=_B,B and AE 2%;3?:
z 0 ; ; 1
3 1

Name a right inverseof A.
Supposemystery matrix A° hasthe property that
(1;2;3)A%= (1;0) and  (4;2; 1)A%= (0;1):

Name a left inverseof A°,
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7. Supposemystery matrix B satis es

8 9 8.9 8 9 8 9
3B -3 4 g3%.3 53.
T Ty Ty DY
a) Quickly nd X such that
5 4
BX =
2 6
b) Quickly nd B.
8. Suppose
1 3 10
C =
2 4 0 1
Quickly nd x andy sothat
8 9 8 9
1, 2
Cx=.B B and Cy=B B
0 1
9. 89 8.9 8 .9 8 .9
p3® .3 4 p3 %?3-.313.
Y T 7’ 2
Find x that satis es
819
Dx=.B 3

10. State and solve a row analog of Problem AA{9.

11. Assumethat the following chart shows the number of grams of nutrients per ounce of food
indicated. (Actually, the numbers are made up.)

meat potato cabbage

protein 20 5 1
fat 30 3 1
carbohydrates 15 20 5

If you eat a meal consisting of 9 ouncesof meat, 20 ouncesof potatoes,and 5 ouncesof cabbage,
how many grams of ead nutrient do you get? Be sureto make clear what this problem is doing
in a linear algebra course.

12. Continuing with the data from Problem 11, suppose the Army desiresto use these same
delectable foods to feed new recruits a dinner providing 305 grams of protein, 365 grams of
fat, and 575 grams of carbohydrates. How much of ead food should be prepared for eath
recruit? Be sureto make clear what this problem is doing in a linear algebra course?
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Section AB. Special Matrices

1.

2
3.
4

A matrix is symmetric if AT = A. Explain why every symmetric matrix is square.
Prove: if A is symmetric, sois A2. (Hint: seeProblem A{11.) Can you generalize?
Prove or disprove: the product of symmetric matrices is symmetric.

A matrix is antisymmetric  (also called skew symmetric ) if A= (AT). Explain why an
antisymmetric matrix must be square. What can you say about the main diagonal entries of
an antisymmetric matrix?

Prove or disprove: If A is skew symmetric, then its inverse(if any) is skew symmetric.

If A is skew symmetric, what nice property (if any) doesA? have?

P
Let A bea2n 2n matrix. Then we may write A as R g , Where eah of P;Q;R; S is

an n n matrix. In this case,A is called a block matrix (or a partitioned matrix ) and

PO 0
P; Q; R; S are the blocks. Similarly, let A°= . Prove

RO SO
PP% QR? PQ%QS®

AA°=
RP% SR? RQ™ SS?

; 1)

that is, for the purposeof doing multiplication, you can simply pretend that the blocks are real

numbers and usethe regular rule for matrix multiplication, obtaining the product expressedn
block form.

a) Prove (1). Or rather, prove it is correct for the top left block. In other words, prove
that the n n top left corner of AA%is PP% QR® (The remaining parts of the proof are
similar.)

b) There is nothing special about having all the blocks be the samesize. Come up with as
generala correct statemert about multiplication of block matrices as you can. No proof
requested.

A matrix is diagonal if the only nonzeroentries (if any) are on the main diagonal.
a) Provethat all n n diagonal matrices commute.

b) Determine, with proof, the set of all matrices that commute with all n n diagonal ma-
trices. (As usual, n is arbitrary but xed, soyou are looking at square matrices of some
xed size.) For instance, all the n n diagonal matrices are themselvesin this set, but
maybe there are other matrices in the set, even of other shapes.

A square matrix is lower triangular if all the nonzero entries (if any) are on or below the

main diagonal. Let L be a simple lower triangular matrix if L is lower triangular and all

diagonal entries are 1s.

a) Provethat the product of lower triangular matrices is lower triangular (pre- or postmul-
tiplication approadchescan help.)

b) Provethat the product of simple lower triangular matrices is simple lower triangular.
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Section AC. The Origins of Matrix Multiplication (P arallel W orlds)

1. The M-pro duct of two ordered pairs, (c;d) and (a;b) in that order, is de ned by
(c;d) (a;b) = (ac; berd):

(Weuse asthe special symbol for this sort of product.)
a) Prove or disprove: the M-product commutes.
b) Prove or disprove: the M-product is assaiativ e.

2. In linear algebra, a function in the formy = f(x) = ax + bis called an ane function. (A
function y = “(x) = ax is called linear .)
Now, if z = g(y) = cy+ d is another ane function, we can composeg and f to getz asa

function of x.

a) Show that the composition of two a ne functions is a ne.

b) Let usrepresen the ane function y = ax+bby the symbol A = (a;b). If wewish products
of symbolsto correspond to composition of a ne functions (when the symbols are written
in the sameorder as the functions are written in the composition), then how must the
product of these symbols be de ned? Show the work which leadsto your conclusion).

c) Now go badk and do AC{1lb another way.

3. Instead of assaiating the ane function y = ax + b with the symbol (a;b), for somestrange
reasonlet its symbol be the matrix

a) Shaw that with this choice,the correct product of symbolsis just the matrix multiplication
we have already de ned!

b) Give yet another solution to AC{1b.

c) It may seemstrangeto assaiate an a ne function, which maps a one-dimensionalline to
itself, with a matrix, which maps 2-dimensional spaceto itself. But the corresppndence
makessenseif you just look at a certain one-dimensionalslice (that is, line) in R?. Let S
be the slicef(x;1)" j x 2 Rg. thus S consistsof all the points on a line, represenied as
column vectorsx. Conrm that the mappingx ! Mx mapsS to S, and in just the a ne
way we want.

4. The matrix world and the function world are parallel worlds. Most years we discussthis in
class. Matrices in oneworld correspond to multiv ariable linear functions (systemsof equations
describing linear substitutions) in the other, and matrix multiplication corresponds to func-
tion composition. Since all function composition is assaiative, we may conclude that matrix
multiplication is assiative

Show that + in the matrix world correspondsto + in the parallel world of functions. You
may work with linear functions from R? to R? and 2 2 matrices (just as on the handout
shawing how function composition and matrix multiplication are parallel), but if you can, shav
it for the generalcase(as at the end of that handout)

S. Maurer Main 28P Problem Set, Fall 2005



page7 Section AC, The Origins of Matrix Multiplication (Parallel Worlds)

For functions, scalar multiplication is de ned asfollows. If k is a scalarand f is a function,
then kf is another function, de ned by

(kf)(x) = k(f (x))

for all domain valuesx. E.g., if f is the sinefunction, then (3f )(x) = 3sinx. If f (x) is a vector,
(kf )(x) multiplies ead coordinate of f (x) by k.

Shaw that scalarmultiplication in the world of matrices correspndsto scalar multiplication
in the parallel function world.

Remark: The conclusion from the previous two problems is: any fact about linear functions
that usesonly plus, composition, and scalar multiplication is also true in the matrix world
(using plus, matrix multiplication, and scalar multiplication), and vice versa.

Doeseverything correspond perfectly betweenthe matrix and the function worlds? Is everything
true in oneworld true in the other? No, becausethe function world is much bigger. There is
a perfect correspondencebetweenthe matrix world and the linear function world (which is the
part of the function world you actually get to from the matrix world), but there are properties
that hold for linear functions that don't hold for all functions. This problem points out one
such property. It shows that a distributiv e property that holds for matrices doesnot hold for
all functions.

Consider real functions, that is, functions with domain and range the real numbers. The
claimsin the problem work for other functions too, but let's stick to this familiar setting. This
allows us to avoid a number of issuesthat would only divert us from the main point.

The sum of two functions f and g is de ned to be the function f + g that satis es, for all
real x,

(f+9)(x) = f(x) + g(x):

For instance, if f (x) = sinx and g(x) = x2, then (f +g)(x) = sinx + x?. Also, f g meansthe
composition of f and g. Thus

(fa)(x) =1 g(x) :
a) Prove: for any functions f; g; h, (f +g)h = f h+ gh. That is, composition right distributes
over addition.

b) Shaw that there is no corresponding left distributiv e law. Find functions f; g; h such that
f(g+th) 6 fg+ fh.

Remenber, two functions are equal if they agreeno matter what input they are given. That
is, f = gif for all x, f(x) = g(x). Consequetly, they are unequal if the outputs are di erent
for even one x input.
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Section B. Gaussian Elimination, Numerical

(Most problemsin this sectionare adapted from Schaum's Linear Algebia, Chapter 1. The Schaum
numbers are in parentheses.)

1. (1.15) Solve both in algebraicform and in matrix form, using Gaussianelimination exactly in
the latter case.You may get somefractions, but nothing too hard to handle.

X 2y+ z= 7
2x  y+4z=17
X 2y+2z= 14

2. (1.11) Solwe in algebraic form and then with Gaussianelimination. The special form of the
equations actually makesthe problem easier. Why?

2Xx 3y+5z2 2t=9
5 z+3=1
7z t=3
2t=8:

3. (1.36) Solve using Gaussianelimination:

X+2y z= 3
X+3y+ z= 5
33X+ 8y+ 4z= 17

4. (1.14) Find the generalsolution to

X 2y 3z+5s 2t= 4
2z 6s+3t= 2
5t = 10

Use Gaussianelimination, followed by the technique of moving the free (nonpivot) variables to
the right-hand side.

5. (1.21) Use Gaussianelimination to row reducethe following matrix to an edelon form, and
then to a reducededelon form.

2 3
12 30
924 2 28
3 6 4 3

S. Maurer Main 28P Problem Set, Fall 2005



page9 SectionBA, GE: Echelon Form

(1.26) Reduceby Gaussianelimination to row-reducedecdelon form:

2 3
2 2 1 6 4

2 4 4 1 10 13 g
6 6 0 20 19

(2.35) Solve by Gaussianelimination:

X+2y 3z 2s+4t=1
2Xx+5 8z s+6t=4
X+4y 7z+ 5s+ 2t= 8

Find the unique polynomial of degreeat most 3 which goes through the points (1,1), (2,3),
(3,6), (4,10). Use Gaussianelimination (but if you recognizethese points as involving special
numbers, maybe you can also guessthe answer). The order in which you list your unknowns
makes a big di erence in how tedious the Gaussian elimination is by hand. If you have a
calculator that solvesmatrix equations, it doesn't matter.

Suppose Gaussianelimination reducesA to

1 2 0 3
R=30 0 1 1%
000 0

a) Name all solutionsto Ax = 0.
b) But you were newer told the entries of A! What theorem justi es your answer to part a)?

c) Supposefurther that Gaussianelimination required no row switchesto reach R. Find a
vector b such that Ax = b has no solutions. Caution: If all you showv about your b is
that Rx = b hasno solutions, you're not done.

Section BA. GE: Echelon Form

1.

2.

3.

Give an example of a 3 3 lower triangular echelon matrix. Give an exampleof a 3 3 lower
triangular row-reducedecelon matrix.

a) Ina6 7rref (row-reducededelon matrix) with v epivotal 1's, at most how many ertries
are nonzero?

b) At most how many ertries are nonzeroin an m n rref with p pivots?

1
There arein nitely many 2 2 row-reducededelon matrices. For instance, 00 is sudh a

matrix for ewvery value of . Howewer, when an entry can take on any value, let us agreethat
di erent valuesdo not give us a di erent reducededcelon form. All that matters is: where 1's
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are, whereforced O's are (the 0'sin positions wherethe algorithm deliberately createsa 0), and
where arbitrary valuesare. Thus, there are exactly four 2 2 reduced echelon forms:

a) How many 3 3 reducededelon forms are there? One of them is

2 3
10

901 &
000

wherethe two 's represen arbitrary values, not necessarilythe same.
b) How many 3 4 reducedecelon forms are there?
There are smarter ways to answer these questionsthan brute force listing.

The solutions of an unaugmerted matrix A are the solutions to the augmerted system[A j 0].
For instance, the solutions to

1
M =
2
are the solutions to the system
x+ y=20
_ 0 1)
2x+ 2y = O

which, by GE or by inspection, are all ordered pairs ( y;y). Equations which are all equal to
0, like (1), are called homogeneous . (Note the second\e"; \homogenous" meanssomething
else.)

The solutions of matrices A and B below clearly have the samesolutions:

2 3 2 3
14 7 2 5 8

A=8258L: B=83 6 9&:
36 9 14 7

a) Why isit clearthat A and B have the samesolutions?

b) Nonethelessthe stepsand matrices in Gaussianelimination will be very di erent. Carry
out both Gaussianeliminations. What is the same?Is this surprising?

The systems

1

(@)
1
o

X+ y+z+w W z+ 2y+ X

and

1

o
1
o

X+2y z+w W+ z+ y+ X

clearly have the samesolution.
a) Why isit clearthat A and B have the samesolutions?
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b) Nonethelessthe stepsand matrices in Gaussianelimination will be very di erent. Carry
out both Gaussianeliminations. Is anything surprising?

Consider two m n rref matrices M; M © and suppose M has no pivot in the rst (leftmost)
column, and M © does have a pivot in that column. Prove: M and M ° do not have the same
solutions. Hint: nd aspecic n-tuple that is a solution to M but not to M % Explain how you
know you are right despite knowing so little about either matrix.

This problem is a special caseof a generalresult that someof you may have already conjec-
tured, and which will be the subject of a handout.

Section C. Matrix Inverses

Every real number except 0 hasa multiplicativ einverse. Doesevery squarematrix which is not
all 0's have an inverse?Doesevery squarematrix which hasno O entries have an inverse?

Theorem: (A 1) 1 = A. State precisely the if-then statemert for which this is shorthand.
Then prove it.

Let A; B ben n and invertible. Shav that AB is alsoinvertible by showing that B A 1is
its inverse. (The natural corverse— If AB is invertible then so are both A and B — is false,
but there are somepartial inversesthat are true; seeCC 6{8.)

Alas, the result in Problem 3 is often statedas(AB) ' = B A 1. Why isthis abad statemert?
How might it be misinterpreted?

Prove or disprove: If A is symmetric, then its inverse(if any) is symmetric. Remark: Sinceboth
symmetry and inversesare de ned at the matrix level, there should be a proof of this claim at
the matrix level. Here's a hint: Shaw that, if B meetsthe de nition of being an inverseof A,
then sodoesBT.

Prove: If A isinvertible and AB = 0, then B = 0.

Prove: if AB = 0 and B is a not an all-zerosmatrix, then A is not invertible. Hint: Use proof
by contradiction, that is, supposethe hypothesesare true but the conclusionis false,and reach
a contradiction.

a b d b
Let A be any 2 2 matrix, that is, A = . Let =ad bc LetB =

c d c a
Prove: A is invertible i 6 0, and when A ! exists, it equals 1B. (\Only if" is the hard

part; one approac is to shav that ad bc= 0is necessaryfor A to be reducibleto I. Another
approach is to useProb. 7.)

Note: There is a general formula for A !, but only in the casen = 2 (this problem) is
the formula easyto use, or quick to state. For n = 2 you just switch the valueson the main
diagonal, negatethe valueson the other diagonal, and scaleby 1=.
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Suppose A and B are invertible matrices, not necessarilythe samesize. Show that the block

A
matrix C = B is invertible. (Blank spacemeans0s.) Hint: Using A ! and B 1!,

guessa block formula for C ! and ched that you are right. Another approac is to useyour
knowledge of what Gaussianelimination must do to A and B to determine what it doesto C.

Suppose A and B are m m and n n invertible matrices. Shaow that the block matrix

A

is invertible, where C is any m n matrix.

Section CA. Partial Inverses, Solutions, and Cancellation

1.

a)

b)

b)

Let

b)

Show that if A has a right inverseR, then for every conformable b, the systemAx = b
has at least one solution becauseRb is a solution. Method: plug it in and chek. We say

that A satis es the existence condition (for solutions x for all conformable b).

2 3
1 2

By consideringthe rref of A = 9 3 4 Z ; argue that for this A, Ax = b doesnot have a
5 6

solution for every b. Can this A have even oneright inverse?

Show that if A hasa left inverseL, then for every conformableb, the systemAx = b has
at most one solution becauseLb is the only candidate. Method: Solve Ax = b for x by
left multiplying. We say that A meetsthe uniqueness condition (for solutions x for all
conformableb).

1 3

5
By consideringthe rref of A = > 4 6" arguethat for this A, Ax = b hasmore than

one solution for someb's. Can this A have even one left inverse?

2 3 2 3
1 11 1 2 1
L= 7 A=43 45; b=415:
5=2 52 1 2 g 2 g
5 6 2
Ched that LA = 1.
So,to solve Ax = b, just premultiply by L:
LAx =Lb
Ix=x=Lb:

Therefore, Lb should be the solution. Well, compute Lb and plug it in to Ax = b.
Doesit work? If it doesn't, what went wrong? If it does, what do you know about the
existenceof other solutions? If it doesn't, what do you know how many solutions Ax = b
has? (Pleasenote there weren't any powers or other nonlinear things in this problem of
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the sort normally assaiated with extraneousroots. We \solved" this problem by linear
operations.)

c) In fact, matrix A of this problem hasin nitely many left inverses.Find them all. Here's
one way, but maybe you can nd others that are simpler. To solve XA = |, you can
just as well solve ATXT = IT = I; Then to solve for the unknown matrix X T you can
solve column by column. For instance, letting x be the rst column, you needto solve
ATx = (1;0)". Now you have a standard system of linear equations and can solve by
Gaussianelimination.

d) Let L%beany ofthe left inversesfound in c) other than the L givenin part a). IsL% = Lb?
Is L% a solution to Ax = b?

Note that this problem, along with Problem 1, show that the A of this problem hasin nitely

many left inversesand no right inverses.

In Problem CA{3, you showed that the existenceof a left inverselL is not enoughto be sure
that Lb is a solution to Ax = b; we get uniquenessbut not existence. Now you will show that
the existenceof a right inverseR is not enoughto be surethat Rb is the only solution; we get
existencebut not uniqueness.

Let

a) Ched that AR = | andthat x = Rb = (p;q;0)" is a solution to Ax = b.
b) Show that x = b%= (0;q;p)" is another solution. Find in nitely many others.
c) There arein nitely many right inversesto A. Find them all.

Prove: If A is nonsquareand hasa right inverse,then it hasin nitely many right inverses,and
no left inverse.

(Existence condition) Improve on Problem 1 by proving: Ax = b has at least one solution x
for each b if and only if A hasa right inverse. (In this and similar problems, it is assumedthat
A is a xed but arbitrary m n matrix, and \each b", or \every b", meansead b for which
the equation Ax = b makessensethat is, all m 1 column vectors.)

(Uniquenesscondition) Improve on Problem 2 by proving: Ax = b hasat most one solution x
for eadh b if and only if A hasa left inverse.

It is a theorem (hopefully we provedit already in class)that

Given matrix A, do GE on [A j I ], obtaining [AgR j C]. If Ag = I;then A = C;
elseA ! doesnot exist.
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a) Comeup with atheorem/algorithm about computing left inversesthat parallels this the-
orem. \Come up with" means\discover, then state, then prove!". \P arallel" meansthe
theorem is of the form

Given matrix A, do GE on [A j B], obtaining [Ag j C]. If Ar :::; then such-
and-sud is a left inverse;elsea left inversedoesnot exist.

You haveto gure out the right choice of B and what goesin the dot-dot-dots and what
is \such-and-sud"!

b) Apply your algorithm/theorem to

2 3 2 3
1 2 1 2
A=983 4f and A=82 4£-
5 6 3 6

a) Parallel to Problem 8a, come up with a theorem about computing right inverses. The
procedure for computing the right inversefrom C is a bit complicated; you may wish to
assumeat rst that the pivot columnsof A are the leftmost columns.)

b) Apply your algorithm/theorem to

135 s, 123
A= and A°=
2 4 6 2 4 6

In Problems 8{9 all the results were stated in terms of what A reducesto by GE. In fact, all
that is necessaryis that the reduction is obtained by elemenary row operations. For instance,
the invertibilit y theorem may be generalizedto say:

A is invertible i by somesequenceof elemenary row operations A may be reduced
to |, in which casethe inverseis C, where C is what is obtained on the right if the
samesequenceof row operations is applied to [Aj | ].

Explain why GE may be replaced by \elementary row operations” in all claims in these two
problems.

De nition: The left cancellation prop erty holds for matrix C if, for any matrices A and B
that can postmultiply C,

CA=CB =) A=B:
(In high sdhool algebrathis property is called a \law" becauseit is always true. For matrices

it is at best a property becauseit is not always true.) Prove: The left cancellation property
holds for C if and only if C hasa left inverse. This claim meansthat

i) If C hasa left inverse, then the property holds for all A, B conformable with C for
multiplication; and

i) If C doesnot have a left inverse,then there exist two matrices A 6 B for which CA = CB.
(However, we do not claim that for all distinct A; B, necessarilyCA = CB.)
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Hint for ii): for ead non left-invertible C it issucient to nd an X 6 0 for which CX = 0,
for then let A be anything and let B = A+ X . Forinstance, if you let A = 0, then we nd that

CO = CX = 0 but 0 8 X. Here we follow the semi-mystical principle that problems about
equations are easierif we can make them into equations equalling 0.

State, interpret, and prove a theorem, similar to that in the previous problem, about the righ t
cancellation prop erty.

In light of the previous two problems, for only what sort of matrices C can you rightfully go
about cancelingit on the left and cancelingit on the right?

For what matrices do the right and left cancellation properties hold for addition? E.g., for
which C does A+ C=B+ C =) A = B (for all conformableA and B)?

Let Abem n.
a) Prove:
1) If Ax = b hasat least one solution for every b, then m n (i.e., then A has at least
as many columns as rows).
b) State the contrap ositive of 1). (Recall that an if-then statemert and its corntrap ositive are
both true or both false. The corntrap ositive form of 1) is perhapsthe more useful form.)
c) State the converseof 1). Comeup with a singleexampleto show that the corverseis false.
Let Abem n.

a) Prove:

2) If Ax = b hasat most one solution for every b, then n m (i.e.,, A has at least as
many rows as columns).

b) State the contrap ositive of 2).
c) State the converseof 2). Comeup with a singleexampleto show that the corverseis false.

Section CB. Extraneous Roots

1.

Consider the following attempt to solvex = 2+ P X.
x=2+Px ()
x 2=Px (i)
X% 4x+ 4= X (iii)
x?2 5x+4=0 (iv)
(x 4x 1)=0 (v)
x=14 (vi)

a) Is ead step legitimate? That is, doesead line follow correctly from the previous line?
b) Do lines (i) and (vi) have the samesolutions?

c) If your answer to b) is No, which line or lines don't reverse? That is, which lines don't
imply the previous line?
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2. Problemswith radicals in them are not the only problemsin elemenary algebra where extra-
neousroots showv up. Consider

\Solve" this equation in the usual way. Which, if any, of your answer(s) satisfy this equation?
What step(s) in your solution fails to reverse?

3. A certain matrix A hasthe property that its transposeis its inverse: AAT = ATA = |. For
this A, and someb, wewant to nd all solutions x to Ax = b. Which, if any, of the following
algebraic calculations amourt to an argumert that there is exactly one solution, x = AT b.

Ax=Db
AT(Ax)= ATb x=ATb x=ATh
a) (ATA)x=ATb b) Ax=AATb c) x=ATAx
Ix=ATb Ax = b: X = X:
x = ATh:
2
Ax = b Ax = b
d  AATb)=b e) A(ATb) £ b
b=b: P
b = b:
4. In fact, we will learn later that, for any square matrix A sud that AAT = ATA = |, and

for any b, there is a unigue solution x to Ax = b. (We will prove this by an argumert that
doesn't involve GE or multiplying A by its inverse.) Knowing this, which of the argumerts in
Problem 3 are valid proofs that that this unique solution is ATb?

Section CC. Gaussian Elimination and Inverses

In the rst sectionon (two-sided)inverses,Section C, the results could be proved at the matrix level
using the de nition of inverse. The theoretical results in this section are deeper and you will need
your knowledge of Gaussianelimination to prove them. What you will mostly needis knowledge of
what various rref con gurations imply about solutions.

1. Use Gaussianelimination to determine if the following matrices have inverses,and to nd the
inversewhen it exists.

2 3 2 3
L s 12 3 12 3
SR b) 32 3 45 ¢) 82 3 4%
3 4 5 3 4 4

2. Recall that a simple lower triangular matrix is lower triangular with all diagonal ertries 1.
Prove that a simple lower triangular matrix is always invertible and its inverseis simple lower
triangular. (Hint: useGE.)
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Prove that an uppertriangular n  n matrix with no 0s on the main diagonal is invertible, and
the inverseis uppertriangular. (The sametheorem is true for lowertriangular, as one could
prove directly, or by applying transposesto the matrices in the uppertriangular proof.)

Prove that if matrix M is squareand has a left inverse,then it is invertible. Hint: What does
the existenceof a left inversetell you about the number of solutions to Ax = b for every b?
Combine this with knowledge of rrefs from GE.

Show: If a matrix A hasa right inverseand is square,then A is invertible.

Shaw that the following is false: if AB is invertible, then soare A and B. Hint: Think simple
and small. Find A; B which are obviously not invertible but AB is.

Shaw that if (AB) ! exists, then at least A hasa right inverseand B has a left inverse.
Prove: if AB is invertible and A is square,then both A and B are invertible.

Let's loosenup the de nition of inverse matrix. For this problem, let us say that an m n

matrix A is invertible if there is a matrix B sud that BA and AB are both identit y matrices

(but not necessarilythe samesize)

a) (easy)Shaw that B is necessarilyn m.

b) (harder) Shav that A must be square anyway (thus, no additional generality is gained
over the usual de nition that a matrix A is invertible if it is squareand there exists a B
such that AB = BA =1).

Section D. Canonical Forms

1.

For represerning points on the plane, are cartesian coordinates (x; y) a canonical form? Are
polar coordinates (r; ) a canonical form. Explain.

Isy = mx + ba canonical form for straight lines in the plane? If not, do you know another
form which is? (By the meaning of canonical, this form is canonical if every equation of this
form represeits a straight line in the plane, and every straight line in the plane can be written
in this form in one and only one way.)

Name a canonical form for circlesin the plane. Explain briey why it is canonical.

You know one canonical form for quadratics: y = ax? + bx+ c with a 6 0. Howewer, there is
another important form for quadratics:

y=akx d?+e; a0
Is this a canonical form? Whether it is or not, what advantage doesthis form have?

Someoneasksyou to describe (as an intersection of planes) the set of points (x; y; z) such that
z = 2y andy = 3x. Your friend says this setin the intersection of the three planes

X+ y z=0
X 3y+ z=0
6X 2z=0:
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a) Is your friend right? (You might be able to answer this ad hoc, but do it using canonical
forms.)
b) Your friend changeshis mind before he hearsyour answer. He now claims that the third
plane is
6x z=0:

Is your friend right now?

6. Is the solution setto
X+ 2y+3z+4w=20
2X+ 3y+4z+5w=20

the set of (x; y; z; w) satisfying

]

P N P O

7. A high sdcool algebrateacher givesa problem to solve, with radicals in it. One studert gets

p_
- 1 . 2+ 2
the answer 1 %p 2. Another student gets 2—+|9—E A third student gets mp—i Could

they all be right? Why is this problem in this section?

Section E. Complexit y of Matrix Algorithms; Middle View

Note: Restrict attention in this sectionto n n matrices. and n 1 column vectors. In this
section, assumethat matrix multiplication takesn® steps, that Gaussian elimination takes n3=3
steps on any system Ax = b, and that matrix inversion takes n® steps. (This is correct if we
do matrix multiplication directly from the de nition, if we use Gaussianelimination to compute
inverses,if we count only real-number multiplications and divisions as steps, and if we court only
the highest order terms. While these counts are an appropriate way to measure e ciency for
large matrix computations on a computer, it is not appropriate for matrix computations on your
calculator.)

1. Let A andB ben n matrices,andlet c beann 1 column.

a) How much work doesit take to compute AB ¢ as (AB)c? As A(Bc)? Which is lesswork?

b) Now supposeA and B are xed, but c varies. In fact, you have to compute AB ¢ for M
dierent vectors c, where M n (that is, M is very much bigger than n). This is the
situation in computer graphics applications.

How much work doesit take to compute the answersin the form (AB)c; in the form

A(Bc)? Which is lesswork?

c) Now supposeB and c are xed but A varies,over M di erent matrices A. Compare the
amount of work by the two methods.
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d) Now supposeA and c are xed but there are M dierent B's. Compare the work by the
two methods.

Which side of the identit y
(AB) =B A !
is faster to compute?

Supposeyou are given invertible matrix A and asked to solve Ax = b. Which way is faster,
Gaussianelimination, or nding and then premultiplying by A 1?

Again, you are given an invertible matrix A and asked to solve Ax = b. Which way is faster
on your calculator, Gaussianelimination, or nding and then premultiplying by A 1? What if
you don't know in advancewhether A is invertible?

Supposeyou are given invertible matrices A; B and asked to solve (AB)x = ¢. Which way is
faster:

i) Find AB and then do Gaussianelimination to solve (AB)x = c;

i) First use Gaussianelimination to solve Ay = c for y, and then use Gaussianelimination
to solve Bx = y. (Convince yourselfthat the x you get herereally doessolve the original
problem.)

Your bossgivesyou a huge square matrix A and tells you to solve Ax = b. Just asyou are
about to start, your fairy godmother arrivesand handsyou A ! on a silver platter. To solve
the problem most e cien tly, what should you do?

Your bossgivesyou two squarematrices A and B and asksyou to verify that B = A 1. Which
is smarter, cheding directly whether B meetsthe de nition, or solving for A * from scratch
using Gaussianelimination?

This problem is intended to show that complexity is an issuefor ordinary arithmetic, not just
for matrix arithmetic; and that what should count as a time-consuming step depends on the
tools you are using.

Consider the identity a(b+ ¢) = ab+ ac for the particular valuesa = 3:729,b = 2:638 and
c= 5:893.

a) Compute both sidesof the identit y by hand. Well, at least imagine carry out the work.
Which side takeslonger to compute? By a lot? What part of the work takesthe most
time?

b) Compute both sidesof the identit y with a hand calculator. Use a memory button if that
makes things faster. Which side takeslonger to compute? By a lot? What part of the
work takesthe most time?
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Section EA. Complexit y of Matrix Algorithms; Detailed View

1.

In the following parts, you are asked to consider variants of Gaussian elimination in which
the operations are done in dierent orders. Each variant involvesthe sameinput: ann n
coe cient matrix A and an 1 constart column b. Thus ead variant is carried out on a
n (n+l) augmerted matrix [Ajb]. Assumethat Gaussian elimination reducesA to | (the
usual casewhen A is square).

Each variant involves a Downsweep, an Upsweep, and a Scale, but they may have to be
somewhatdi erent from those in regular Gaussianelimination. In every case,Scalef) means
whatever needsto be done at that point sothat the pivot entry in row i getsvalue 1 (and so
that the solution set is unchanged). Downsweep meanswhatever needsto be done sothat the
ertries below the pivot in column i are turned into 0's. Upsweepis whatever needsto be done
sothat the ertries above the pivot in column i are turned into 0's.

For ead version, determine how many multiplication/divisio n operations are required, for
the A matrix, for the b column, and then jointly. In generalyou needonly considerthe highest
order term (h.o.t.), but when two methods have the same h.o.t., ypu may wish to compute
Fye number of steps exactly. For this you may use the formulas rk‘:l k = n(n+1)=2 and

-, k? = n(2n+1)(n+1) =6.

Algorithm  Gauss-A Algorithm  Gauss-B
for i=1ton fori=1to n
Scalef) Downsweep()
Downsweep() endfor
endfor fori=1to n
for i = ndownto 1 Scale()
Upsweep() endfor
endfor for i = n downto 1
Upsweep()
endfor
Algorithm  Gauss-C Algorithm  Gauss-D (Ga uss-Jord an)
for i= 1to n fori=1to n
Downsweep() Scalef)
endfor Upsweep()
for i = n downto 1 Downsweep()
Upsweep() endfor
endfor
for i= 1to n
Scale()
endfor

Notice, for instance, that in variant A the scaling is done early, and no multiplier needsto
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be computed in Downsweep before subtracting. Also notice that version D hasits own name,
Gauss-Jordan reduction .

(Complexity of matrix inversion) To nd A 1, you do Gaussianelimination to [Ajl]. Sincel
consistsof n b-columns, it follow from the analysisin classthat the inversion algorithm takes
order (4=3)n® steps (n3=3 for the A matrix, and n? more for eat of the n columns of 1).
However, the columns of | are not any old b-columns. They have a lot of 0s, so maybe some
stepscan be skipped.

Prove that, by skipping vacuoussteps, the inversion algorithm in fact takesasymptotically
n3 steps.

Many books discussmatrix inversion using Gauss-Jordanreduction instead of Gaussianelim-
ination. (The Gauss-Jordanreduction method is Algorithm D of Problem EA{1.) Although
Gauss-Jordanreduction is slower for solving Ax = b, maybe it pulls ahead in the case of
matrix inversion. Devise a special version of Gauss-Jordanreduction for inverting matrices.
As with Gaussianelimination used for matrix inversion, there may be savings from replacing
computations with assignmets. Analyze the e ciency of your algorithm and compareit to the
e ciency of Gaussianelimination for inversion.

Let A beann n tridiagonal matrix that can be reducedwithout nding any 0's where pivots

should be (e.g., the matrices D in Problem G{9).

a) Determine the number of stepsto reduceA.

b) Determine the number of stepsto reduceb in Ax = b.

c) Show that A ! will in generalhave no zero ertries. That is, show that reducing [A j I ]is
not guaranteed to leave any 0's, and demonstrate for a specic 3 3 matrix that A ! has
no zero ertries.

d) We know that, for general matrices A, GE takes n®=3 stepsto solve Ax = b, whereas
nding A ! andthen A b takes n3. Howewer, we also know that, if for somereason
you already have A 1, then computing A b takesonly n? more steps.

Show that for tridiagonal matrices A, even if someonehas already givenyou A 1, you
shouldn't useit to solve Ax = b. It is still fasterto do GE.

Note: Tridiagonal matrices, or more generally, band matrices are important in the
numerical solution of di erential equations. SeeSection G.

Section EB. Asymptotics

1.

De nition. To sa& that g(x) = f (x)+ l.o.t. (lower order terms) meansthat g(x) f(x), i.e., g
is asymptotic to f, meaning

Xl!ilm g(x)=f (x) = 1; or equilvalertly, Xl!ilm (g(x) f(x)=f(x)=0:

(We often use n as the variable instead of x, especially when the input valueswill always be

positive integers.)

a) Show that if g(x) = x" + Ax™, where A is any constart, even a very big one, then Ax™
isal.o.t. (to x"), solongasm < n. Note: n and m can be any real numbers.

b) If g(n) = n?+ nlogn, determine if nlogn is a lower order term.
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Provethat is transitiv e, that is,if f gandg h,thenf h.

P
Show that = ;_; k™ and 'k‘ L k™ are the sameasymptotically. The point is, a changeby 1 in
the bounds of a power sum (or in fact, a changeby any xed nite amount) makesno di erence
asymptotically.

P P
Let p(k) be a polynomial whosehighest power term is ak™. Shawv that = ,_, p(k) o, akm.

Prove: if f1 and f, are positive functions (i.e. f(x) > 0 for all x), and g, f1, g» f», then
(+ @) (fi+f2)

Show that, in general,it is not true that
(fr qnandfz @) =) (fi+fz G+ @):
Also show that, even for positive functions, it is generally not true that

(fr grandfy @) =) (f1 fo o @):

We say that g is little oh of f, written g = o(f), if

g(x)

Xl!llm W =0
Another way to say this, using a previous de nition, isthat (f+g) f.
Prove: if g= o(f) and both f* f and§ g, then (f* §) (f g). (Compare this with the
negative result in Problem 6.)
Prove: if g= o(f), f* f andg g, then §= o(f).

|5 is temping to try to prove Problem 4 by proving the more generalresult: if g = o(f) then
v 9(k) =0 ., f(K) . Alas, this claim can be false. Give an example.

Look badk over calculations you have done to simplify expressionswhile doing asymptotic
analysis on them. Are there any stepsyou have taken that are not justied by the results in
the problemsin this section? If so,try to prove that the stepsyou took are correct.

Section EC. Matrix Algorithms for Hand Held Calculators

1.

(How to solve Ax = b on your hand calculator) The only sort of linear equations that your
hand calculator can solve directly are square invertible systems. That is, if A is invertible
sothat Ax = b has a unique solution for every b, then you can nd it on your calculator by
computing A 1b. You canprogram your calculator to solve Ax = b in the generalcase(that is,
you canwrite programsto do Gaussianeliminationas we have donein classand thus determine
if there are any solutionsand nd all of them if there are), but there are no built-in commands
you can useon any calculator | know. My TI-86 can compute the reduced echelon form, but
it doesn't know what to do with it. It alsodoesn't know about augmertation lines; that is, it
doesn't know how to carry out GE only on the A part of [A j b] or [A j B], which can lead to
a dierent rref than if [A B] is to be consideredas a single matrix.
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Figure out how to trick your calculator into solving the generalsystem. That is, using just
the built-in commands, gure out how to determine if Ax = b hasany solutions, and if it does,
to produce output that expresseshem all. You can usebuilt-in commandsto tell you how to
replace Ax = b with someother system A% °= B°, with ACinvertible, that tells you what you

need.
I know oneway to do this, but you may think of other and better ways.

Section F. LU metho ds

2 3
1 2 3

1. LetA=92 3 2%.
3 21

a) Find the LU factorization of A. Ched that A = LU.
b) Find the LD U factorization.

2. Let
9 9

8 8
A:ﬁiéi%; bzgl; c g(zlg

1 4 3 ) 1

a) Supposeyou know that you must solve Ax = b and Ay = c. Solve them simultaneously
(by Gaussianelimination, not the LU method).

b) Solve Ax = b again, by the LU method. Suppose you only learn that you must solve
Ay = c after you solve Ax = b. Showv how you can now solve Ay = ¢ with a limited
amount of extra work.

3. When LU-Gaussis applied to a certain matrix A, the resulting matrix that stores all the
information is

2 3
2 0 1
21 1 1%:
2 3 3

a) What is the solution to

>
%
1
" WK/ 00
"M@
N

o=

b) What is A?

4. Repeat Problem E{6, but this time it sohappensthat yesterday you solved Ax = ¢ by the LU
method and you've saved the nal matrix. Now what should you do?
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For the A and U of Problem 3 (U of LU, not LD U), we know that the rst part of GE changes
A into U. Thusthereis an L; such that U = L,A. In fact, L, is lowertriangular.
a) Find L,. Be careful; usesomemethod you're sureis right. Doesthe answer surprise you?

b) HowisL; relatedto the L of A= LU?

Two alternativ e approaches(to the LU method) have beensuggestedor avoiding wasted e ort

when you have to solve Ax = b at dierent times with dierent b's but the sameA.

i) Find the premultiplier matrix such that PA = Ag = | (that is, nd A 1) and then apply P
to b;

i) Initially solve Ax = (by;bp; k)T, that is, use literals instead of numbers, and then solve
Ax = b by substituting the speci ¢ constarts in b for by; by; bs.

a) Carry out both approacesby hand for the example on the handwritten handout, that is,
2 8

2 11 1
forAzﬁ 4 1 Ogandb=§ 2?
2 21 T
b) I claim that solving Ax = b with literals for b is e ectiv ely the sameas row reducing
[AjI]. In fact, | claim that method ii) is e ectiv ely the sameas method i); for instance,
applying P to b amounts to substituting the numerical b into the solution for the literal
b. Explain.

c) Sowhat is the asymptotic complexity of methods i) and ii) when solving Ax = b, where
A isn n? How doesthis compareto the complexity of the LU method? (As always in

this part of the course,assumeA 9% | without row switchesor 0 pivots.)

The strong LU theorem says:

If Aisn n and A reducesto U with a pivot in every column and no row switches,
then there is a unique factorization A = LU. That is, there is at least one suc
factorization (the one in the basic theorem), and if A = LUYis any factorization
where L is simple lowertriangular, and U is uppertriangular with nonzeroson the
main diagonal, then L°= L and U%= U.

In somesense,then, the LU factorization is like the prime factorization of numbers, which is
also unique.
Prove the strong theorem using previous results as follows:

a) L and U areinvertible (a previousresult, but you should be able to reconstruct the proof
in your head), so premultiply LU = LU° by L ! and postmultiply by (U9 *.

b) L !isa special sort of matrix — what sort? (Again you should be able to reconstruct the
previous proof.) What sort of matrix is (U9 1?

c) Again by previous problems, what dierent sorts of special matrices are
L L%and U(UY 1?

d) But U(UY =L L% How can this be?

e) Assumingyou got, say, L 'L%= I, what canyou do to prove L°= L?
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Prove the Strong LU Theorem of Problem 7 again by giving an erntrywise proof that L%= L
and U%= U. If you start looking at the n? real number equationsthat compriseA = LU, and
look at them in the right order, you will nd that it is not hard to show that the entries in A
force the valuesin L and U. Actually, there are sewral \righ t orders".

Usethe strong LU Theoremto prove the strong LD U theorem:

If Aisn n and A reducesto U with a pivot in every column and no row switches,
then there is a unique factorization A = LD U, whereL is simple lowertriangular, U
is simple uppertriangular, and D is diagonal.

The basic LU Theorem says:

If Aisn n and A reducesby the downsweep part of Gaussianelimination to U,
with a pivot in every column and no row switches, then there is a factorization
A = LU, where L is simple lowertriangular (1's on the main diagonal) and U is
uppertriangular (and has nonzeroson the main diagonal).

Prove the converse:

If A= LU wherelL is simple lowertriangular and U is uppertriangular with nonzeros
on the main diagonal, then A reducesby the downsweep part of GE to U, with a
pivot in every column and no row switches. (A; L; U areall understood to be square.)

Hint : It's easyto seewhat the downsweepof GE doesto L. Apply the samesequenceof steps
to LU.

Prove: if A is symmetric and hasan LD U factorization, then necessarilyU = LT.

Prove a corverseto F{11:
If A= LDLT, then A is symmetric.

Note: this is quite easyusing transposeproperties.

2 3
1 2 3
Find in the standard way the LD U factorization of the symmetric M = 2 2 20 Z and
3 0 2

verify by sight that L = UT.
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Section G. Applications

1. Supposethe econony hastwo goods, food and steel. Supposethe production matrix is

M= &4
5 6

where food indexesthe 1st row and column, and steel indexesthe 2nd row and column.

a) Is this econony goingto \w ork", that is, for every nonnegative vectory, is it possiblefor
the econony to create this y asits net production by actually producing (and partially
using in the process)another nonnegative amount x? Are there any nonnegative goods
vectorsy that the econony can make asits net production?. In other words, arethere some
production plans the econony can carry out, evenif it can't carry out every production
plan? (You can answer both questionsby using GE to nd if (I M) ! existsand, if so,
looking at the_signsof its ertries.)

b) (I M) 1= i:o M " if the sum corverges. (This is shawn in classmost years, but also
follows by considering a matrix geometric series.) Compute enough powers of M above
(use a computer or calculator) to get a sensewhether M™ | 0, which is a necessary
condition for corvergenceof the sum.

2. Repeat the previous problem for the only slightly dierent matrix

6 3
5 6

MO=

3. Repeat the previous problem for the matrix

M 00—

4. Sometimesthe seriesP i:o M " convergesquickly becauseM " = 0 for all n starting at some
value. (Such a matrix M is said to be nilp otent, and if p is the lowest integer for which
MP = 0, wesay M is nilpotent of degree p.)

a) Find the degreep of nilp otency for

2 3
011
M=300 14
000

For the rest of this problem, x p at this value.
b) Verify that (I M) 1= 2:01 M ". Do this twg ways:
i) Compute (I M) ! by GE and compute EZOlPM N directly.
i) V|§rify by matrix algebra rules that (I M)( E:ol M™) = |. This shows that
( E:ol M ") is aright inverseof | M, and sincel M is square,we know from a
previous result that any right inverseis the inverse.
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In classwe may have approximated the di eren tial equation (and initial condition)
fqx)=x; f(0)=0;

with the di erence equation

JCELERICONN.

h i f(0)=0;, h=1=4;, x;=i=4fori=0;1,2;3

The idea s that the solution to the di erence equation would surely approximate the solution
to the di erential equation. Furthermore, the di erence equation is easyto solve on any nite
interval (we used the interval [0,1]). First, this method is Euler's method in disguise. But
more important from the 16H point of view, this system of equationsreducesto a single matrix
equation M x = 1b, where

21 0 00° 8t (1=4) 802
1 1 00 f(1=2 1=
M:g 21 X = ( ) : b=
0 1 10 f (3=4) 1=
0 0 11 Cf@) 34

. 1 .
Note the scalar% in front of b. In classwe actually had 1T4M x = b, but the calculation is

easierif you rst multiply both sidesby 1/4.
Solvethis systemand comparethe answer with the actual solution of the di eren tial equation.

In classwe showved (I hope) that it is reasonableto approximate the 2nd order di eren tial
equation (and boundary conditions)

f0x) = x; f(0)=1f(1)=0 (1)
with the di erence equation

f(xi+h) 2f(x)+f(x; h)
h2 = Xi,

f(0)=f(@)=0;, h=1=4; x;=i=4fori=1;2;3

This system of equations reducesto a single matrix equation M x = (%)Zb, where

2 3
2 1 0 8 (1=4)9 8 124
Mzﬁ 1 2 1%; x=§f(1=2)§; b=§l=2§:
0o 1 2 " f(3=4) © 34
Note the scalar(}—l)2 in front of b. In classwe actually had @M X = b, but the calculation

is easierif you rst clear the complex fraction.
a) Show or verify that the exact solution to (1) is f (x) = %(x3 X).

b) Solve the dierence equation using the matrix system Mx = (}—1)2b and compare the
answer with the actual solution of the di erential equation.
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next two problems are adapted from Strang, Linear Algebma and Its Applications, 2e.
Consider the 2nd order di eren tial equation
fOUx) + f (x) = x; f)=f(1)=0:
As in class, solve approximately on the interval [0,1] with a di erence equation, using step size
h = 1=4. You may usea calculator or software to solve the resulting matrix equation.
Bonus: If you know how to nd the exact solution, nd it and comparewith the approxima-
tion.
Consider the 2nd order di eren tial equation
%)= 4 ?sin2 x; f(0)=f()=0:

a) Ched that a solution (and thus the solution, sinceby generaltheory there is only one for

a systemlike this) is f (x) = sin2 x.
b) Usethe method from class,with step sizeh = 1=4, to approximate the solution. Compare

with the actual solution.
c) Repeat b) with step sizeh = 1=6.
Let D, bethe n n tridiagonal matrix with 2's on the main diagonaland 1's on the diagonals
just above and below the main diagonal. (D is for di erence; this is just the matrix we have

been using for discrete approximations to the 2nd derivativ e, except the signs are reversedto
make the main diagonal positive.)

a) Find the LD U factorization of Dg4.
b) Make a conjecture about the LD U factorization of D,
c) Prove your conjecture.
In our rst exampleof a numerical solution to a di eren tial equationsin class,we approximated
the solution to

fqx)=x; f(0)=0: (2)
We approximated by replacing f 4x) with

fx+h) f(x).
- ;

Howewer, it turns out that a much closerapproximation to f 4x) is the symmetric secan slope

f(x+h) f(x h)_
2h '

For instance, with this latter approximation, instead of saying

f(1=4) f(0)

= fq0) (x=0; h= 1=4);

we say
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f(1=4) (O .o
— fY1=8 X = 1=8; h = 1=8):

- (1=8)  ( )
Redo the classsolution to (2) using this better approximation throughout. You get the same
matrix M asin class,but a dierent b, and hencedi erent valuesfor f. Compare this new
approximate solution with the exact solution. That is, comparethe approximate valuesyou get
for f (x) at x = 1=4, 1/2, 3/4, and 1 with the exact values.

Here's another approadh to coming up with a nite di erence to approximate f °{a) at any a.
For simplicity, we will x a= 0, but the sameargumernt works at any point.

Here's the idea. The approximation of f%0) by (1=h)[f (h) f (0)] is an approximation
by a linear combination of f (h) and f (0). Speci cally, we are using the linear combination
Af (h) + Bf (0) where A = 1=hand B = 1=h. Let's try to generalizeand look for a linear
combination approximation to f °{0) aswell. For f ®we probably needone more point, so, let's
hope that somelinear combination of f (0), f (h) and f ( h) is a good approximation of f °0).
In other words

Af (h) + Bf (0)+ Cf( h) f%0): 3)

Now, we have 3 unknowns, sowe can insist that the approximation be exact for three functions
f. Since, as you learned in calculus, the polynomials are a good basis for approximating
most functions, let's insist that display (3) be an equality for the three basic polynomials
f(x) = 1;x; x2.

Write down the 3 equations obtained this way and solve for A; B; C. Compare your answer
to the di erence formula we have usedso far for secondderivativ es.

Note: Finding A; B; C by GE is harder than usual, becauseof the presenceof the literal h.
You may nd it easierto solve by ad hoc methods. Howewer, GE is not actually that hard in
this case.

Sofar our secondorder di eren tial equationshave had two boundary conditions, namely f (0) =
f (1) = 0. Often instead they have two initial conditions, for instance, f (0) = f9%0) = 0.
(Secondorder di eren tial equationsalways needtwo special conditions of somesort to uniquely
specify an answer.)

Sothe questionis, what is the right matrix setup to approximate the solution to a 2nd order
equation with 2 initial conditions?

As before, let's dewelop a method with a specic example. Again we use the equation
f °%Yx) = x, where we want to solve on [0,1] using the step sizeh = 1=4, but now the special
conditions are f (0) = f40) = 1. Find and explain A; x; b sothat the approximation is found
by solving Ax = b.

Note: | can seeat leasttwo di erent but good answersto this question, depending on how
you decideto approximate f 90).
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13. Considerthe following electric circuit:

14.

battery

The battery connectingD directly to A, makesthe voltage at A 1 unit higher than at D. The
edgesare wires; The number on ead edgeis the resistanceon that edge,and in this example
can also be usedto name the edge. For instance, let i3 represen the current on the vertical
edgewith resistance3 units. Let the positive direction for current be as shovn by the arrows.
The curved wire connecting the battery is assumedto have no resistance.

a) Write down the linear equations for the current. Remenber, at ead (interior) node net
current must be 0 (Kirc hko 's Current Law) and along ead loop, the net voltage change
must be 0 (Kirc hko s Voltage Law). Finally, Ohm's law saysthat V = ir, whereV is the
voltage changealong an edge(in the direction of the arrow), i is the current on that edge
(in the direction of the arrow), and r is the resistancealong that edge. (The battery is
assumedto provide no resistance,but it doesincreasethe voltage by 1 unit from D to A.)

b) Usea calculator or softwareto nd the currents. (You don't want to do this oneby hand.)

In the diagram below, something causesthe voltage to be higher by amount V at point A than
at C, causingcurrent to ow from A to B to C. (Perhapsthere is a battery connectingC badk
to A by a wire not shown, or perhapsthere are a whole lot of other wires not showvn allowing
for current to ow.) The resistenceson the two wires are R; and R».

Show that, if wiresAB and BC areto bereplacedby a singlewire AC sothat the sameamount
of current ows from A to C ascurrently, that new wire must have resistanceR; + R,. This is
the law of series circuits . Hint: Solve for iy;i, with Kirchho 's laws — you get one current
eqguation and one voltage equation — and then nd R sothat V = IR for the given voltage and
the total current ow | out of A.
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In the diagram below, something causesthe voltage to be higher by amount V at point A than
at B, causingcurrent to o w separatelyover eat wire from A to C. (Perhapsthere is a battery
connecting C badk to A by a wire not shown, or perhapsthere are a whole lot of other wires
not shown allowing for current to ow.) The resistenceson the two wires are R; and R».

R

i2
Show that, if both wires AB are to be replaced by a single wire AB so that the sametotal
current ows from A to B ascurrently, the resistanceR in that new wire must satisfy

1 1 1
—+ —

R R: R»
This is the law of parallel circuits . Hint: Solve for iq;i, with Kirchho 's laws — you get no
current equation and two voltage equations — and then nd R sothat V = IR for the given
voltage and the total current ow | out of A.

The lawsis this and the previous problem allow oneto compute currents in many complicated
circuits by hand by repeatedly simplifying the circuit.
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Section H. Vector Space Axioms

1. Provethat the following are vector spaces.
a) R?, meaningthe set of ordered pairs (x; y) of real numbers, where + is de ned by

(a;b) + (c;d) = (atc; btd)
and scalar multiplication is de ned by

a(x;y) = (ax; ay):

The proof can be very tedious if you write everything out in detail, but the key is that
coordinatewise all the vector spaceproperties are known real number properties. Showv
this carefully in one or two cases,and thereafter you can just say it. On the other hand,
when an axiom introducesa new quartity, like O or u, you have to at least state what
that quartit y is asan ordered pair and explain briey why you are right.

b) The setof all real functions , that is, functions from real number inputs to real number
outputs. You needto understand what it meansto add two functions, or multiply a
function by a scalar, but you have been doing these operations for a long time, as in
f (x) = 3sinx + x2. Again, shav one or two parts in detail.

c) The setof all in nite sequence®f real numbers, where addition and scalar multiplication
are de ned coordinatewise.

2. Prove: in any vector spaceV, 0 is unique. That is, if 0 and 0°can both be substituted truthfully
for 4 in the statement
foreahhu2V, u+4 =u,

then 0 = 0% Note: the uniquenessof 0 is often included in the axioms.

3. Provethat in any vector space,0 is unique in even a stronger sense:if for evenoneu, u+ x = u,
then x = 0. We summarize by saying: in a vector space,any local zero is the global zero.
(De nition: For any particular u, we say x isalocal zero for u if u+ x = u. A global zerois
just a 0 as previously de ned.)

4. Show from the axioms of a vector spacethat, for any u, its inverseis unique.

5. Prove:ifu6 vthenu+w 6 v+ w. That is, equalsaddedto unequalsare unequal, just asin
real number algebra. Hint : We know how to prove statemerts containing equalities, so can be
replacethe claim to be proved with an equivalent claim involving only equalities?

6. For any vector spaceV, prove
a) Foranya2R, a0= 0.

b) Foranyv 2V, Ov= 0.
c) Foranya2 Randv2V, ( av=a( v)= (av).
d) Foranyv2V, ( )v= .
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Commert on the following proof of Problem 6a.
Without loss of generality, we may use ordered pairs instead of n-tuples. Then for

f
any a we have a0 = a(0; 0) = (a0; a0) = (0;0)= 0.

Prove: if u, v are vectorsin any vector space,then
(uU+v)= u+ v

Useonly our axioms or theoremsproved from those axioms in earlier problemsin this problem
collection.

The operation subtraction is de ned in a vector spaceby
u v=u+( v):

Usethis de nition to prove

a) alu v)=au av,

b) ( )(u v)=v u,

c) (a byv=av bv.

The symbol is usedin mathematics for two rather di erent purposes:additiv e inversesand
subtraction. This problem shows that no great harm comesfrom using the same symbol for
those two purposes.

Prove: If u6 v thenu v 6 0.

L . . u .
Scalar division : if d 6 0is a scalar,de ne d to be (1=d)u. Prove from the axioms of a vector

space,and this de nition, that

u+v u
= — 4+

d d

o<

The (vector addition) Cancellation Law states: For any vectorsa; b; c,

if a+c=Db+c then a=b:

a) Provethis Law for arbitrary vector spacesithat is, proveit from the axioms.
b) Supposevectorsare de ned to be sets(of numbers, say) and + is de ned to be set union.
For instance,
f1;3g+ f1;2;59= f1;2;3;5g:
Showv by example that, with these de nitions, the Cancellation Law is false. In light of
part a), this shows that when vectorsand + are de ned this way, they can't form a vector

space,no matter how scalar multiplication is de ned. Therefore, at least oneof the rst 5
axioms on our sheetmust be falsefor this +. Which ones?

Let N be the nonvector-spaceof H{12b: the vectorsare setsof numbersand + is de ned to be
set union.
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a) Provethat N hasa unique O in the senseof Problem H{2. (First, nd a setthat does
what 0 is supposedto do, and then seeif the proof you usedfor H{2 still works.)

a) Prove or disprove that the 0 of N is unique in the senseof Problem H{3.

In class(most years) | claimed that the set of positive real numbers is a vector spacewith all
real numbersasscalars,if + and scalarmultiplication are de ned properly. Namely, if welet [x]
be the positive number x when viewed as a vector in this space(and we let a without brackets
represen the real number a whenit is viewed asa scalar), then we de ne

[X]+ Iyl= xyl;  alx]= [x]:
We proved in classthat someof the axioms of a vector spacehold for this system.

Go through all the axioms and verify that ead one not proved in classis correct for the
de nitions | setup.

Here is another proposal for a bizarre vector space,call is V. The vectors are all non-zero real
numbers, and + and scalar are de ned asin Problem H{14. Well, not quite. Scalar hasto
be de ned a little dierently, becauser® is not de ned for negative r and most nonintegersc.
Sowe de ne

a[x] = sign(x) jxj? ;
where

1 ifx>0

SigN) = 7 x<o.

Prove or disprove: V is a vector space.

Prove that the set of real numbers is a vector spacewith the following de nitions of + and
scalar . (When using thesede nitions, we will represen the number x ashxi; in other words,
when you seelxi + hyi you will know that the special meaningof + is intended, but when you
seex + y you will know that ordinary real-number + is intended.)

def
hxi + hyi = Ix+y+1i;

def
kixi = hkx+ k 1i:

Changethe examplein Problem 16 asfollows. The set, the notation, and + remain the same,
but scalar multiplication becomeskhxi = hkxi, i.e., the normal de nition. Prove or disprove:
With this revision we still have a vector space.

Prove: In any real vector space,if x 6 0 and k 6 j, then kx 6 jx. Explain why it follows that
in any real vector space,no matter how bizarre the de nition of scalar multiplication, there are
in nitely many vectors (unlessthe spaceconsistsof 0 alone).
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For real numbers, we have the theorem
ab=0 () (a=0orb=0):
We have already shown that this result is false for matrices — where? Prove or disprove the

vector spaceanalog:
kv=0 () (k=0orv=0):

Basically, a eld is any set of number-like things which obey all the usual laws of high school
algebra (commutativit y, distributivit y, etc.), and suc that when you add, subtract, multiply or
divide any pair of them (except you can't divide by 0), you get another thing in the sameset
In other words, a eld hasto be closed under these 4 operations. For instance, the positive
integersare not a eld; they are closedunder addition and multiplication, but not subtraction
and division. Sure,4 7 is a number, but it is not in the set of positive integers.
The best known elds are: the rationals, the reals, and the complex numbers.
Now determine if the following are elds:
a) The complex rationals , that is, fa+ bij a;b rational numbersy.
b) The complex integers (also known asthe Gaussian integers { sameguy). This is the
setfp+ qi {Op ;g integerg.
c) S=fa+ b 2ja;brational numbersg. Note: somewherein your solution, you will have
to usethe fact that = 2 is not a rational number. Where?
d) =fp+ qp 2jp;q mte%ersg
e) (Challenge) U=fa+b 2+ c 3j a;b;crational numbersg.
f) (Challenge) V = fa+ bIO 2+ cIO 3+ dIo 6] a;b;c;d rational numbersg.

Section HA. Complex Num bers

1.

The complex numbers are de ned to be the set C (some books write C) of all objects
z= a+ bi, wherea;b2 R and i is a special symbol de ned to satisfy i2 = 1. By de nition,

two complex numbersz = a+ biandw = c+ di areequali a= candb= d. Addition and
multiplication are de ned the only way they can be if the usual rules of real-number algebra
are to hold in C. That is, one de nes these operations according to the usual rules and then
hasto prove (you do it below) that all the usual rules do indeed hold for C. Indeed, you will

show that C is a eld, asde ned in Problem H{20.

Useful Notation. If z = a+ bi, with a;b2 R asusual, then the real and imaginary parts of
z are de ned by

Re(z) = a; Im(z) = b:
a) Give the de nition of addition, i.e., what does (a + bi) + (c+ di) equal? It better be
somethingthat meetsthe de nition to bein C.

b) Find the zero of C and show that every z has an additiv e inverse, called z naturally
enough.

c) Givethe de nition of multiplication. Show that C has a multiplicativ e identit y.
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d) Show that every z 6 0 hasa multiplicativ einverse. Caution: It doesn't su ce to say that

. . 1
a+ bi hasthe inverse .
a+ bi

must show that there is an inverseof the form c+ di.

To show that C is closedunder multiplicativ e inversesyou

e) Show that addition in C is commutativ e.
f) Show that multiplication in C is commutativ e.

g) Show that multiplication in C is assaiative. This is sort of ugly to showv unlessyou gure
out some particularly creative approac. (I know of some creative approaches, but none
that |1 am fully satis ed with.)

z+w

h) De ne division in C and prove that = §+ %

The facts you are asked to show above do not cover all the things that must be shown to prove
that C is a eld, but they give the gist.
The complex conjugate of a complex number z = a+ bi, denotedz, is de ned by

a+ bi=a bi

Prove that

Z=z Z+W=Z+ W, ZW = ZW, izi = jzj;
wherejzj, the absolute value (or modulus) of z = a+ biis de ned by jzj = P az + k2.
Let z= 2+i,w= 1+ 3i. Compute zw. Compute the magnitudesof z; w; zw directly and ched

that DeMoivre's Thm holds for these magnitudes. Estimate the argumerts of z; w; zw from a
sketch and ched that DeMoivre's Thm seemsto hold for these argumerts.

Prove the magnitude part of DeMoivre's as follows. Let z = a+ bi, w = c+ di. Compute jzj
and jwj from the de nition. Now compute zw in terms of a;b;c;d and use your computation
to compute jzwj from the de nition. Now do high sdhool algebrato show that jzjjwj = jzw;j.

Prove both parts of DeMoivre's Thm asfollows. Let (r; ) be the magnitude and argumert of
a+ bi. Let (r% 9 bethe magnitude and argumert of c+ di.

a) Explain why
a+bi=r(cos +isin) and c+di=r%cos °+isin 9 (2)

and conversely if you are given a complex number in the form r(cos + i sin ), you know
right away that the magnitude is r and the argumert is

b) Multiply (a+ bi)(c+ di) in the trigonometric forms (2), and use sometrig identities to
prove the theorem.
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Section HB. Complex Vector Spaces, Part |

A complex vector space satis es the sameaxioms as a real vector spaceexceptthat the set of
scalarsis C. (In general,a vector spaceis anything that satis es those axioms, using as the set of
scalarssome eld.) All the de nitions we have usedfor real vector spaces(e.g., dependen, basis,
linear transformation) go through unchanged. Therefore, all the results we have proved go through
unchanged. The problemsin this section illustrates this lack of change. Part 11 of this section will
come later, after we have more vector spaceconcepts, like dimension. Then you can consider the
interesting interplay of complex and real vector spaces.

1. Let V be a complex vector space. Prove: if x 2 V, x 6 0, and z;w are scalarswith z 6 w,
then zx 6 wx.

2. Solve Ax = b, where
8.9
A= ; b=3 'z :
. T
(Gaussian elimination is yukier by hand over the complex numbers than over the reals. Can
you calculator do it?)

Section |. Subspaces

1. a) Showthat W = f(x;y;z)jx+y+z= 0g is a subspaceof R3.
b) Shawthat U= f(x;y;z)jx+y+z= 1g is not a subspaceof R3.
2. a) LetM,, bethe setofall n n matrices (with real number ertries). Showv that M ,, is a
vector space.
b) Determine which of the following subsetsof M ,, is a subspace:
i) The symmetric matrices
ii) Those matrices that commute with an arbitrary but xed matrix T
i) Those matrices for which M = M 2,

3. For any matrix A, the null space of A, denotedN, or N (A), is de ned by
Na = fxjAx = 0g:

That is, if A is m n, then N, is the set of n-tuple column vectors x that satisfy Ax = 0.
Prove that N, is a vector space.

4. Which of thesesets of functions are vector spaces?Give reasons.
a) All polynomials (call the setP)
b) All polynomials of degreen (call the set P-,)
c) All polynomials of degreeat most n (call the set P,)
d) All polynomials p(x) that satisfy p(1) = 0.
e) All polynomials p(x) that satisfy p(1) = 2.
f) All polynomials p(x) that satisfy p(2) = 2p(1).
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For eadh of the following, is it a vector space?Give reasonsbriey for your answers.
a) The uppertriangular n  n matrices, for some xed positive integer n.
b) The simple uppertriangular n  n matrices, for some xed positive integer n.
c) All uppertriangular matrices of all squaresizes.
Function f is a real function if its domain and codomain are R. Shaw that the (set of) real
functions f satisfying
AFUx)+ x3qx) f(x)=0  forall x
are closedunder addition and scalar multiplication. This is the key step to shawing that these

functions form a vector space.

Prove or disprove: the set of odd real functions is a vector space. Recall a real function is odd
if, for all x, f( x)= f(x).

It's a pain, when proving subsetsare subspacesto have to prove two closure properties. For-

tunately, we have

Theorem . A nonempty subsetU of a vector spaceV is a subspace () for all
u;v 2 U, and all scalarsc, cu + v isin U.

In other words, one combined closure property is enough. Prove this theorem.

Prove: if U; U are subspaceof V, then sois U\ U Is the intersection of an arbitrary number
of subspacesf V, evenin nitely many, alsoa subspace?

Prove by examplethat the union of two subspaceseednot be a subspace.
Let U;V be subspacesf vector spaceW. We de ne their (vector subspace)sum by

U+V=fu+vju2U;v2Vg

a) Let W = RS2, let U be the x-axis, and let V be the y-axis. What is U + V?

b) Let W = R*, wherewe will refer to the coordinates asx; y; z;w. Let U be the xy-planein
W, and let V be the yz-plane. What is U + V. Explain briey .

c) Why insist in the de nition of sumthat U;V be subspaceof the samespace?

d) Provein general: U + V is a vector space.

Let U;V be arbitrary vector spaces.De ne their cartesian pro duct U V (also called their
exterior sum U V) as follows. The set of vectors is the set of ordered pairs f(u;Vv) j
u 2 U; v 2 Vg, where as usual two ordered pairs are equal i they are equal coordinatewise.

Addition and scalarmultiplication are alsode ned coordinatewise. Provethat U V is a vector
space.

S. Maurer Main 28P Problem Set, Fall 2005



13.

page 39 SectionJ, Linear Combinations and Spans

The functions in the following set are solutions to f °{x) = f (x):
S=ff jf(x) = Asinx + B cosx; A; B arbitrary real numbersg:
But in physicsclassonetypically arguesthat the following are solutions:
T = fgjg(x) = Asin(x+c); A; carbitrary real numbersy:

The physical argumert goes: The di eren tial equationf ®°=  f is a special caseof Hooke's Law,
with k = 1. All solutions to Hooke's Law are sinusoidal. Sinceherek is xed, the frequency of
the solution is xed, but not the amplitude A nor the phaseshift c.

Determine the relationship betweenS and T. For instance, is one contained in the other?

Section J. Linear Com binations and Spans

Let A beam n matrix. The row space of A, denotedR or R(A), is the span of the rows
of A. The column space of A, denoted Gy or C(A), is the span of the columns of A.

a) It isimmediate that R, and Gy are vector spaces.Why?
b) Forwhat kisRa RK? Forwhat kis G Rk?

Come up with a simple geometric description of Span (1; 1;0); (1;2;0) . Convince me that
you are correct.

8 9

9
E if it can be done.

P, AN
* VAW O
* \KRKKRK/ GO
~N o R

8 9 8
1 1

Express% 2 E as a linear combination of% 3 E E
T T,

9 8 9 8 9
2.3 23 .3 1z,
St 3

W 00

8 9
Is 3 B in the spanof :

1 1 1
2 3 5

Shaw that the polynomial q(t) = t>+ 4t 3 is a linear combination of
p(t)=t> 2t+5

po(t) = 2t2 3t
pg(t) =t+ 3:

Let F be the set of functions that satisfy
fOx) 3fYx)+2f(x)=0 (1)
(As always, we meanthat (1) holds for all real x.)

a) Ched that f(x) = € andf (x) = € happento bein F.

b) Usea), and the fact that F is a vector space,to name a very large collection of functions
in F.
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c) From this large collection, nd an f that satis es not only (1) but also the \b oundary
conditions"

f(0)=1 and f(l)=5:

Note that a) and b) reduceanswering c) to solving linear equations, evenif they are messy
ones.

In classwe have/will prove that two matrices have the samerow spacei they have the same
rref (except for zerorows). Prove or disprove: Two matrices have the same column spacei
they have the samerref.

If the point of the de nition of Span(S) is to augmert S just enoughto get a vector space,why
don't we de ne Span S to be

fevjc2R,v2Sg[ fu+tvju;v2Sg?
If that's no good, why not

fcu+dvijcd2R; u;v2Sg?

Determine if Span (1;1;2); (2; 1;1) = Span (4;1,;5); (0;1,1) .

Deviseand justify an algorithm for determining if the span of one set of vectorsis contained in
the span of another. You may assumeboth setsare nite setsof vectorsin R".

Prove or disprove: If S;S%are nite subsetsof vector spaceV, then

Span(S\ SY = Span(S)\ Span(s9.

Prove or disprove: If S;S%are nite subsetsof vector spaceV, then

Span(S[ SY = Span(S)[ Span(S9Y.

Prove or disprove: If S;S%are nite subsetsof vector spaceV, then
Span(S[ SY = Span(S) + Span(S9,
where the sum of vector spacesis de ned in {11.

Section JA. Dependence and Indep endence

Determine if the vectors (1; 2;1), (2;1;, 1)and(7; 4;1) areindependert or dependert.

Determine whether the matrices

are independert or dependert.

Determine (without a calculator!) if the columns of the following matrix are independert.

37 2 10°
4=3 log1l0 sin10
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P,, the set of all polynomials of degreeat most 2, is a vector space. Show that the polynomials
fx2; x; 1g are an independert spanningsetfor P,. (Here\1" meansthe constartly onefunction,
p(x) = 1 for all x. This is a degree0 polynomial, sinceit may be written as p(x) = x°. Also,
S is a spanning set for vector spaceV meansV = Span(S).)

Shaw that sinx and cosx are independert.

Show that sinx, sin(x + % ), and sin(x + % ) are dependert. (More generally — but I'm not

asking you to prove this — any three or more functions of the form sin(x + ¢;);sin(x + ¢,);:::
are dependernt.)

Prove that the functions €, €% and €** are linearly independen.

Shaw that f1;x; x2;€;e Xgisindependen. Hint: the plugin method will be a mess,requiring
5 values. But with another method, pursued with a vengeanceyou can dispatch this problem
quickly if you also apply facts that we have probably already proved in class.

Prove that the functions €, xe*, and x?>¢* are independent. (This is easygiven what we know
about independenceof polynomials.)

Prove that the functions sinx, sin2x, and sin3x are independert.
Prove that the functions sinx, sin2x, and sin x are independert. Generalize.

De nition. A pair of vectors are parallel is one of them is a scalar multiple of the other.
a) Prove: if a setof two vectorsis dependen, then they are parallel.
b) Shaw that a set of 3 vectors can be dependent without any two of them being parallel.

c) One might instead proposethe following slightly dierent wording for the de nition of
parallel: vectors u and v are parallel if v is a scalar multiple of u. Is this proposal
equivalent to the de nition above, that is, are exactly the samepairs parallel under both
de nitions?

Prove or disprove: Let u,v,w be vectorsin somespaceV. If the setsfu;vg, fu;wg,andfv;wg
are ead independer, then the single setfu;v;wgis independert.

Show: If w dependson fu;vg, and x dependson fu;v;wg, then x dependson fu;vag.

Supposefu;v;wg are dependert. Come up with an example where u does not depend on
fv;wg. Come up with an examplewhere, in addition, v doesnot dependon fu;wg.

Explain why every supersetof a dependert setis dependert. (More precisely if S is a dependert
setin vector spaceV,andS T V, then T is dependen. That is, the elemers we add to
the dependent set S must be in the samevector space,or elseit doesn't make senseto ask if
the new setis dependen. Also, you may assumeS and T are nite.)

Explain why every subsetof an independert setis independen.

T = fvq;vo; il Vi, Vk+1 g is independent. Hint : Proof by corntradiction. If T were dependert,
the coe cien t of v+, in the sumequalling 0 would either be the 0 number or a nonzeronumber.
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SupposeV = Span(S) and S is dependert. Shaw there is somev 2 S that can be thrown out
without a ecting what is spanned. That is, for somev 2 S we have Span(Sf vg)= V.

a) Comeup with ade nition of \indep endert of" (asin \u isindependert of vq;Vvy;:::;vi™)
that relatesto \indep endent" the sameway \dependson" relatesto \dependert". (Cau-
tion: \indep enden of" is not standard usagein math, just as\dependson" is not. Unlike
in ordinary English, the only standard mathematical usageis \indep endert" and \depen-
den" followed by \set", not followed by a preposition.)

b) Shaw that the following claim is false, and then modify it sothat its conclusionis true: If

Prove: If matrices A and B ead separately have independen columns, then sodoesthe matrix

A .
, ho matter what C is. (Of course,C must have as many rows as A and as many

columnsasB.)
Usethe result of Problem 21 to give an alternativ e proof for Problem C{10.

Supposethat both matrices A and B = [B;jB»] have m rows, that A hasindependert columns
and that B hasindependen columns. Prove that

A By O
A 0 B»

has independert columns.

Section JB. Basis and Dimension: n-tuple Spaces

In R3, nd the coordinates of (1,2,3) relative to the standard basise;; e,; e;. (This is easy)

In R3, nd the coordinates of (1,2,3) relative to the basisb, = (1;0;0), b, = (1;1;0) and
bs; = (1;1;1).

Prove or disprove: f (1;1;0); (1;0;1); (0;1;1) g is a basisof R®.

Let U be the set of three vectors

Explain why every vector in R? has coordinates relative to U but these coordinates are not

1
unique. Speci cally, nd all setsof coordinates of 3 3,3 relativeto U.

Find the coordinates of the standard unit vectors of R3 relative to the basis

B=fvy=(1,10); vo=(1;11); v3=(1;0; 1)g
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6. Let the columns of B be a basis B of R,,. Suppose the coordinates of x relative to B are
a) Explam why x = Bc.

b) More likely, you know x (that is, you know its represernation using the standard basis)
and you want to nd c. In light of a), how do you do it?

7. Find a basisfor the spanof (1; 2; 3), (2; 3;4), (3;4;5).
9. Determine if the following vectors span R*.
Ty

10. The setD3 of 3 3 diagonal matrices is a vector space(you neednot show this). Find a simple
basisfor this spaceand show that you are right.

or—\r—\o
N =)

OOI—‘I—‘

11. Prove: any n independert vectorsin R" must be a basis. Hint: Write the n vectors as the
columns of a matrix. What does independenceof the columns tell you about GE for this
matrix?

12. Letu=(1;0;1;1)andv = (0;1; 1; 1). It iseasyto seethat u;v areindependert. Let A be
the 4 2 matrix with u;v asthe columns.
a) Find a basisof R* that cortains u;v by row-reducing[Aj 1 ].

b) By the method of a) prove: Any independen setfuj;u;;:::;ungin R™ can be extended
to a basisof R™ (that is, fuy;uy;:::;umg is a subsetof a basis).

Section JC. Matrix Spaces

1. Find a basisfor the column space,the row space,and the null spaceof

2 3
1 21 2 3

A=2122 34%:
1 2 3 45

2. Find a dierent basisfor the column spaceof A in Problem JC{1, and a di erent basis of its
row space,by reducing AT. Note: | still want basesfor spacesassaiated with A; thus | said
the column spaceof A, not the column spaceof AT.
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Find a basisfor the column space,the row space,and the null spaceof the following matrix A.

21 23 43
§23452
3456
456 7

Prove: For every matrix A, there is another matrix B sothat the null spaceof A is the column
spaceof B. Hint: this is easy;think how you would show the claim for the speci ¢ matrix

102 1°
A=%0 11 1%
102 1

An inconsistentsystemAx = b has13equationsand 17 unknowns. What is the largest possible
rank of A? Explain briey .

This problem and the next are practice for understanding the proof of the main theorem about
how to nd basesfor matrix spaces. The calculations themselves could have been done in
Section B.

Supposethe augmerted matrix for Ax = b row-reducesto

2 3
0120 35 A
2 0 001 46 B g:
0 00O0ODO 0
a) Write down the generalsolution for x = (X1;X2;:::;Xg)"

b) Show that no matter what A; B are, there is amongthe many solutions for X a unique one
in which only the variables for the pivot columns are nonzero.

c) Why doesb) imply that the pivot columnsof A are a basisfor the span of the columns of
A?

d) Write down the generalsolution to Ax = 0. Verify that the vectorsthat get multiplied by
free variables in your solution are independen by writing them as the columns of a new
matrix B and identifying rowsto crossout sothat the remaining matrix is | . Verify that
row i is crossedout () x; is a pivot variable.

Supposenow that

2 3
12030

rref(A) = 2 0 01 40 Z :
0 00001

Write down the general solution to Ax = 0. Verify that the constart vectorsin your solution
are independert by writing them as the columns of a new matrix B and identifying rows to
crossout sothat the remaining matrix is |. Verify that row i is crossedout () X isapivot
variable.
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Let V be the row spaceof the matrix

The two rows happen to be independert and thus form a basisB of V.

a) Let N = rref(M). As we have proved, the nonzerorows of N are also a basisof V. Call
this basisB® Find B

b) Find the coordinates of the vectorsin B° relativeto B.

c) Find the coordinates of the vectorsin B relativeto B

Determine whether U = f (1;0; 1); (1;1;1)gis a basisfor the span of
V=1(1,23)(2:34); 3450

The set of solutions to

X+ 2y+ 3z+ 4u+ Sv 0
2x+ 3y + 4z+ 5u+ 6v 0
X+ 4+ 52+ 6u+7v = 0

isa at thing in R®, in fact, a vector space.Why is it a vector space?What is its dimension?

Prove: rref(C) hasa Orow () rref(CT) has a nonpivot column. Hint: | don't think this
can be done by analyzing what Gaussian elimination doeson C and C', becauseit will be
sodierent. But you can useyour knowledge of the dimensionsof some of the vector spaces
assaiated with C and CT to prove this easily.

Prove

Theorem . Two matrices have the samerow spacei they have the samerref (up
to 0-rows)

by rst proving

Lemma. Let R;R?be two matrices in row reduced echelon form. Then R and R°
have the samerow spaceif and only if they are identical exceptthat they may have
a di erent number of O rows.

The left nullspace of a matrix A isfy j yA = 0g. This is the 4th fundamenal subspace

assaiated with A. Basesfor the other three can be read o from rref(A), but not a basis for

the fourth. However, there is a slight extension of the rref computation (one we have already

done for other purposes)that doesexhibit a basisfor the left null space.

a) Identify the extendedcomputation and provethat it providesa basis. You must show that
the rows you describe are in the left null space,spanit, and are independert.

b) The usual notation for the left null spaceof A is Naotr. Why? This also suggestsanother
correct way to nd a basis(but one which requiresa whole new computation, rather than
an extension of the usual GE on A). What way?
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Section JD. Basis and Dimension: General Spaces

P P _
1. Prove: If i”:l GV = i”:l divi, where the sumson the two sidesare not the same, then

an important algebraic technique (that has beendiscussedin class,or will be after you do this
problem).

2. SupposeV = Span(S) whereS = fvi;vy;:ii:;vpg  R™. Supposefurther that there is some
u 2 V for which u is a linear combination of S in two di erent ways. Prove: everyw 2 V is a
linear combination of S in in nitely many ways.

3. Considerthe vector spaceof period 2 harmonic functions:
V = ff(x) = Asin(x+c) j A; c real numbersg

(sox is the variable within ead function and di erent valuesof A and c givedi erent functions
in V).
We know from problem {13 that another represertation of V is
V = ff(x) = Bsinx+ Dcosx j B;D real numbersg:

The latter represenation is good becauseit is in terms of a basisand thus solving for B; D is
easybecausethe equations are linear.

a) Find A andcin the rst represenation for the function f in V that satis es both f (0) = 1
andfY =4)= 1.

b) Find B and D giving the samef in the secondrepresenation.

Do you agreethat the secondrepresettation is easierto work with?

4. Determine if the three polynomials
X2+ x+ 1 X2+ 2x 1 X+ 2
are a basisof P, the polynomials of degreeat most 2.

5. Shaw that (x 2)?, (x 2), and (x 2)° (the last of theseis just the constartly 1 function) are
a basisof the spaceof polynomials of degree2 or less.

6. The set of all polynomials p(x) of degreeat most 2 for which p(3) = 0 form a vector space.
Find a basisand show that you are right.

7. The setof all polynomials p(x) of degreeat most 2 for which p(2) = 2p(1) form a vector space.
Find a basisand show that you are right.

8. The falling factorial functions are the polynomials

Xo = 1 [the constartly 1 function]
X(l) =X
X@2) = X(x 1)

and in general
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Xy = X(x 1)(x 2) (x k+1):

Show that X ; X1); X(2) ; X(3) are a basisof P3, the polynomials of degreeat most 3. (Once you

question will be: do they have an advantage over the standard basis1; x; : : :; xk?)

Supposeffq;f,;fagis a basisof a certain function spaceF. Supposeg:; g»; g3 are three other
functions in F whosecoordinates relative to the f's are

00:1,1,0 (e, g="f1+f))
[0 7 i e
g3:1,0, 1

a) Show that fg;; ;030 is alsoa basisof F.

b) Sincefg:; ;039 is a basis, then ead of f;f,;f3 must have unique coordinates relative
to the ¢'s. Find these coordinates.

Note that we haven't the slightest idea what these functions are or what spacethey are in, yet

the question can be answered.

Find a basisfor the bizarre vector spaceV of Problem H{14.

Prove: any n independert vectorsin an n-dimensional vector spaceV must be a basis. Hint :

As usual, represent the vectors by their n-tuples relative to somebasis, known to exist because
we are told that the spaceis n-dimensional. Write thesen n-tuples asthe columns of a matrix

A. Sincethe original vectors are independert, what happenswhen you row-reduceA and what

can you therefore conclude?

(parallel worlds) Fact (which you aren't asked to prove): V = fp(x)jp2 P, and p(2) = Og is

a vector space,and a basisis B = fx 2; x? 4x+4g.

a) Relativeto B, nd the coordinatesof g(x) = x> x 2andr(x) = x?+ x 6. (Don't
worry, q(x) and r(x) arein V.) Write these coordaintes as vectors. These coordinate
vectorsare in the parallel world to V.

b) s(x) = q(x) + r(x) must bein V also,so nd the coordinate vector of s(x) relativeto B
aswell, by the samemethod you usedfor a).

c) In the parallel universeof coordinates, it is much easierto add the imagesof g(x) and
r(x). Do so, and verify that the result is the sameone you got in b). This should be
S0, becausevector operations, not just the vectors themseles, should be mimicked in the
parallel world.

Let B = fvl;vz;:::;vngpbe a basisfor V. Supposec;;cy;:::;c, are the coordinates of v
relativeto B, that isv = i”:l GiVi. Supposed;;d,;:::;dy arethe coordinates of u relativeto
B. Explain why ¢;+d1;:::;cy+d, arethe coordinates of v + u.

Let V beany nite dimensional vector spacethat consistsof more than a 0 vector. Using the
results of Problems JA{18 and JD{11 show that the following algorithm must terminate, and
whenit does, S is a basisfor V. (All this algorithm doesis keep picking vectors from the part
of V not yet spanned,going on forever unlessat somepoint V is spanned.)
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Input V [V asubspaceof R", V 6 f0O(]
Output S [should be a basis of V]
Algorithm  Gr ow-Basis
Pick any nonzerov 2 V
S fvg [ rst vector goesinto S]
rep eat until SpanS) =V
Pick any v 2 V Span(S)
S S| fvg
endrep eat

15. Modify the algorithm of Problem 14 slightly to prove the following: If U is a nontrivial proper
subspaceof n-dimensional vector spaceV, then dim(U) < n. (Proper meansnot equal to.)

16. Considerthe following algorithm.

Input S;V [S a nite spanning set of vector spaceV]
Algorithm  Shrink-to-Basis
rep eat until S isindependen
Pick v 2 S such that v dependson Sf vg
S Sf vg
endrep eat
Output S

a) Show that the output of this algorithm is a basisfor V. (SeeProblem JA{19.)
b) Explain why you have proved: Every nite spanningset of a vector spacecontains a basis.

17. (Alternativ e proofs that dimensionis well de ned)

a) Show that for any matrix A with independert rows, rref(A) hasno O rows.

b) Let B, and B, be two basesof the same space,and let B; (respt. B;) be the matrix
obtained by writing the vectors of B, (respt. B,) asrows. Using the Theorem in JC{12,
provethat B, and B, havethe samenumber of vectors(and thus dimensionis well de ned).

c) Now we prove dimensionis well de ned using Gaussianelimination but without the The-

B
orem from JC{12. Let C; = Bl (that is, the rows of B, are stacked under B;), and
2

B
let C, = 82 . Prove by properties of row reduction that rref(B,) = rref(C,) except
1

for O rows. By exactly the samereasoning(so don't do it), rref(B,) = rref(C,) except for
0 rows. Finally, show by other properties of row reduction that rref(C;) = rref(C,). By
transitivit y, rref(B1) = rref(B>).

d) Why doespart c¢) prove that the dimension of a vector spaceis well de ned?

e) Well, actually, the argumerts above prove that dimension is well de ned only for vector
spacesn someR", for otherwise how canthe vectorsin the basesB, and B, be written as
rows of a matrix? Nonetheless,shov how to make these proofs work for any vector space
which has a basiswith a nite number of vectorsin it.
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Section JE. Complex Vector Spaces, Part |1

R" is a vector spacefollowed coordinatewise from real number facts, the proof that C" is a complex
vector spacefollows coordinatewise from the samefacts, sincethey are also complex number facts.

8.9 8 .9 8.9 8.9

1, 1,
1. Are B i’B B i B independert in C2? What about B i’B Bi ,B?

2. What's the dimension of the complex plane asa complex vector space?Name a basis.

3. dim(C") = n; the proof that dim(R") = n goesthrough unchanged.
But C" can also be regardedas a real vector space,by using the same+ and scalar multi-

plication, but restricting the scalarsto R. Provethat, asa real vector space,C" hasdimension
2n.

4. Supposethat W is a complexvector spacewith dimensionn. Then W is alsoa real vector space.

is a basisof W as a real vector space.

Section JF. Minimalit y, Maximalit y, and Spaces without Dimensions

1. A minimal spanning set in avector spaceV isany setS V sud that
i) S spansV, that is, V = Span(S), and
i) If any elemen is removed from S, the remaining set doesnot spanV.
a) Which of the following setsin R? are minimal spanning sets?

S1=1(1,2); (2:3); (3;4) 0
S;=1(1;2); (2,3)0;
S;=1(1;,2); (2,409

S, = f(1; 2)0:
b) Prove: S is a minimal spanningsetof V () S is a basis. Hint: SeeProblem JA{19or
JD{16.
c) Why doesit follow that every minimal spanning setin a given vector spaceV is the same
size?

2. A maximal indep endent set in a vector spaceV isany setS V sud that
i) S isindependen, and
ii) If any other elemen in V is addedto S, the enlargedsetis dependert.
a) Which of the following setsin R? are maximal independert sets?

S1=1(1;2); (2:3); 3;4) 0
S =1(1;2); (2:3)0;
S:=1(1;2); (2:4) 0

S, = f(1;2)0:
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b) Prove: S is amaximal independent setof V () S isa basis. Hint: SeeProblem JA{18.

c) Why doesit follow that every maximal independert setin a given vector spaceV is the
samesize?

A set S is minimal _ with respect to someproperty P if
i) S satis es the property, and
i) If any elemer is removed from S, the remaining set doesnot satisfy the property.

In the rest of this problem, let P be the property \the elemeris have no common factor other
than 1"

a) Which of the following setsof integersare minimal with respect to this property?

S; = 16;10; 15¢;
S, = f3;5¢;

Sz = 3,5, 7g;
S, = f15;21g:

Note: A set consisting of a singleintegern > 1 doesnot have this property, becausethis
set hasthe common factor n.

b) Do all minimal setsfor this P have the samesize? (Compare with Problem JF{1c.)

A set S (within a collection of allowed setsS) is minimum__ with respect to someproperty P if
i) S satis es the property, and
i) No other setin S that hasthe property has a smaller number of elemerts.

Please compare with the de nition in Problem JF{3; note that the endings\al" and \um"

makesa big di erence. This is a distinction that doesnot arise in ordinary English.

a) Let the property be \the elemens have no common factor other than 1" and let the
allowed sets be nite nonempty sets of positive integers. Which if any, of the following
setsof integersare minimum with respect to this property?

S; = 16;10; 15¢;
S, = f3;5¢;

Sz = 13;5;7g;
S, = f15;21g:

b) If noneof the setsin a) were minimum, name a minimum set.

Let S bethe setof all nite nonempty setsof vectorsin avector spaceV. Let P be the property
of spanning V. In this context, is there a distinction betweenminimal and minimum?

Let T be the set of 9 positions on a tic-tac-to eboard, and for S T let P be the property that
S intersectswith every possiblewinning 3-in-a-row. (Think of this asa gamewhereyou get to
put down all your X's rst and you try to block all winning con gurations for O with as few
X's as possible.)

a) Find asetS which has property P but is not minimal.
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b) Find another set S which is minimum with respectto P.
c) Find another set S which is minimal but not minimum with respectto P.

A set S within somelarger set T is maximal _(in T) with respect to someproperty P if
i) S satis es the property, and
i) If any other elemen in T is added to S, the enlarged set no longer satis es the
property.
Again, let T be the set of 9 positions on a tic-tac-to e board, but now let P be the property

that S contains no 3-in-a-row. (Think of this as a solitaire gamein which you just put down
X's and try to keepyourself from winning aslong asyou can.)

a) Find asetS T which hasproperty P but is not maximal.
b) Find anothersetS T which is maximal with respectto P.

A set S within somelarger set T is maximum__ with respect to someproperty P if
i) S satis es the property, and
i) No other subsetof T that hasthe property has a larger number of elemeris.

Compare with the de nition in Problem JF{7; note that the endings\al" and \um" makesa
big di erence. This is a distinction that doesnot arisein ordinary English.

Let T be the set of 9 positions on a tic-tac-to e board, and let P be the property that S
contains no 3-in-a-row.

a) Find a maximum set and prove that you are right that it is maximum.
b) Find a maximal set which is hot maximum.

¢) What should we meanby a\minim um maximal set" for a property P? De ne this concept,
and for the P of this problem, nd, with justi cation, a minimum maximal set.

Let S bethe setof all nite nonempty setsof vectorsin avector spaceV. Let P be the property
of being independert. In this context, is there a distinction betweenmaximal and maximum?

Call a property an indep endence-lik e property if, for every set S that satis es the property,
every nonempty subsetof S also satis es the property.

a) Isindependencein vector spacesan independence-lile property?

Call a property a dependence-lik e property if, for every set S that satis es the property,
every superset of S satis es the property. (Actually, you have to set a universein which you
take supersets. For instance, if S is a set of vectors, your universewill be the vector spacethey
sit in. You don't want to start adding dogs, airplanes, etc., to the set S.)

b) Within any vector space,is dependencea dependence-lile property?
c) Within any vector space,is spanning a dependence-lile property?
d) We'vejust namedoneindependence-lile property and two dependence-lile propertiesin a

vector space. But everything in vector spacess supposedto comein pairs. Name another
independence-lile property.

e) Is being a basisan independence-lile property? Is it dependence-lilke?
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For this and the next problem, let our spaceT be the 9 positions on a tic-tac-to e board, and

de ne a set S in this spaceto be\indep endent" if it contains no winning line. \Indep endert"

is a reasonablename becausesud sets avoid the redundancy of having 3 in a row. We also

de ne a setto be \spanning" if it intersectsevery winning line. \Spanning" is a reasonable

name becausesud setsreadch every winning line.

a) Are thesenamesreasonablein another sense?ls independencean independence-lile prop-
erty? Is spanning a dependence-lile property?

b) In avector space,a basisis an independen spanningset. So,dene S T to be a\basis"
of T if S is independert and spanning. Does every basis of T have the samesize? That
is, can we de ne dimensionwithin T?

In a vector space, we have proved that the following conditions are equivalert, that is, the
collection of sets that satisfy any one of these conditions is the same as the collection that
satis es any other of them:

i) S isindependert and spanning,
i) S is minimal spanning,
il S is minimum spanning,
iv) S is maximal independen,
V) S is maximum independert.

Furthermore, the sets that meet any one of these conditions all have the same size — the
dimension of the space.

With the de nitions of independert and spanning for tic-tac-to e in Problem JF{11, show
that no 2 of the 5 conditions above are equivalent for the tic-tac-to e space.

Section K. Talk Right!

In this section, the instruction \correct the wording" means gure out what the wording is supposed
to mean and then say it right.

1.

Correct the wording in the following statemerts.

a v V.

b) fvi;vyiii;vag2 V.

b) Considerthe vector spaceus;uy;:::;un

Supposevy;Vy; i Vg arein vector spaceV. State what is meansfor fvy;:::;vkgto bea basis
of V

a) usingthe words\span" and \indep endert";
b) usinginstead the phrase\linear combination".

Correct the wording in the following statemernts.

a) A basisof a matrix is the columnswith pivots.
b) (1,0) and (0,1) are the span of R?.

c) Addition is closedin RZ?.

d) R? spans(1,0) and (0,1).
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e) R?isthe spanningset of f (1;0); (0; 1)g.
1 2 1 1 2 1

f) = , Ssothe matrix has no solutions.
3 6 2 00 1

Correct the wording in the following statemert: u + v is a vector spacebecauseit is closed.
(This one needsa lot of work!)

Correct the wording in the following statemernts.

a) A matrix A is invertible if it hasunique solutions.

b) Every basisof a vector spaceV hasthe samedimension.

c) To createa matrix A whoserow spaceis V, let the rows of A be the spanof V.

d) A nontrivial linear combination of vectorsis independert if it doesnot equal 0.

e) The number of vectorsin N, is the number of free variablesin A.

f) An independert setfvi;vy;:::;vngisthe dimensionof V if it is the span.
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Section L. Dot Pro ducts and Norms

10.
11.

12.

13.

14.

15.

Foru= (1;2;3),v=(10; 1)andw = (0;2;1), compute
a) (u+tv) w

b) uw+v w

c) 2(v w)

d) v (2w)

Prove: u (kv) = (ku) v = k(u v).

Letu = (5;41),v=(3 41)andw = (1; 2;3). Which pairs of these vectors, if any, are
perpendicular?

Find jvjif v = (1;2; 3).
Normalize (2; 1;3;2).

Foru= (1;1;1),v=(0;1;2)and k = 3 verify that

a) jkvj= jkjjvj

b) ju+vj juj+jvj.

The distance betweentwo points p and q is de ned to be jp qj. Find the distance between
(1,7) and (6; 5).

Find k such that (1;2;k) and (2; 4; 3) are 3 units apart. Before you solve, can you determine
by geometric reasoning(i.e., a picture in your head) how many solutions for k will exist?

Find cos , where is the angle between(1;1; 1) and (1,2,2).
Find the projection of u = (1;1; 1)onv = (1;2;2).

The Triangle Inequalit y says: For all u;v 2 R", ju+ vj juj+ jvj. The Cauchy-Schwarz
Inequality (CSI) says: For all u;v 2 R", ju vj jujjvij.
Prove that the Triangle Inequality implies CSI.

Whether or not we have proved it yet, assumethat the angle betweenvectorsu and v in R"

. . u v
is well de ned. (That is, assumethat 1 1, where = v’ sothat cos ! makes

sense.)Prove that the Law of Cosinesis true in R".
You probably know (and Euclid knew) that the converseof the Pythagorean Theorem is true.

State this cornversein traditional languageand in vector language. Then proveit in the latter
form.

Prove in R" using dot products: A parallelogram is a rhombusi the diagonalsare perpendic-
ular.

Prove the following geometry theorem by dot product methods. Let AB be the diameter of a
circle, and let C be any other point on the circumference. Then 4 AB C is a right triangle, with
right angleat C.
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Prove the following variation of the triangle inequality:

ju - vijuj+ v
You canprovethis variation from the CSI (parallel to the proof of the regular triangle inequality)
or by a one-stepsubstitution into the regular triangle inequality.

Prove: for any vectorsu;v 2 R" that
ju vjojujjvi
Hint : this follows easily from the triangle inequality, but not if you apply the triangle inequality

touandv.
to recapitulate.

Let p bethe projection of u onv.

a) Show that jpj = ju vjTvj.

b) Without using a), show that jpj juj. Hint: Projections werede ned sothat u p has
what property?

c) Prove CSl again.

Using the gure below, provethe Law of Cosinesby traditional methods, asfollows. In triangle
ABC, let D be the foot of the perpendicular from B. Usea and to expressthe lengths of
BD and CD. Now usethis knowledgeto expressthe length of DA. Now usethe Pythagorean
Theorem to expressc?. Simplify.

Here you will do another traditional proof of the Law of Cosines, this time by coordinate
geometry.

We may place 4 AB C with C at the origin and CA along the x-axis as follows:

B (xy)

C A
(0,0) b (b;0)

a) Express(x;y) in terms of a and
b) Usethe distance formula to expressc?> Then simplify.
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Section LA. Lines and Planes

Note . Sewral problems below ask for an equation of a plane. Give a cartesian equation, that is,
something of the form ax + by+ cz= d.

1.

10.

11.

12.

Two airplanes y along straight lines. At time t plane 1 is at (75;50;25) + t(5;10;1) and
plane 2 is at (60; 80;34)+ t(10;5; 1).

a) Do the planescollide?

b) Do their ight paths intersect?

Find an equation of the plane in R® which passesthrough p = (3; 2;1) and has normal
n=(2;5 6).

Find an equation of the plane in R® which cortains p = (1; 5;2) and is parallel to the plane
3X T7y+4z=5.

Find an equation of the plane with normal direction i+ 2j + 3k and passingthrough (2,5,2).

Let P and Q be, respectively, the planesx + 2y 4z = 5and2x y+ 3z = 7. Find the
angle betweenthe planes. You may expressthe angle as an inversetrig quartity. Hint: draw
a picture to connectthis angle to the normal vectors.

Find the angle betweenthe two planesx + y+ z=3and 3x 2y+ z= 4.

Considerthe sphereS (in R?) certered at the origin with radius 3. One point on this sphereis
p=(122).

a) Name outward and inward facing normalsto S at p.

b) Namethe tangent planeto S at p in cartesian form.

A line segmen AB, where A is a point on plane P, is said to be perpendicular to P if it is
perpendicular to every line on the plane through A. A famous hard theorem in Euclid (hard
to prove by the methods available to Euclid) is: If AB is perpendicular to two linesin P, then
it is perpendicular to P.

Prove this theorem easily by dot methods.
Shaw: If x and x° are two points that satisfy

Xy + aXp+ 4 anXp = b;

Convert the line x + 2y = 3 in R? into parametric form. There are many right answers.

Considerthe line given parametrically in R? by x = (1;0)+ t(1;2). Find a cartesian equation
of this line.

Find the distance from point (1,5) to the line in Problem LA{11.
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Givenaplanen x = din R3, \up" is de ned to bein the direction of n and \down" is in the
other direction. (Of course,this choice is relative, since the same plane could be represerted
by ( n) x= d, and then up and down are reversed). More precisely the point p is said to
be above the planen x = d (relativeto n) if the projection on n of any vector from the plane
to the point is a positive multiple of n, and below the plane if this projection is a negative
multiple of n.

a) Determineif (1; 2;1)is above or below the planex + y+ 2z = 0.

b) Determineif (1; 2;1)is above or below the planex + y + 2z = 2.

¢) In general,show that p isaboven x=di n p>d.

Let xo be any point on the planen x = d and let p be a point in space. Let f be the closest
point on the planeto p (f for foot of the perpendicular). Explain why the projection P,(p Xo)
is the vector from f to p, sothat f = p P,(p Xo).

Let P be the planex + y+ 2z = 3in RS.

a) Find the distance from the origin to P

b) Find the closestpoint on P to the origin.

¢) Find the distance from (1,2,3) to P.

d) Find the closestpoint on P to (1,2,3).

Let L bethe line x 2y = 3in R?. Find the distance from (2,3) to L and the closestpoint to
(2,3)onlL.

Find a normal equation (i.e., one of the form ax + by+ cz = d) for

a) the plane (1;2;1)+ s(2;1;1)+ t(1;1;2)

b) the plane containing the points (1; 1;1); ( 4;1;3) and (1;5;1).

c) Is either plane a subspaceof R3?

For this question you will considerthe following lines in R3:

L,:x=(1;0;0)+ t(1; 1;1);
Lo:x=(0;1;,0)+ t(1; 1;1);
Lz3:x=(0;1;, 1+t(1; 1;1);
Ls:x =(2;0;0)+ t(1;2;3);
Ls:x = (1;3;2)+ t(1;2;3):

For eadh of the following pairs of these lines, determine if they i) are the same,ii) intersect
without being the same,iii) are parallel (without beingthe same),or iv) are skew.

a) LpandlL,

b) L;andlLj
c) LiandLy,
d) L;andLs

Evenif you can answer someparts in your head, gure out a systematic matrix method; you'll
needit for Problem LB{15.
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Consider the skew lines (1;0; 0) + s(1; 1;0) and (0; 1;0) + t(0; 1; 1).

a) Show directly that they don't intersect (even though part b will also shaw this).
b) Find the distance betweenthem.

c) Find the points on the two lines that are this distance apart (they are unique).

Find the angle betweenthe line (1;2; 3)+ t(1;0; 1) and
a) Theplanex+ 2y+z=2
b) The plane through (2; 3; 4) with direction vectors (1; 0; 0) and (2; 1; 0).

Supposel askyou for the angle betweena plane and a line, but the line is parallel to the plane,
or on the plane.

a) Will the method you usedfor Problem LA{20 alert you to this?

b) Do LA{20a again, but make the planex + 2y z= 2.

Let *; and ", be two skew lines in R3. Supposep1;p, are points on “1; » respectively sud
that the vectorp; p3 is perpendicular to both lines. Fill in the following proof that p; p2 is
the shortest line segmen betweenthe two lines. (You probably assumedthis fact in answering
Problem 19 above.)

Let the parametric equationsof the linesbe x = p, + sd; and x = p, + td, (we can always
pick the previously noted points p1; p» asthe \base points" of the lines). Call the vectorp; p»
perpendicular to both lines n for short. Let q;; g, be any two points on the line.

a) Explain why g1 g2 = n+r, wherer = sgd; + tod, for somescalarssy; to.

b) Explain why n ? r.

c) Usethe Pythagoreantheoremto provethat jnj jgi (2. This inequality saysthat n is
a shortest segmenm betweenthe skew lines.

d) In fact, if "1; , are skew (not parallel), and fq;;q929 6 fp1;p20, then jnj < jgi1  Q2j;
that is, n is the unique shortest segmem betweenthe lines. Prove this by explaining why,
under thesecircumstances,sqd; + tod, 6 0.

Section LB. R": Lines, Hyp erplanes and Flats

1.

The matrix equation Ax = 0 represetts the intersection of 4 planesin R® and this intersection
is a line. What is the rank of matrix A and what is its nullit y?

Find the anglein R* between

a) Thevectors(1;1;1;1)and (1; 1;1;1).

b) The hyperplanesx y+ 2z w=3andx 3z+2w=4

a) Find the angle betweenthe line t(1; 1; 1) and the positive axesin xyz-space.

b) More generally, in R" nd the anglebetweenthe line t(1;1;:::; 1) and ead of the positive
axes. Doesthe angle get bigger or smaller as n increases?What is the limit asn! 1 ?

Find the anglein R* betweenthe line s(1;2; 3;4) and the hyperplanex 2y+ 2z w= 5.

Generalize the de nitions of \ab ove" and \b elon" in Problem LA{13 to hyperplanesin R".
Then determine whether (1; 2; 3; 4; 5) is above or below the hyperplane x y+2z 2u+3v=4
in RS,
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Consider the hypersphereS in R* certered at the origin with radius P 7. One point on this
sphereisp = (1; 1;2;1).

a) Name outward and inward facing normalsto S at p.

b) Namethe tangent hyperplaneto S at p in cartesianform.

Let B4 be the ball of radius 2 in R*, certered at (1,2,3,4) Find the tangent hyperplane to the
ball at (2,3,4,5).

Find the distancein R* from the point (1,2,3,4) to the line p = t(1;1;1; 1).

Find all vectorsin R* perpendicular to (1;1;0;0), (1;0;2;0) and (0;0;1; 1). How many suc
vectorsare there? How many dimensionsworth of such vectorsare there? How many sud unit
vectors are there?

Supposep; q;r;s are mutually orthogonal nonzerovectorsin R*. Suppose further that L is a
line on the plane through 0 generatedby p;q; and that L% is a line on the plane through 0O
generatedby r;s. Can the angle betweenL and L° be determined? If so,what is it? Explain.

We've really beenusing two di erent de nitions of hyperplanein R"
i. A translation of the spanof n 1 independert vectors,

ii. The set of points x that satisfy n x = d for some xed nonzerovector n 6 0 and some
scalard.

Prove that the two de nitions are equivalert, that is,

a) Anysetfxjn x = dgcanbeexpressedasthe translation of the spanof n 1 independern
vectors.

b) For every setS of vectorswhich is the translation of the spanof n 1 independert vectors,
there exists a nonzeron and a scalard sothat S= fx jn x = dg.

In fact, while n in b) is not unique, all the di erent n dier only by scalar multiples.

SupposeP is an invertible matrix. Let p; be the jth column of P. Let S; be the span of all

the columnsof P exceptp; and let H; be the at which is the translate of S; by p;. That is,

Hi =fpj+vijv2Sag

a) Why is H; a hyperplane?

b) Let p? bethe jth row of P . Explain why p? x = d is a correct normal equation for
H;. What is the value of d?

In R3, it is not possiblefor planesto intersectin just one point. Not soin higher dimensions.
In R3, so-calledperpendicular planesactually have lines, one on ead plane, that make every
possibleangle. Not sofor \real" perpendicular planes.
In R®, consider the xy-plane Py = f(Xy:0,0,0) j x;y 2 Rg and the zw-plane P,, =
f(0;0;z;w;0)j z;w 2 Rg.
a) Show that Py, and P, intersectin exactly one point. (This is easy as is everything in
this deliberately simple example.)
b) Shaw that every vector on P,y is perpendicular to every vector on P,,,. (Remenber, every
vector on either plane can be represerted as a vector from the common point.)
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c) Explain how to generalizethis exampleto every R" for n 4. (That is, nd two planes
in R" which have exactly one point in common and sud that all vectors on one are
perpendicular to all vectors on the other.

The situation in Problem 13 was not particularly unusual; it wasjust easyto seeit there. Let

P = Sparf (1;1;1;0); (0;1;1;1)g. Let P°= P?, the set of all vectors perpendicular to all

vectorsin P.

a) P isaplane,that is, a at with dimension2. Shav that P?is alsoa plane.

b) Show that P and P° have exactly one point in common.

c) Show that every vector on P is perpendicular to every vector on P

d) P and P?have yet another property: every vector v in the starting space(in this caseR?*)
is the sum of a vector in P and a vector in P?, in fact, in a unique way. Show this. Do
this by showing that every v 2 R* is a unique linear combination of the 4 specic basis
vectors of P; P%you got earlier. (use Gaussianelimination!).

Two subspacesf R" with the properties in b{d) are called orthogonal complemen ts. It is

a theorem (not hard to prove with what you know) that for any subspaceU of R", we have

that U and U? are orthogonal complemeris. The subject of orthogonal subspacess taken up

in more detail in Section NA.

For this question you will considerthe following planes (2-dimensional) in R*:

P1:x=(3,0,0,0)+ s( 1,0;1;2)+ t(0; 1;2; 3));
P2:x=(2;357)+s(1;234)+ (1,11 1),
Ps:x=(0;1,23)+ s(1;2;3;4)+ t(1;1;1;1);
Pa:x=(0;1; 1,00+ s(1;0,0,0)+ t(1; 1, 0; 0);
Ps:x=(2,0,0,0)+ s(1;1,1,0)+ t(1; 1,1, 1);
Ps:x=(2;3,57)+ s(1;1;1;,0)+ t(1;1; 1; 1):

For eadh of the following pairs of these planes, determine if they i) are the same,ii) intersect
in a single point (planesin R3 can't do that!), iii) intersectin a line, iv) are parallel (without
being the same), v) are skew, or vi) are semi-slew. (For planes, \semi-skew" meansdon't
intersect and have only one dimension of direction vectorsin common. The same conceptis
called semiparallelin Problem LB{18.

a) P;andP,
b) P, andPs
c) Py andPy
d) P;andPs
e) P, andPg

Below are a point, a line through it, and a plane, all in R*:

p=(14059);
L=p+ k31 26),;
P=( 142 1+k@LL00)+]j;0 21)
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a) Find the distance of p from P.

b) Find the closestpoint to p on P. Shaw that you are right.

¢) Show that L and P intersect. Where?

d) Find the angle betweenL and P

A line is parallel to a plane if the line is parallel to a line on the plane. A line and a plane

are skew if they neither intersect nor are parallel. (In R2, lines can be skew but there is not
enoughroom for a line and a plane to be skew.) Show that

P :(1;0;3;0)+ k(0;0; 1;0) + j (0;0;0; 1) and
L:( 1,0;0;0)+ k(1;1;0;0)

are skew. Find the distance betweenthem.

In RS, if two planesdon't intersect, then they are parallel, i.e., have all their direction vectors
in common. In R*, two planescan fail to intersect and have only one line's worth of direction
vectorsin common, i.e., they are semiparallel . In R®, planescan be skew: not intersect and
have no direction vectorsin common. (Lines can be skew in R3, but planesneedmore room.)

a) Considerthe planes
P1:s(1;0;0;0)+ t(0;1;1,0) and P2:(0;0;0;1)+ u(0;1;0,0)+ v(1;0;1,0):
Show that P;\ P, = ; and that Py; P, have just one dimension of directions in common.
Which directions?

b) Show that any two nonintersecting planesin R* must have at least one dimension of
directions in common.

c) In R5 considerthe planes
P1:5(1,0;0;0;0)+ t(0;1;1,0,0) and P2:(0;0;0;1; 1)+ u(0; 1,0;0;0) + v(0;0;0; 1, 0):

Show that they are skew.
d) What is the distance betweenthe planesin part a). Why?
e) What is the distance betweenthe planesin part c). Why?

If aline intersectsa planein R3, there are lots of pairs of direction vectorsthrough the point of
intersection, oneon the line, oneon the plane, betweenwhich we could measurethe angle. Show
that the way we have de ned the angle betweenthe line and the plane givesus the smallest of
all theseangles.

Considerthe following planesin R*, Q:s(1; 0; 0; 0)+ t(0; 1; 0; 0) and Q,: u(1; 0; 1; 0)+ v(1; 0; 0; 1).
a) Theseplaneshave just one point in common. Shaw this. (Of course,this situation can't
happen to planesin R3.)

b) (Hard) De ne the angle betweenQ; and Q, to be the smallest angle between direction
vectors, one on ead plane, through the point of intersection. Find the angle.
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21. LetAbem n,letbbem 1,andletS bethe solution setto Ax = b. Geometrically, S is the
intersection of m hyperplanesin R". (If a; is the ith row of A, then the solutionsto a;x = b
form the ith of thesehyperplanes.) Shaw that intersecting S with one more hyperplane results
in a set S° of dimension at most 1 less, unlessS° is empty. In particular, it follows that the
dimension of S itself is at leastn m, unlessS is empty. Note: sinceS is a translation of Np
(if it is nonempty), its dimensionis de ned to be dim(N,).

Section M. Inner Pro ducts

An inner product on a vector spaceV (with real scalars)is any function V.V I R with the
properties below. The function is traditionally written hu;vi, that is, the value of the function for
the ordered pair of vectorsu; v is a real number denotedashu; vi.
Foralu;v2Vv,

1) hu;vi = hv;ui

2) hku;vi = hu; kvi = khu;vi i.e., scalarspassthrough

3) hu;v+ vy = hu;vi + hu; v

4) hu;ui 0 and (hu;ui=0 =) u=D0).
As usHal, two vectors are said to be perp endicular if hu;vi = 0, and the length juj of u is de ned

to be  hu;ui. Especially in nonintuitiv e situations, another word for perpendicular is orthogonal ,
another word for length is norm , and another symbol for the length of u is jjujj.

1. Let F be the vector spaceof contin uous real-valued functions de ned on the interval [0; 2 ].
a) Verify that
z 2
H;gi = f (x)g(x) dx
0

is an inner product on F.

b) Find jfj wheref (x) = sinx.

¢) Find afunction g(x) that is perpendicular to f (x) = sinx with this inner product. (Guess
and chedk. But don't make a wild guess. The integral of f (x)g(x) hasto be 0, so what
doesthat say about the signedarea of the individual curves?)

2. If welet V be the vector spaceof cortin uousreal functions, and de ne
142
H;gi= = f (x)g(x) dx;
0

then the set f sinx; cosxg is orthonormal. (Actually , someyearswe have taken the bounds to
be and , but for no good reason[0;2 ] is more common. Do you seethat for thesetwo
functions, the inner product will be the samewith either set of bounds?)

Assuming these assertions, determine quickly jj sinx + cosxjj (where jj is usedto indicate
inner-product length for functions sincejf (x)j already has another meaning).

S. Maurer Main 28P Problem Set, Fall 2005



page 63 SectionM, Inner Products

Considerthe in nite set of functions
fsinnx; cosmx j n; m nonnegative integergy

Verify that, with the inner product in Problem 2 this big set is orthornomal. You can try
Mathematica, or the CAS ona TI-89 if you have one. You canlook up the method for integrating
this products, or gure out the integrals by hand (a bit of a challenge). If Mathematica balks
at n and m being unspeci ed, limit n;m to f1; 2g and ched 10 integrals to determine that the
set of 4 functions you get is orthonormal.

Let V = R2, let A =

a) Verify that the matrix product hu;vi = uT Av is an inner product.
b) Find a vector perpendicular (under this inner product) to (1;0).

c) What is the length (under this inner product) of (1;0)? What is the length of the perpen-
dicular vector you found in b)?

Ched that the following thing§, really do hold in any inner product space. We may have used
the particular formulau v =  ujv; in our previous proofs, but now we know that not every
inner product is of this form. Therefore, we now needto ched that these claims follow using
only the axioms and de nitions of inner product spaces.

a) The Pythaogrean theorem and its corverse:hu;vi =0 () juj?+ jvj? = ju+vj2.
b) The Caudhy Schwarz Inequality: jhu;vij  jujjvj.

c) The angle betweentwo vectors can always be de ned by arc cosine,because

d) The standard properties of norms:
1) jkuj = jKkjjuj
2) juj Oand(juj=0 () u=0)

3) ju+vj juj+ jvj.
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Section N. Orthogonalit y: Vectors and Matrices

Note . The rst sewral problemshereaskyou to prove the main theoretical results about orthogonal
vectors. If you did that in class,you can skip to the concrete example problems starting at Problem

5.
1.

Shaow that 0 is orthogonal to any other vector in R". (Thus, if we hope that an orthogonal set
of vectorsis a basis, we better make sureto excludeO in de ning what can be in the set.)

Prove: Any set of nonzeroorthogonal vectorsis independen.

, . T
If a vectorv is a linear combination ciu; of a nonzeroorthogonal set of vectorsfuq;us;:::;
ung, there is a special, simple formula for the coe cien ts. Namely, ¢ = v u;5ju;j?.

a) Provethis

relativeto B. The standard way is to row reduce[B j u]; this takes n3=3 steps.

a) If B is orthogonal, there is another way to nd the coordinates. How many stepsdoesit
take?

b) If B is orthonormal, the special method is even simpler. How many steps doesit take
now?

c) Yet another general method, instead of reducing [B j u], is to compute B u. While
this product is e cien t to compute, in generalwe still haveto nd B ! and this usually
requires GE, an even longer GE than for [B j u]. Well, how well doesthis method work
when B is orthonormal?

Let S be a set of three vectors,u; = (1;1;1),u, = (1;2; 3),uz = (5; 4, 1).
a) Show that S is orthogonal
b) Quickly nd the coordinates of (1;5; 7)relativeto S.

Considerthe vectors (1; 2;2)=3,(2;1; 2)=3and (2; 2;1)=3.
a) Show that thesevectors are orthonormal.

b) Express(1,2,3) asa linear combination of these vectors. Find the coe cien ts by an easy
method.

Let the columnsof A beu; = (1;1;1),u, = (1;2; 3),usz= (5 4 1).
a) Show that the columns are orthogonal (i.e., perpendicular).

b) Is A an orthogonal matrix?

c) Are the rows of A orthogonal?

Modify the columnsof matrix A of Problem N{7 slightly sothat A is orthogonal. Are the rows
now orthogonal too?

Many orthogonal matrices are symmetric, in which casethe rows are the sameset of orthonormal
vectorsasthe columns. This problem exploresthe extent to which the row setcanbe adi erent
orthogonal set than the column set.
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a) Provethat for a2 2 orthogonal matrix Q, the set of rows can be di erent from the set
of columns, but only by the placemen of minus signs. That is, if we strip out all minus
signsfrom Q, then the rows and columns are the same.

b) Oncewegoto n n orthogonal matrices with n > 2, the situation freesup.

i) Ched that
2 3
1 2 10 11
O_ —
Q= 15 14 5 2%
5 10 10

is orthogonal. How would you describe the relationship betweenthe row vectors and
the column vectors?

i) Ched that
2 3
10 55 50
Q= %ﬁ 41 38 508
62 34 25

is orthogonal. Notice no row sharesmore than one numerical value with any column.

By the way, | hope you are wondering how one nds matrices like Q% You can't just put down
any old integersand hope to have the sums of squaresfor all rows and columns come out the
same, not to mertion the perpendicularity conditions! (Of course, the ertries in orthogonal
matrices do not have to be rational, but rational values make for intriguing examples.)

Let Q be an orthogonal matrix. Prove that, for any vectorsx and y:
a) Qx Qy=x y,and
b) The angle betweenx andy = the angle betweenQx and Qy.

Note: This problem provesthat lengths and anglesare invariant under changein basis, solong
asyou changeto an orthonormal basis.

Section NA. Orthogonal Spaces

1.

Let S=f(1;2;3; 1;2); (2;4;7;2; 1)g. Explain how you can guessthe dimensionof S?. Now
nd S? and ched that you are correct.

For P and P°= P? of Problem LB{14, nd a basisof P%= (P%? (called P-perp-perp and
written P?? ). Verify that the generating set of P given in LB{14 is cortained in P% Why
doesit follow by a \dimension argument" that P = P%®

Explain why for any setS R", wehaveS S?? . (Just ched that every u 2 S satis es the
de nition to bein S7 .

Forany S R" we proved that S? is a vector space.When S is a nite set, this new theorem
is actually a special caseof one of our matrix spacetheorems. Which one, and how?
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Prove: for any set S in any vector spacewith a dot product, S? = S??? . (In fact, the proof
of this doesn't use anything specic to vector spacetheory or to perpendicularity. The same
proof works for any symmetric relationship, that is, any property pairs of objects might have,
call it ./, such that whenewr u ./ vthenv./ u.)

Correct the following sertence: Vectors u; v are orthogonal complemerts if uTv = 0.

Let S = f(X1;X2;X3;X4) j X1+ X2+ X3+ X4 = 0gand let T = Sparf (3;2;1;0)g. Find a basis
for S\ T?.

Find the intersection of

Span (1;1;0;0); (0;1; 1;0); (1;0; 1;1) and Span (0;0;1;1); (2,140, 1); (1;1;1;1) :
This can be solved without orthogonality, but it is harder.

Considerthe hyerplanes

Hi1= Span (1;1;0;0); (0;1,1,0)(0;0; 1;1) ;
Hz = Span (1;1;1,0); (0;1;,1,1) (1,0, 1,1)

a) Find Hy\ H, using implicit represenations.
b) Find Hy\ H, using parametric represetations throughout.

We have proved, by two separateand lengthy proofs, that rref is canonicalfor null spaceand row
space. \F or null space"meansthat any two matrices with the samenull space(homogeneous
solutions) have the samerref up to 0 rows; this was proved in a handout. The proof for row
spacewas in Problem JC{12.

Now show that only one long proof was necessaryby proving quickly (or realizing that we
have already proved) that two matrices have the samerow spacei they have the samenull
space.(The tric kier part is the if-part.)

Section NB. Implicit and Parametric Form

1 2 3 4
2 3 45

Let A =

a) Find Ra in parametric form.
b) Find N, in parametric form.
c) Find R, in implicit form.
d) Find N, in implicit form.
Let V = Sparf (1;0;1;0); (1;1;2;2)g. Find an implicit represeration of V and explain why
this represertation expresses/ as an intersection of hyperplanes.
2 2

1
Let W be the row spaceof . Find
1 010

a) animplicit represenation of W
b) amatrix B sothat W is the null spaceof B
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c) cartesian equationsfor W

Note: this question doesn't really have three parts; why not?

23

¥

1

2
LetD=§

P NN P

a) Find G in parametric form.

b) Find G in implicit form.

Prove that every subspaceof R" that can be represerted parametrically asthe row spaceof a
matrix A can also be represerted implicitly asthe null spaceof a matrix B.

2 3
1100
Let A be asin Problem NB{1 and setC = 2 1010 Z
1 00 2
a) Find aimplicit form for Rao\ Rc.
b) Find an parametric form for Ro \ R¢.
2 3
110 O
Let A be asin Problem NB{1 and setB = 2 101 O Z With the sum of vector spaces
100 1

de ned asin I{11, nd
a) a parametric form for R + Rp.

b) animplicit form for R + Rg.

Let U;V be subspacesf R".
a) Find and prove a formula for (U + V)? in terms of U? and V?.
b) Find and prove a formula for (U\ V)? in terms of U? and V~.

c) Find and prove a formula for (U[ V)? in terms of U? and V?. Note: U[ V is not a
vector space,but you don't have to be a spaceto have a perp. You just have to be a set
of vectors.
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Section O. Complex Inner Pro duct Spaces

P . . .
C" asan inner product space. Wecoulddene z w = zw;, just asin R", and all the properties

lik e distributivit y and commutativit y would go through ne. But there would be one glaring prob-
lem: z z would not always be a nonnegative real number, and thus could not be the square of a
norm (represeri length). The connection betweendot products and, for instance, the Pythagorean
Theorem, would completely break down.

The x beginsby noting that for z 2 C, jzj2 = zz. Therefore, we de ne the inner product in C"
as

X
he; wi = ZiW;:
i=1
We also de ne the norm jzj of z2 C" by
. .2 X] X] . .2
12)° = iz = 1zi)™:
i=1 i=1

Finally, we cortinue to say that z;w are orthogonali he;wi = 0.
1. Determine which of the axioms of an inner product from Section M still hold. For those that
don't hold, what modi cation doeshold? b
Note: In somebooks hz;wi is de ned as  zw;, that is, the conjugation is on the second
argumert. In sud books the results of this problem are slightly di erent.

2. Determine the statemert of, and prove, the Pythagorean Theorem and its conversein C". Be
careful! The \righ t* theorem may not be what you think.

3. As usual, the pro jection of z on w is that vector kw (with k 2 C) such that w and z kw
are orthogonal. Find the formula for Proj,, z.

4. UseProblem 3 to prove CSlin C". But be careful. Not every way to state CSlin R" is correct
in C". Why not?

5. Canyou comeup with a de nition of angle betweenvectorsfor complexinner product spaces?
The de nition in real inner product spacesdoesn't immediately work —why not? This question
is admittedly open-ended,but that's how it really is when mathematicians are trying to extend
de nitions and theories to more general contexts.

Section OA. Unitary Matrices
To be Written!

Section OB. Dual and Double Dual Spaces, Real and Complex
To be Written!
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Section P. Pro jections and Gauss' Normal Equations

1. We have comeup againstthe problem of projecting a vector on a at; sofar we only know how
to project on a line. To discover the right theorem, do someexperimerting. One would hope
to project on a at by reducing to the previous case: projecting on somelinesin the at. For
instance, maybe you can project on a basisof the at (if it is a subspace)and sum the results.

Speci cally, let u = (1;2; 3) and let the at be the xy-plane. In this special case,you already
know what the projection vector should be. You should always start with an example where
you already know the answer.

a) What should the projection vector be? Draw a picture to show why.

b) Onebasisof the xy-planeis f (1; 0; 0); (0; 1; 0)g. Project u separatelyon thesebasisvectors
(using our formula for projection on vectors). How do your answers relate to the answer
in a)?

¢) Another basis of the xy-planeis f(1;1;0); (1; 1;0)g. Project u on these basis vectors.
Do the results relate to the answer to a) in the sameway?

d) A third basisof the xy-planeis f(1;0;0); (1;1;0)g. Project u on thesebasis vectors. Do
the results relate to the answer to a) in the sameway?

e) Any conjectures?

2. Find the projection of (1;1;1; 1) on the spanof (1;1;1;0) and (1; 1;0;1),
a) Usingthe fact that (1;1;1;0)? (1, 1;0;1);
b) Using the generalformula (Gauss' normal equations).

3. Wedesireto nd the projection of (3;2;1) on the plane5x 4y z= 0.

a) Verify that (1;1;1) and (1;2; 3) are perpendicular vectors on that plane. Usethis infor-
mation to nd the desired projection using the theorem about decomposing a projection
into projections onto orthogonal vectors.

b) Find the projection using the generalformula A(ATA) *ATp.

c) Of course,somelpdy had to do somework to nd those perpendicular vectors. Think of
at least one other way, not using those vectors, to nd the projection. Try to think of
methods that are not much work for you.

4. Let P = Sparf(1;1;0); (1; 2; 2)g. Use Gauss'normal equationsto nd
a) the matrix M such that M x is the projection of x on P for any x in R3.
b) the projection of (1,1,1) on P
Despite the simple numbers, this is a bit tedious without a calculator or computer.

5. Letv=(1;3,57)andlet W = Sparf (1; 1;1;1); (1;2;3;2)g. Find the projection of v onto W
a) using Gauss'normal equations
b) by rst using GSto get an orthogonal basisfor W.

Note: Method b) is more work if you only want to project one vector, but the better method
if you expect to project on W many times, and when roundo error is takeninto accourt.
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We now prove the theorem you may have conjectured in Problem 1. The projection on a
subspaceis the sum of the projections on an orthogonal basis of that subspace. Let v be

any vector in R". Let ug;up;:::;ux be mutually perpendicular (orthogonal) in R" and let
U = Sparfuq;uy;:::;uxg. Let vi be the projection of v on uj, that is,
v = vV Uj u;
ST

Finally, de ne

Prove by direct ched that v p is perpendicular to U. (We show in Problem 7 that there is
only onevector p 2 U such that v p is perpendicular to U, sop must be the samevector we
have called the projection on U elsewhere.)

a) Prove: If p isthe projection of b onto the subspaceU, then jb pj is the shortest distance
betweenb and U. That is, if g is any other point on U, thenjb qgj > jb pj. In short,
just asin high school Euclidean geometry, the foot of the perpendicular is the closestpoint.

Hint: Provejb qj?> jb pj? using the Pythagorean Theorem (which we have proved
in R™). Also, recall that the de nition of p is that it isavectorin U suchthat b p ? U.

b) Usepart a) to provethat projections are unique. That is, prove: givenany b and U, there
cannot be two distinct p;p®2 U sudh that bothb p? Uandb p°? U.

Prove: if Aisann k matrix with independert columns,then AT A is invertible.
Hint: It is sucient to prove that (ATA)x = 0 =) x = 0 (Why? This harks back

to various theorems about inversesusing GE.) So, assume(ATA)x = 0, then uglify to get
xTATAx = xT0 = 0. What can you now conclude about Ax ? Sowhat?

Let V be a subspaceof R". SupposeAnn projects orthogonally from R" to V using one basisof
V and Bob projects orthogonally using another basis. Recall that a formula for the projection
of X isW(WTW) *WTx, where W is the matrix with your basisasthe columns.

a) Will Ann and Bob necessarilyget the sameprojection function? The issueis: while they
are both using the sameformula W(WTW) W Tx, they have di erent matrices W.

b) Proveyour claim in part a) by algebra.

Let A be the matrix in the general formula for the projection of a vector b on a subspace:
p = A(ATA) 'ATb. SupposeA is invertible. What doesthe formula simplify to? Explain
why the answer is reasonableeven without the formula.

If the columnsof A are independert and spanR", then the projection on the columns spaceof
A should just be the identit y function. Prove this algebraically, that is, prove by algebra that

A(ATA) AT = |

Hint: A is now invertible. Why? Sowhat?
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Prove: if the columnsof A are orthogonal, then A(ATA) AT b reducesto the formula we came
up with earlier for projection onto the span of an orthogonal set (namely, sum the projections
onto the individual vectorsin the set).

another basis, a generalmethod and a special method.

General method: If we want to nd the coordinates of our u relative to some basis B, let
matrix M have asits columns our represenation of the vectorsin B. Then ug, the vector
of coordinates of u relativeto B, is the solution x to M x = u.

Special, alternativ e method: if B happensto be orthonormal, we can usea completely di erent
and easiermethod: just dot u against ead basisvector in turn to getsthe coordinates.

Fact: in light of one of the theorems about orthogonal matrices, the Special Method is not a
completely di erent method at all. It is just a special caseof the generalmethod. Explain.

Section PA. Statistics and Least Squares

1.

Someyears| start the discussionof least squaresbest t by asking what you should answer if
someonetells you they really want a solution to the system

2X =6
3x=5

a) Well, if someonereally wants a solution, what is it?

b) Just for kicks, nd x by calculus. That is, nd x that minimizesf (x) = (6 2x)?+(5 3x)2.
No multiv ariate calculusis neededbecausethere is no constart term for which the constart
hasto be determined.

Use the normal equationsto nd the best tting line to the three points (1,1), (2,3), (3,4).
When you are done, you might ched your answer against a plot, or against what your graphics
calculator tells you is the best line (most calculators have this as a built-in function).

Repeat Problem 2, but weight the rst point (1,1) by a factor of 5. That is, 5(y; (mx1+h))
should go into the least squarescalculation (or rather, the matrix equivalent) instead of y;

m
(mx1+b). Showv the matrix equation A b = y you want to \solve", but only solveit if you

have a calculator or computer to help.

Find the best tting line through the three data points (1; 1), (2,0), (3,4).
a) rst getting the line in the formy = mx + b

b) thengettingit intheformy y= m(x x)+d. (barsin the senseof means). That is, geta
new matrix A for the reviseddata points (X1 X;y1 Vy); (X2 X;y2 Vy);::: You'll discover
that the columns are orthogonal, the projection calculations are easier,and the formula
for m and d look di erent. Howewver, m by both methods hasgot to be the same| why?
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5. You have a bunch of data on three variables x; y;z and you want to t a linear model z =
ax + by+ cto the data. Find the least squaresbest t if the data points are

LL1); (1523); (2:14); (222):
That is, nd the best constarts a;b;c. Actually, just setup the equation Aa = z that you want
to solve. Solveit for a = (a;b;c) only if you have a calculator or computer.
6. Youwant the best tting quadratic y = ax?+ bx+ cto the (x; y) data points
(0:0); (1;1); (23); (5;10):

That is, nd the best constarts a;b;c. Actually, just setup the equation Aa = z that you want
to solve. Solveit for a = (a;b;c) only if you have a calculator or computer.

7. In atraditional dewvelopmert of the least squaresbest t formulas, one starts with a set of data
points and predicts that there should be a linear function y = mx + bthat ts them pretty well.
For eath data x-value x;, the actual y-value is calledy; and the predicted value that comesout
of the function is callegy;. That is, § = mx; + b. The quantity y; ¥ is called the error. One
picks m; bthat make . (yi  $)? minimum. The right m and b are often found by calculus.
(Why squares? So that large errors with opposite signsdon't cancelout and make you think
you have a small error. Why not ,jy;  ¥j as another way to avoid cancelation? Because
absolute valuesare much harder to do algebrawith than squares.)

Explain why our projection approac will get the spmeanswver. That is, explain why nding
m; b as coe cien t of the projection vector minimizes . (yi  ¥)2.

Section PB. The Gram-Sc hmidt Algorithm

1. Letu;=(1;0;0), u=(1;1;,0), uz= (1;1;1).

a) Use Gram-Scmidt on u;uj;us to nd an orthogonal basis of R3. (You can probably
guesswhat the basiswill be; why?)

b) UseGram-Schmidt on us; u;us, in that order, to nd an orthogonal basis of R2.
2. UseGram-Schmidt to nd an orthonormal basisfor the Span of
vi=(LL51); ve=(1124); vs= (12 4 3)
(If you are doing this by hand, it will be easierto use a GS variant that doesnot normalize

until the end.)

E ciency of the Gram-Schmidtalgorithm. Below are two versionsof the Gram-Schmidt algorithm.
The rst is good for hand computation. (Of course,almost nobody doeshand computations anymore,
exceptwhen rst learning an algorithm.) The secondincludesa number of improvemerts that reduce
the number of computations and work well for machine computation. Instructions for how to count
the amount of work follow the algorithms.
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Algorithm  GS-1
Input Vviq;::i:; Vg
Output orthonormal vectorsfw;g with samespan
for i=1to k
Wi Vi
forj=1t0i 1

Wi Wi

next j
next i
for i=1to k
Wi WiTwjj [this versionworks only if all jw;j & 0]
next i
End algorithm

Algorithm  GS-2
Input Vviq;:::; Vg
Output orthonormal vectorsfv;g (the printed vectors)
for i=1to k
forj=1t0oi 1
& Vi (Vi V)V
next j
if vi 6 0 then
Vi o Vigvij
prin t v;
endif
next i
End algorithm

Note: In Algorithm 1, the point of copying v; to w; and changing only the w's was so that, in the
rst commerted line, one could keepsubtracting o projections of the original v;. In Algorithm 2,
for eadh i, we keepsubtracting o projections of di er ent valuesof v;.

In what follows, assumethat all vectors are in R". Assumethat the only activities that take
time are squareroots, multiplications, and divisions of real numbers. Assumeead multiplication or
division of realstakes1 unit of work, and that ead squareroot takess units. (Speci cally, we are
assumingthat additions and subtractions take 0 time.) Thus,to nd the length of a vector takes
n + s units of work.

For eadh question it is sucient to nd the highest power term. In most of the problems below
there are two variables, n and k. \Highest power term" meansany and all terms in which the sum
of the exponerts of n and k is maximum. Thus, the highest power term of 2n2k + 3nk? + nk + Sn
is 2n2k + 3nk?2.
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How many stepsdoes GS-1 require? You needonly answer this when the algorithm works.
Explain why GS-1 will work if all the v's are independernt.

How much work does GS-2 require? You may assumethat the input vectors are independert
sothat the normalization line is never skipped.

Run both algorithms on the set

Vi =(2;0,0,0); vz2=(1;1,10); vz=(1234):

Describe the di erences betweenGS-1 and GS-2. Give a brief, informal argumert that, given
the sameinput, they ead produce the sameoutput. (A careful argumert involvesa double
induction and a fair amount of algebra.)

Let A be the matrix with the initial v's asits columns. Let Q have the nal orthonormal

vectors asits columns. Then Gram-Schmidt amourts to a factorization A = QR, whereR is a

squareuppertriangular matrix.

a) Explain why.

b) Write an extension of GS-2 (in your favorite computer language or pseudaode) which
producesQ and R.

The problems above only scratch the surfacefor e ciency issuesfor Gram-Schmidt. There are

also additional e ciency issuesfor the broader problem of doing projections; recall that our

main usefor Gram-Schmidt has beento provide baseswhich make it easyto project on ats.

Seeme for additional information and problems.
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Section Q. Linear Transformations: Basic Theory and Examples

Notation: L(U;V) denotesthe collection of all linear transformations from vector spaceU (the
domain) to vector spaceV (the codomain or image space). For use below, recall that the axioms a
function T must satisfy in order to be a linear transformation are:

(1) T(u+v)=T(u)+ T(v)
) T(ku) = kKT (u);

1. SupposeT 2 L(U;V). Using only the axioms for vector spacesand the de nition of linear
transformation, prove that

a) T0)=0 b) T( u)= T(u)
2. Prove:forany LT, T(u v)=T(u) T(v).

3. SupposeT is an LT from R® to R?. Supposefurther that
8.9 8.9 8 _9
1 3 2
Ten=22: T(e)=2"2,; T(eg)=2 3.
(e1) > (e2) 4 (e3) I
What is T(v), whenv = (1;2;3)T ?

4. From the axioms for a function to be a linear transformation it follows that, if T is a linear
transformation, then

X X
T Gu; = GT(uj):

This is pretty obvious, and you are welcometo useit henceforth, but a careful proof actually
takes some work, since the axioms only addressthe sum of two vectors. A full proof is by
induction (take Math 9). Here just show that the axiomsimply

Tu+v+w)=T(u)+ T(v)+ T(w):
Hint: Write u+ v + w asu + (v+w).

5. Considerthe function f : R" ! R™ dened by f (x) = Ax + b, where A is some xed m n
matrix andb 2 R™. Provethat [f is alinear transformation] () b = 0.

6. For any vector spaceV, the mapping V! V dened by f (v) = kv is called a dilation by a
factor of k. For instance, if V = R? and k = 3, then f stretches every vector starting at the
origin in the plane by a factor of 3.

Prove: a dilation is a linear transformation.

7. Let M ., be the vector spaceof m n matrices. Let A be some xed n p matrix. For
M2Mnqnn,denef by f(M)= MA. Show that f is a linear transformation.

8. LetM ., bethe vectorspaceofn n matrices. Let A besome xed invertible n n matrix. For
M2Mp,,dene gbyg(M)=A MA. Proveor disprovethat g is a linear transformation.

9. Shaw that T(x) = x? is not a linear transformation of R* to R®.
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Let R* be the vector spaceof Problem H{14. Show that T([x]) = [x?] is a linear transformation
from R* to R™ !

For sequencesa,g 2 R! , de ne the dierence operator : R* I R! by
fa,g= fb,g;, where b, = ay+1 an:

That is, ead term in the output sequence fa,g is the di erence of consecutiwe terms of the
input sequence.For instance, if

fa,g= 1;4;9;16;,25,36;:::;
then
fa,g= 3;5;7,9,1L::::
Prove: is a linear transformation.

Note: isthe discreteanalogof the derivative operator D in calculus. Just asD is an linear
transformation, sois . Just asthere is a product rule for D, sois there onefor . And soon.

Let F be the spaceof real functions. Dene L : F ! F asfollows: For every function f, we
get the function L(f) by the rule

L(f) (x) = x3f (x):

For instance, if f is the cubing function (y = x2), then L(f) isthe fth-p ower function (y = x5).
If f(x) = €, then L(f) is the function y = x2€*.
Prove that L is a linear transformation.

Let D, be the vector spaceof n-times di eren tiable real functions. For f 2 Dy, de ne T4(f)
to be the nth-degree Taylor polynomial for f certered around x = a. Provethat T, is a linear
transformation.

For any function f, let p= T(f) be the unique polynomial of degree 2 sud that
p(0) = £(0); p(1)=1(1); p@)=1f(2):

For instance, if f (x) = sin( x=2), then p(x) = 1 (x 1)>= x?+ 2x, and if g(x) = x5, then
(T(@)(x) = 3x2 2x. T(f) is called an interp olating polynomial of f through x = 0;1;2.
Interpolate meansto agreeat certain valuesand Il in between.

Provethat T is a linear transformation.
Show: a function L from vector spaceU to a vector spaceW is a linear transformation i
forallu;v2 U andall k2 R, L(ku+v) = KL(u)+ L(v): ()
That is, just one condition is neededinstead of the original two.

Prove:if T:U! VandS:V ! W arelinear transformations, then sois their composition
ST :U! W. Recall that the composition of functions S and T in that order is the function
de ned by (ST)(u) = S(T(u)).

If S;T are linear transformations, why isn't ST a quadratic? After all, in high school aglebra,
the product of two linear factors is a quadratic.
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Section QA. Matrix Represen tations of Linear Transformations

1.

10.

For a linear transformation T from R" to R™, the standard matrix A is de ned columnwise
asfollows: for j = 1;2;:::;n, columnj of A is the vector T(ej). With this de nition, prove

8x 2 R"; T(x)= Ax:
This fact is the basic connectionbetweenthe linear transformation world and the matrix world.
What is the (standard) matrix represenation of the linear transformation in Problem Q{3?
If T:R"! R™isdened by T(x) = Ax, what is the matrix represenation of T? (easy!).

Suppose A is an invertible matrix. De ne a function T by the rule that, for every vector b,
T (b) is the unique vector x such that Ax = b. It is a fact (don't stop to proveit) that this T
is a linear transformation.

2 3
1 1 1
If A isﬁ 0 1 1 Z nd the matrix of T.
0 01

What is the matrix represenation of re ection of R? in the xy-plane?

Find the matrix of the projection of
a) R? onto the xy-plane sitting in R® (easy!).
b) RS onto the subspaceof solutions (x;y;z) to x + 2y z= 0.

Rotation around the origin is a linear transformation. Find the matrix represenation of the
counterclockwise rotation of R? around the origin by angle .

Let T(f) bethe antiderivative of f that equalsO when x = 0. For instance, T(x?) = x3=3. Let
Pn be the vector spaceof polynomials of degreeat most n. Find the matrix of T when it is
restricted to functions from P, to P3;. Usethe standard basesfor P, and Pj.

A linear functional is alinear transformation whoseimage spaceis R; in otherwords, a linear
transformation T:U ! R*. For now, assumethat U = R" for somen. Prove: For any linear
functional T, there exists a constart vector c 2 R" suc that T(x) = ¢ x.

Let F = feX;xe*;x?e*gand let F = Span(F). It happensthat the functions in F are indepen-
dent, and sothey are a basisof F. Also note that di eren tiation mapsF into F.

a) Find the matrix of di erentiation relativeto the basisF.

b) Useyour answer to a) to nd all functions f 2 F which satisfy f q(x) = x2e*. (So this
problem shaws that integration by parts can be done by linear algebra!)

c) Find the matrix of double di eren tiation (f % relativeto F.
d) Usingc), nd all f 2 F which satisfy f 9{x) = x2eX.
e) Solvef%x) = x2€* by calculus.
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Consider the following basis of R2:
up = (1;2,3); ux=(2;3;1); us=(1; 21):
Consider the linear transformation T:R3! R* de ned by
T(ui) = (L;521); T(uz) = (1,0, 1;1); T(ug) = (2,10, 1)

Find the matrix of T in the standard bases.(There are more and lesse cien t ways to do this.)

Section QB. Linear Transformations and Geometry

1.

By a line in vector spaceU we meanthe set of points fp + td jt 2 Rg U, wherep;d are
arbitrary but xed. Let T be any linear transformation from U to V. Prove: the image under
T of aline is a line or a point.

Prove: Linear transformations map ats to ats. The image of a k- at (that is, a translation
of a k-dimensional subspace)is a j - at, wherej k.

Let R be the counterclockwise rotation of R? around the origin by angle . Clearly, the
compositon R R = R , . State the matrix identit y version of this fact. Now multiply out
the matrix product and compare the two sideserntry by entry. What famous theorems have
you proved?

Find the matrix represenation of the re ection of R? in the 30 line through the origin (that
is, the line that makesa 30 counterclockwise angle from the positive x-axis).

Let R be the re ection of R? in the line y = 3x.
a) Find the matrix of R.

b) What is the re ection of the line s(1;2)?

c) What is the re ection of the liney =4 x?

Let R be the re ection of R® in the plane x + 2y + 2z = 0. Let P be the projection onto this
plane.

a) Find the matrix Mg of R. Compute M 2. Why is the result not surprising?

b) What is the re ection of the line (1; 1;1)+ t(1;0;0)?

c) What is the re ection of the plane (1;2;3) x = 0?

d) What is the matrix Mp of P? Verify that M3 = Mp. Why is this not surprising?

Let T be the re ection of R3 in the line 0+ s(1; 2;2).
a) What is the matrix of T?
b) What is the image of (1,2,3)?

Find the matrix of the re ection of R* in the hyperplanex+y z+ w= 0.

Find the matrices of the following rotations in R3. When | say a rotation of around an axis,
I mean a counterclockwise rotation as you look at the origin from the point | name on the
axis. For instance, 90 around (0,0,1) meansthat the axis of rotation sticks up from the origin
towards (0,0,1), and you rotate around that axis 90 counterclockwise when looking down at
the xy-plane from above, that is, from the point (0,0,1).
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a) 180 around the axis (1,1,0)
b) 90 around the axis (1,1,0)
c) 180 around the axis (1,1,1)
d) 90 around the axis (1,1,1)
A linear transformation T from R" to R" is said to be orthogonal if it presenesanglesand
lengths, e.g.,jT(x)j = jxj for all x 2 R". Note: This de nition doesn't override the previous

de nitions of orthogonal (for vectors, then for matrices) becauseit is for a di erent object —
transformations.

Prove: If T is orthogonal, then its standard matrix [T] is orthogonal.

In other words, badk in N{10 we showvedthat if a matrix is orthogonal, the linear transforma-
tion it represerts presenesanglesand lengths. (We didn't state it this way becausewe hadn't
intro ducedlinear transformations yet; but corvince yourselfthat this is what we showved.) Now
you are proving the corverse.

Strengthen Problem 10: Provethat if T 2 L(R"; R") preseneslengths, its matrix is orthogonal.

Strengthen Problem 10 even further: provethat if a function f from R" to R" (no presumption

that f isan LT) preseneslengths, and f (0) = 0, then f is an LT and is thus orthogonal.
Caution: This is not really a proof in linear algebra, sinceyou don't know that f is an LT.

You'll have to make creative use of facts you know from geometry.

Is it possibleto have an orthogonal linear transformation from R" to R™ wherem 6 n?
Considertwo cases.

You wish to scaleby a factor of k, along the x%axis, and by a factor of k, along the y%axis,
wherethe (x% y9 axis systemis gotten by rotating the usualxy-axesby angle counterclockwise
around the origin. This scalingis a linear transformation T. Find the matrix of T.

Procedure: Don't try to nd T(e;) and T(e,) directly. Rather, reasonasfollows: First rotate
R? by degrees. Then scaleby ky along the ordinary x-axis and by ky along the ordinary
y-axis. Then rotate the result by + .

Claim: this approadc is equivalent to a change-of-basisapproach. First change from xy-
coordinates to x%° coordinates, then expressthe scaling relative to the new coordinates, than
translate badk to xy-coordinates. If we have studied change-of-basistheoremsfor transforma-
tions this year, can you justify this claim?

Leta x = b anda® x = b°be hyperplanesH; and H, in R".
a) Find the equation of the hyperplane H3 suc that H is the re ection of Hy in Hs.
b) Find the equation of the hyperplane H,4 such that H, is the re ection of H; in Hs.

¢) Find the normalto H;\ H; in H,. You'll haveto describe rst what this question means.
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Section QC. Linear Transformations: More Theory and Examples

SupposeT:R" ! R™ and the matrix of T is A.

a) Describe the kernel and cokernel of T in terms of \ A-concepts” (e.g., the row-spaceof A
is an A-concept).

b) What condition on rref(A) is equivalent to T being an onto function? Explain.

c) What condition on rref(A) is equivalent to T being 1-to-1? Explain.

d) What condition on rref(A) is equivalent to T being 1-to-1 and onto?

A function is 1{to{f1 ifx 6 y=) f(x) 6 f(y) (equivalertly, f (x) = f (y) only if x = y). Prove:

alinear transformation T is 1{to{1 if and only if its kernelistrivial, i.e.,i T(x)=0=) x = 0.

This fact ts in with the generalprinciple: to determine if somethingis happening in a linear

problem, it suces to nd out if it is happening at the origin. In this casethe \something" is
imagesbunching together.

Let T bean LT betweenR" and R™. Prove
dim(Kernel) + dim(Cokernel) = dim(domain space),

where dim = dimension. (Actually, you have proved this before, in matrix language, so you
merely have to recognizethe translation.)

This problem concernsarbitrary functions; they neednot be linear and the setsthey are de ned
on neednot be vector spaces.

The identit y function on a setS is the function J : S! S dened by f(s) = s8s2 S.
We useJ instead of | or i becausethe latter two symbols already have other meanings.

A function f : S! T isleft invertible if there exists a function g: T ! S sudc that
of = J,that is,if 82 S, g(f (s)) = s.

Also, f isrigh t invertible if there existsa function h: T! S sud that fh = J, that is, if
8t2 T, f(h(t) =t.

A function is invertible if it is both left invertible and right invertible.

LetL : R! R?betheinjection L(x) = (x;0). Let P : R?! R bethe projection P(x;y) = X.
a) Find two dierent left inversesfor L. (In fact, there are in nitely many.)
b) Explain why L doesnot have any right inverses.
c) Find two dierent right inversesfor P. (In fact, there are in nitely many.)
d) Explain why P doesnot have any left inverses.

Letf :S! T;f neednot be linear and the setsneednot be vector spaces.Prove:
a) f isright invertible () f is onto.

b) f isleft invertible i f is one-to-one

c) |If f isinvertible, then the right and left inversesare the sameand unique.

Supposethat T 2 L(U;V) is an invertible function. Prove that its inverseT 1! is alsoa linear
transformation.

Consider a linear transformation T : U! V. Prove:
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a) If T is 1-to-1, and uj;uo;:::;uk is independent in U, then T(uy); T(uz);:::;T(uk) is
independert in V. Hint: Algebraicize the given and the conclusion, and seeif you can get
from the former to the latter by going back and forth with T.

b) Shaw that 1-to-1 is essetial in a); that is, give a simple not-1-to-1 linear transformation

c) If Tisonto, anduq;uy;:::;ug spansU, then T(uq); T(uy);:::;T(uk) spansV.
d) Show that onto is essetial in ¢); give a simple not-onto linear transformation T and a
spanningset uq; Uy;:::; ux for which T(uy); T(u2);:::; T(ug) is not spanningin V.

This problem says that 1-to-1 transformations (and only those) presene independence whereas
onto transformations (and only those) presene spanning. So, duality pops up in the world of
linear transformations too.

If linear transformation T : U! V is one-to-oneand onto, it is called a vector spaceisomor-
phism . (There are isomorphismsbetweenother sorts of structures too, but not in this course.)
Isomorphismspresene all essetial vector spacestructure. In fact, if U is isomorphicto V (i.e,
there is anisomorphismbetweenthem) then e ectiv ely they are the sameexceptthat the names
have beenchanged. In this problem we merely ask you to get the avor of what isomorphism
implies.
Prove:if T : U! V is anisomorphism, then
a) Ug;Up;:::; Uk isanindependert setin Ui T(uyp); T(uz);:::;T(uk) isanindependen set
inV.
b) S UisasubspaceofUi T(S) isasubspaceofV. (Here T(S) meansfT(u)ju 2 Sg.)

Tg:U! R", we meanthe function that assignsto ead u 2 U its coordinates relativeto B.
Example 1. Let U = P, the spaceof polynomials of degreeat most 2, and let B = f 1; x; x2g.

Then Tg (x> 3x+ 2)=(2; 3;1).

Example 2. U sameas before but now usebasisB°® = fx?; (x+1)?; (x+2)?g. Then

Tgo(2x + 1) = ( 1;1;0).

a) Continuing Example 2, nd Tgo(x?+ x + 1) and Tgo(X).

b) Provethat for any n-dimensionalvector spaceU and any basisB = fuj;u,;:::;ungof U,
the coordinate map Tg is a linear transformation. Suggestion: Review Problem JD{13.
Note: We have probably usedthe fact that the coordinate map is linear seweral times in
proofsin classwithout pointing it out. Can you think of any?

c) Provethat any coordinate map is an isomorphism (see Problem 8).

Let U be any n-dimensional vector spacewith basisB =Pfu1; Up;:::;Ung. The decoordina-
tization map Dg:R"! U mapsc= (c;;Cp;:::;¢Cn) tO i”:l G Uj.

a) LetU = P,andlet B = fx?;(x+1)?;(x+2)2g. Find Dg(1;2;3).

b) Prove that for any n-dimensional vector spaceU and any basisB = fuq;uy;:::;u,g of

U, the decmrdinatization map Dg is a linear transformation.

Reconsiderthe de nition of the decoordinatization map of Problem QC{10. If B is not a basis,
but just a nite setin U,
a) isDg still de ned? If de ned, isit still alinear transformation? Explain.
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b) Under what circumstancesis Dg one-to-one?
¢) Under what circumstancesis Dg onto?

Let F be the set of real functions. Let a be any number. The evaluation map E, takesany
function f 2 F and returns f (a), it's value at a. That is, E, is a function from functions to
numbers and E (f) = f (a). This may seemstrange. We usually think of functions acting on
numbers, but now we are thinking of numbers acting on functions.

Prove that E, is a linear transformation.

Let S be asetand V avector space. Let F be the set of all functions from S to V. Addition
and scalar multiplication of functions in F are de ned the way they always are for functions:

(F+9)(x) = f(x) + g(x);
(cf)(x) = cf (x):

a) Prove: F is a vector space.
b) Why do we insist that the codomain V be a vector space?

Let U;V be vector spaces. Shawv that the set L(U;V) of all linear transformations between
them is itself a vector space. You may use Problem 13.

a) Show that for linear transformations, composition left-distributes over addition, that is,

S(T1+ T2) = ST, + STy

b) Shawv by examplethat this distributiviit y is false for functions in general. It is simplest to
look for exampleswhere all the domains and codomains are R.

c) Show that right-distributivit vy,
(S1+S2)T = ST + S,T;

doeshold for arbitrary functions.

Section QD. Linear Transformations and Appro ximation

De nitions . Interp olation is nding or estimating the value of a function betweenknown values.

Extrap olation is nding or estimating the value of a function beyond known values.

1.

2.

Determine with assimple algebraaspossiblethe constarts ¢ ;; ¢p; ¢; sothat, for all polynomials
p(x) 2 P2,
z 1
p(x)dx=c 1p( 1)+ cop(0) + ¢ p(1): 1)
1

a) Provethat Eq. (1), with the particular c valuesobtained in Problem 1, is a correct state-
ment for p(x) = x3.
b) Explain why (1) is therefore correct for all p(x) 2 Ps.
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Nothing in the linear approximation theory we have deweloped says that we have to useonly
three points to sample our functlorh or that we needto limit ourselvesto quadratics. De ne
F(Yo;y1;Y2:y3) to be the value of p(x) dx for the unique cubic p(x) that goesthrough the
points (0;yo), (1;Y1), (2;¥2) and (3;ys). Sincegvery function f (x) can be approximated by a
cubic, F ought to be a good approximation to O3f (x) dx for any function.
a) F isalinear functional, so nd with aslittle work aspossiblethe constarns cg; ¢;; Cy; C3 SO
that
Z 4 e
F(Yo:y1iy2:ys) that is, . p(x)dx = Gy )

You have discovered Cote's 4-point quadrature rule .
b) Is Cote's 4-point rule also exact for 4th powers?

Without doing extra computation (that is, just think about it), you ought to be able to state
Cote's 4-point quadrature rule for any 4 equally spacedpoints ag; a;; as; ag (not just 0; 1; 2; 3).
Do so. It is usually stated in the form

Zy b X
f (x) dx o dif (a); (2)

a i=0

where a = ag;a;; a;az = b are the 4 equally spacedpoints, f is any function, and m is an
integer chosenas small as possiblesothat dg; d;; dy; d3 are integers.

Just as the full Simpson's Rule uses2n intervals and usesthe sequencel; 4;2;4;2;:::;2;4;1,
so doesthe full 4-point rule use 3n intervals. What is the sequenceof coe cien ts? State the
full 4-point rule.

Linear algebra is useful for approximating derivatives as well as integrals. In fact, your TI
calculators usethe linear theory outlined below for their numerical derivativ e capability.

Let F(yo;y1) = pY0), where p(x) is the unique linear function that passesthrough the
points (0;yo) and (1;y;). Sinceewery function can be approximated by a linear function (but
not always very well), F ought to approximate derivativesat 0 for any function (but not very
well — however, this exampleis just to get us started). That is, if f is any function that passes
through (0;yo) and (1;y1), then F(yo;y1) ought to approximate f 90).

a) Provethat F is alinear functional and nd a formula for it.

b) UseF to approximate f %0) for f (x) = 2x + 3; for g(x) = x2.

We should get better derivative approximators by using more points. Solet G(y 1;Yo;Y1) =
p%0) where p(x) is the unique p(x) 2 P, that passesthrough the points ( 1;y 1), (0;yo), and
(3;y1)-

a) Show that G is a linear functional and nd a formula for it.

b) UseG to estimate f 90) for f (x) = 2x? x; for h(x) = sinx. Compare your answers with
the exact valuesyou know from calculus.

Integral Extrapolation. Nothing in the theory we developed requiresthe integral to be over the
interval in which the three sample points lie.
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a) Find constarts ¢ 1;Cg; c; sothat, for all p(x) 2 P,
Z3
, p(x) dx = c 1p( 1)+ cop(0) + c1p(1): 3)

b) Simpson's Rule makes a good approximation theorem as well as an exact theorem for
somepolynomials. Doesthe extrapolation theoremin part a) make a good approximation
theorem?

c) Is Eg.(3) exact for cubics?

9. Let F(y 1;Yo;Y1) denotethe value at x = 1=2 of the quadratic interpolation of the three points
( Ly 1), (O;y0), and (1;y1). That is, F is an interpolating function that, given the values
of a function at 1;0; 1, approximates its value at x = 1=2. (The interpolation will be exact
for functions in P, and thus s likely to be a good approximation for other functions.) Find a
formula for F(y 1;Yo; Y1) two ways:

a) First, nd it by nding the quadratic function and then evaluating that function at x = 1=2.

b) Now nd it by linear algebra. By smart choices,make the algebra as simple asyou can.

10. Dene f(x1;Y1;X2;¥2) to be the linear function that passesthrough the points (x;;y;) and
(X2;Y¥2). Sof is afunction from R4 to P,. Is it alinear transformation?

11. Considerthe spaceH of functions A sinx + B cosx for arbitrary constarts A; B. This is the
spaceof all simple harmonic functions of period 2 , sinceonecan show that theseare the same
functions that can be written in the form Csin(x + ) for amplitude C and phaseshift

a) Interpolation in H. Supposewe are given the points (0;yg) and ( =2,y -»). Supposewe
want to estimate the y-value at x = =6 under the assumption that the function through
the given points is in H. Explain why there have to be constarts ¢, and ¢ -, sothat the
interpolation is coyg + C =y =». Find the constarts.

b) L@tegration in H. Find a simple formula, good for all functions h(x) 2 H, that expresses
o h(x) dx in terms of h(0) and h( =2).

Section QE. Change of Basis of LTs

Notation . SupposeT : U ! V isalinear transformation, B is a basisof U, and B%is a basisof V.
Foru2u, u_ is the vector of coordinates of u relativeto basisB. Also, [T]B-Bo is the matrix of T

relativeto B and B, that is, [T]B-Bo is the matrix M such that foreveryu 2 U, M u - T(u) 5o

It is a theorem that, for ead triple T;B;B°a unique sudh matrix exists, and there is a formula for
it: the jth columnis T(bj) 50’ whereb; is the j th vectorin B.

1 2
1. LetM = 3 4 ° Let S = fey; e,g be the standard basisof R? and let B be the basis of R?

consistingof b; = (1;1)" and b, = (1;2)". Dene T:R?! R2? by T(x) = MX.
a) Find T(by).
b) Find [T]B.S and usethis to con rm your answer to a).
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c) UseGaussianelimination to nd x sud that T(x) = b,.
d) Find [T]S.B , and usethis to answer part c) again.

e) Find [T]B.B, and usethis to nd the B coordinates of T (b>).

Continuing with S and B asde ned in Problem 1,

4 3
a) Supposel is an LT such that [L]S.B = 5 1 ° Find N such that L(x) = Nx. That is,

nd the standard matrix of L.

4 3
b) SupposeT is an LT suc that [T]B.S = 5 1 ° Find M such that T(x) = MX.
c) Suppose[S - 43 Find A sud that S(x) = Ax
ppose[SL . =, | - = AX.

SupposeT : V! V and for someu 2 V and somescalarc, T(u) = cu. Supposeu is the kth
vector in basisB of V. Explain why the kth column of [T]B.B iS cex.
Do Problem QA{11 again, using the general change of basis methaods of this section.

Let H be a hyperplane through the origin in R". Let P be the projection of R" onto H, and
let R be the re ection through H. Let B be any basisof R" for which the rst n 1 vectorsin
B are on H, and the last is a hormal to H.

a) What is [P]B.B ? Why? (This is easy!)

b) What is [R]. _ ? Why? (also easy)
‘B

1 2
Let M = 3 4 Let J : R?! R? bethe identit y transformation, J(x) = x. Is there a basis
B of R? for which M = [BL.,?
‘B

Let T:U! V bean invertible linear transformation, and let B; B be basesof U;V respectively.
1

Prove: [T 1]80.B = [T]B'B° That is, any matrix of an invertible linear transformation is

invertible, and it represens the inversetransformation (with the basesreversed).

The generaltheory from a handout about how the matrix of an linear transformation changes
when the baseschangecan be applied to obtain the simpler theory about how the coordinates
of a vector change when the basis changes. Let B be a basisof R", and let B be the matrix

whosecolumns are the vectorsin B written relative to the standard basis. Usethe LT theory
to explain why, for any vector u 2 R" (written relative to the standard basis),

u=Bu_ and so uBzBlu:

Hint: u is the imageof u 5 under the identity LT but using two di erent bases.
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A linear operator is a linear transformation whosedomain and codomain are the samespace.
Let S;T be operators on R". Let M;N be the matrices of S;T relative to somebasisB. Let
M % N ®be the matrices of S; T relative to someother basisB°. SupposeM ;N commute. Prove
that M % N © also commute. Prove it two ways:

a) In the matrix world. That is, expressM ™N°%and N %in terms of M; N and show that
the two expressionsare equal.

b) Using the function world.
Squarematrix B is said to be similar to squarematrix A if there exists an invertible matrix
P such that B = P 1AP.

a) Prove: if B is similar to A, then A is similar to B. (This ought to be true, given the way
the word \similar" is usedin ordinary English; if it weren't true, mathematicians could be
criticized for causingconfusion. Becauseit is true, we often simply say \ A; B are similar".)

b) Prove: if B is similar to A, and C is similar to B, then C is similar to A.
c) Prove:if A2=1 and A; B are similar, then B? = | .
d) Prove: if A2= A and A; B are similar, then B2 = B.

SupposesomeAliens usea di erent basisB for R" than we do. Naturally, they will take dot

Let's write hx;yi for their dot product.

a) We would like a formula for their dot product using x,y, (that is, using our coordinates
for thesevectors) and, probably, somematrix multiplication. Let P be the matrix whose
columns are B, written our way. Find a formula for hx;yi using x,y, and P.

b) Using your formula, give a nice description of when their dot product result is the same
asours. That is, for what sort of Alien basisB for R" will it be true, no matter what x;y
we pick, that x y = hx;yi?

Section R. Ane Functions

Function F : U! V isane if F is alinear transformation followed by a translation. That
is, F isane if U;V are vector spacesand there is somelinear transformation T : U! V and
someb 2 V such that, 8x 2 U, F(x) = T(x) + b.

a) Prove: the setof all ane transformations from U to V is a vector space.
b) LetG:V ! W beane. Provethat the composition GF is ane. (As usual, GF (x)
meansG(F (x)).)

Sofar it seemghat linear transformations are a special caseof a ne transformations, but a ne
transformations can be made to be a special caseof linear transformations by adding another
dimension! If x 2 R™, then by (x;a) we meanthe vector in R™*! whose rst m coordinates
are x and whoselast coordinate is the number a.
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Prove: for every ane transformation F : R" ! R™, there is a linear transformation
Le :R"™ 1 R™1 such that

Lr(x;1) = (F(x);1):
That is, the action of F is just a \slice" at height 1 of the action of L. Hint: dene Lg by

de ning its action on abasisof R"*1 . The last basisvector e,,; cantake careof the translation
part of F.

Note: the result of this problem is used every day in computer graphics. A ne transfor-
mations are neededleft and right, and this result allows their useto be subsumedunder the
theory of linear transformations.

Th dilation Dy, with scalark and certer p is the function (from any vector spaceV to itself)
that stretchesewverything by a factor of k around p. For instance, if k = 2, D,., expandsthe
universeby a factor of 2 with p asthe certer. (If 0 k < 1, \shrinking”" would be a better
word than stretching, and if k < 0 neither word is quite right.)

a) Algebraically, the de nition is

Dip(x) = k(x p)+ p; 1)
which can be further rewritten symmetrically askx + (1 k)p. Why does(1) capture the
geometric idea?

b) There is exactly onedilation on V with k = 1; that is, you get the sametransformation
no matter what p is. What transformation is that?

c) What doesDy;, do? That is, describe in your own brief words what this function does.

d) Prove: the composition of dilations is a dilation. This is geometrically obvious to me when
both dilations are certered at the samepoint, but it is not obvious to me (though still
true) when they are certered at di erent points.

i) If Dyxopo Dy:p = Dj q, then you should be ableto namej and q in terms of k; k% p; p°
Can you give a geometricway to nd g?

i) Actually, there is one casein which the composition of dilations is not a dilation.
When? Why?

e) Explain why every dilation is an a ne function.
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Section S. Determinan ts, Elemen tary

Many of the questionsin this sectionare adapted from Schaum's Linear Algebia, 2nd ed., Chapter 7
problems.

1. Compute the following two determinants by the method explained on the rst page of the

handout.
1 2 _ a b
a) . Ched using the formula =ad bc
3 4 c d
1 2 1
by 2 3 2.
3 21

2. Useany appropriate method to nd the determinant of
2 3
1 3

2
6 4 t 5
a b 2 4 1
) 2 3 ) 1 t+2 ©) 2 g
1 6 2
. _ _ k
3. Find the valuesof k for which det(A) = 0if A = 4 ok
0101
_ 1 010
4. Find .
010 2
2 010

5. Find the valuesof k for which the systembelow has a unique solution:

kx+ y+ z=1
Xx+ky+ z=1
X+ y+kz=1

6. Considerthe parallelogram in R? with sides(4,1) and (2,3).
a) Draw this parallelogram with the \southwest" corner at (0,0).
b) Compute its areawith a determinant.

c) Compute its area without determinants. This takessomeingeruity since no side of the
parallelogram is lined up with the axes. You either have to nd the length of baseand
height, or you have to do sometrig, or you have to add and subtract areasof somenicer
shapes. The point of this problem, of course,is to instill proper respect for the determinant
volume theorem.

7. Find the volume in R® of the parallelepiped with direction vectors (1;2;4), (2;1; 3) and
(5. 7;8).
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Here is a mnemonic for computing 3 3 determinants. First, copy the 1st and 2nd columns
over again and draw arrows as follows:

2

Then multiply the 3 entries under eady downarrow and add the products. Then multiply the
ertries under eat uparrow and subtract the products from the previous sum. The result is the
determinant.

Prove that this method is correct. Use one or more of the properties on the determinants
handout.

Show without much computation that
1 1 1

a b c =0
b+c c+a a+b

Section SA. Determinan ts, Intermediate

Most of the early questionsin this section are adapted from Strang, Linear Algebia and Its Appli-
cations, 2nd ed. All matrices are square, unlessstated otherwise.

1.

If Aisn n, how aredet(2A), det( A) and det(A?) related to det(A)? The answer may depend
onn.

Let Z bethe setof n n matrices whosedeterminants are 0. Prove or disprove that Z is
a) closedunder multiplication,

b) closedunder multiplication by scalars,

c) closedunder addition.

a b
Prove from the axioms of determinants that if A = c d and if furthermore a = 0, then

jAj = ad bc (Most yearsthe casea 6 0 is donein class.) You will needto consider the
subcases,c 6 0 and c= 0. And you're not done breaking into casesyet! This illustrates that
GE is not really the right tool for proving formulas about dets. In fact, it is not the right tool
even for computing dets when someor all erntries of the matrix are symbolic (e.g., X's, not just
numbers).

Prove: for every square uppertriangular matrix, the det is the product of the diagonal ertries
(whether they are nonzeroor not — soyou can't just say this result follows becausethe det is
the product of the pivots). Prove this. (Naturally , the sametheorem holds for lowertriangular
matrices.)
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5. Show that, if A is any skew-symmetric3 3 matrix, then det(A) = 0. Generalize.

6. Find the determinant of the n n matrix with 1son the minor diagonal (the one from lower
left to upper right) and Os elsewhere.The answer may depend on n.

7. Find det(Q) for all square orthogonal matrices. There are two answers; shov that they both
can happen.

8. This problem is meart to help you understand my sketch of a proof that jABj = jAjjBj by
making you carry out an example of the algorithm that provesthe theorem (at leastin the case
that A is invertible).

2

1 1 4 7
Let A = ,B = . Then AB = . Find the determinant of AB two
3 3 3 6 12

N O

ways:

a) Row reduceAB to | by GE, but put bars instead of brackets around ead matrix so that
it is a determinant, and put equal signs and scalar multiples betweenead determinant.
At the last stage, replacejlj by 1 and you have the determinant evaluated numerically.
For instance, the rst stepis

4 7 4 7

6 12 0 3=2

becausesubtracting one row from another doesn't changethe det.

b) Row reduce AB the following way. First do the stepsyou would do if you were reducing
A. For instance, begin by subtracting the rst row three times from the 2nd, not 4 times.
To keepstraight what to do, you might put A o to the side, and reduceit by the same
steps, e.g., asif you were reducing [AB j A]. However, use det notation on AB and equal
signsjust asin part a). For instance, the rst stepin the augmerted row reductions would
be

4 7 1 2 4 7 | 1 2
6 12 3 3 6 9] 0 3

sowhat you would write with determinants is

4 7 4 7

6 12 6 9

When you have nished this part of the reduction, AB will have beenreducedto B and
the scalarin front will be jAj. Now cortin ue by the normal GE to reduceB to | and thus
nish computing jABj. Do you seethat your answer is alsojAjjBj?

9. (Challenge) Let A, bethe n n matrix with 2's on the main diagonal, 1's on the diagonals
just above and below the main diagonal, and Os elsewhere.Find det(A,). Prove that you are
right.

A B
10. Prove: if A;B;C aren n matrices, then det 0 c = det(A) det(C).
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Prove: if A is squareand Ax = 0 hasa nontrivial solution, then det(A) = 0.
How are det(A) and det(B) relatedif B = M *AM ?

Show that, if C = M TDM, whereall matrices are squareand M is invertible, then det(C) and
det(D) have the samesign { both positive, or both 0, or both negative.

Give a courterexample to det(A+B) = det(A) + det(B).

Prove: if the ertries of A are integers,and det(A) = 1, then the entries of A are integers.
Prove: if the ertries of A areintegers,and the ertries of A larealsointegers,then det(A) = 1.
Supposeeadt row of A sumsto 0. What is det(A)? Why?

For a squarematrix A, de ne
A= (D)MA
In other words, the ij entry is the ji-cofactor of A asde ned on the handout.

a) Provethat A A = jAjl. (This looksdaunting, but it follows fairly quickly from results on
the handout.)

b) If A isinvertible, derive from a) a formula for A 1.
c) Forn= 2, show that this formula is onethat we already know.

Warning: Never usethe formula from b) to actually compute a numerical inversefor n > 2; it
is horribly ine cien t. But it hasits theoretical uses.For instance, it is just the tool neededto
prove that the mapping A ! A 1 is continuous;seeProblem SA{20.

Note: A is called the classial adjoint. It is unwiseto call it simply the adjoint, because
that term is also usedfor a di erent and much more valuable companion matrix to A (which
we probably won't mention explicitly in 16HS). Another name usedfor A , which gets around
this problem, it to call it the adjugate

Explain why
2 3
x y 1
det§ 2 8 14=0
4 7 1

is an equation for the line through (x;y) = (2;8) and (x;y) = (4;7).

Consider the matrices

2 3 2 3 2 3
1 2 3 1 2 3 1 2 3
M=2124g; M+=21 2:.01 4%; M =21 1:99 4%:
210 2 10 2 10

a) Take Gaussianelimination just far enoughon ead matrix to corvince yourself that
i) They all are invertible, but

i) Gaussian elimination works very dierently on M than on M, and M , in that
reducing M involvesa row switch and reducing the others doesn't.
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Thusthe behavior of Gaussianelimination is not a cortin uousfunction of the valuesof the
matrix, sincea small changein the valuescan produce an abrupt changein the behavior.

b) Nonetheless,illustrate that the mapping A ! A ! is a continuous function, by using
MATLAB to show that M 1, (M) ' and (M ) ! are very close. (There is an easy
proof that A ! A ! is continuous using determinant theorems; Gaussian elimination is
the wrong tool.)

Section SB. Determinan ts and Volume in R"

1.

Let A ben nandlet P bethe parallelepipedin R" assaiated with the columnsof A. That is,
the dierent ed%esof P, viewed as vectors, are the columns of A. Shaw that the n-dimensional
volume of P is det(ATA). (You may ask: why nd the volume this hard way, requiring a
matrix multiplication aswell asa determinant, when we can get more information, the signed
volume, just by taking det(A) directly? Well, hang on.)

Let P be the parallelepipedin R" whoseedgedirections, viewed as vectors,arﬁvl;vz; SV,
Let M = [v; v;], that is, M is a matrix whoseij ertry isv; vj. Shov that = det(M) is the
hypervolume of P.

(Cross products put in a generalizable context) The cross product in R3 of vectors u =
(ug; up;ug) and v = (vq; Vo v3) is most memorably de ned by

2 ) 3
i ] Kk
u v=detd Up Uz Ug g; (1)
Vi Vo V3

wherei;j; k are the alternativ e notation for e;;e;; es.

a) Use(l)to nd (1;2,3) (3;2;1).

b) Notice: if wenow dot u v with any vector (a; b;c), the result is what we would get if we
substituted a; b;cfor i;j;k in (1) before we evaluate. Ched this out by evaluating

[(1;2,3) (3;21)] (1;1;2)

rst by dotting with the result of part a) and secondby substituting for i;j; k in (1).

c) We will now use the obsenation in b) to give a quick proof of the three most notable
properties of the crossproduct.

i) Showthat (u v) ? u;v by using (1) to shaw that
(u v)y u=(u v) v=~0
i) Letw beany third vectorin R3. Use(1) to explain why (u v) w is the volume of

the parallelepiped with edgesu, v, w.

By the way, u v w is usually written without parentheses,becauseit couldn't possibly

meanu (v w). Why not?

i) Show that ju vjis the areaof the parallelogram in R® with sidesu, v. Hint: Let
w be a unit vector in R® perpendicular to both u and v. With this w, shaw that iii)
is just a special caseof ii). You don't even have to compute w; just usethe fact that
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w hasunit length and is perpendicular to the plane of the parallelogram. How will
the numerical value of the volume of the (u;v;w)-parallelepiped compare with the
numerical value of the area of the parallelogram?

By the way, this is the rst time we have comeup with a formula for the k-volume
of an k-dimensional gure sitting in generalposition in R". We have just done the
casek = 2, n = 3. Seebelow for a more generalresult.

Let A be the n k matrix whose columns are the edge directions of a k-dimensional paral-

lelepiped P in R".

a) Why can't we say that the signedvolume of P is det(A)?

b) Show that the k-volume of P is det(ATA). Hint: Augment A to ann n matrix A by
adding as additional columns on the right an orthonormal basisof Gy°. Let P be the

n-dimensional parallelepiped whosesidesare the columns of A. What is the relationship
betweenthe n-volume of P and the k-volume of P? Now useProblem 1to nd the volume

of P.

Consider the parallelogram P in R® with vectors (1,2,3) and (3,2,1) asits sides.

a) Compute the area.

b) Project P onto, in turn, the xy-plane, the xz-plane, and the yz-plane. You get parallelo-
grams Pyy ; Py, ; Py,. Find the areaof ead of these.

¢) Find a relationship betweenthe square of the area of P and the squaresof the areas of
Pyy ; Pxz ; Pyz. Doesthis seemlike any theorem you know and love?

Problem 3 began by claiming it would presen cross-pralucts in a generalizableway. What's
the generalization? (Actually , there are seweral.)

A linear operator is a linear transformation whosedomain and codomain are the samespace.
For any n-dimensional vector spaceV and any linear operator T : V ! V, de ne the deter-
minan t of the operator , denotedjTj, to be jMj whereM = [T]B.B for any basisB of V you

choose. (SeeSection QE for the notation just used. If V = R", note that jTj is just the signed
hypervolumn of the parallelepiped to which T mapsthe unit hypercube.)

Prove: jTj is well-de ned. That is, show that if you choosea di erent B the next day, you
still get the samenumber for jTj.

Section T. Eigentheory , Elemen tary

A number of the problems in Sections T{TD are adapted from Strang, Linear Algeba and Its
Applications, 2nd ed. and Schaum's Linear Algebia, 2nd ed., Chapter 8.

1.

2.

8 9
] 2 2 3. ) 1 4 . .
Verify that - 1 is an eigervector for 5 3 - What is its eigervalue?

Let A beany n n matrix. Isthe n 1 zerovector an eigervector for A?
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What areall the eigervaluesand eigervectorsofthe n  n identit y matrix? Of the n n all-zeros
matrix?

If u is an eigervector of A with eigervalue 3, and v is an eigervector of A with eigervalue 2,
what is

a) A(Ru+ 3v) [expressthe answer in terms of u and v]
b) A%(u)
Moral: it's easyto gure out what A and its powersdo to linear combinations of eigervectors.

Let M be the matrix of the linear operator from R? to R? that re ects points in the 45
line through the origin. (We know this mapping is a linear transformation, therefore it has a
standard matrix.) >Fom geometricreasoningalone (no algebra), determine all eigervaluesand
eigervectorsof M .

Find all eigervaluesand eigenvectors of the diagonal matrix
2 3

1
D=2 e g:

Even if we have already learned how to determine eigervalues and eigervectors by a standard
algebraic technique, for now answer the question directly from the de nitions. Show that the
vectors you selectare eigervectors, and show that no other vectors can be eigernvectors.

Suppose A has eigervalues 5 and 1. Suppose further that B = A 7. What are the
eigenvalues of B? How do you know you have all of them?

For any matrix A and any number , show that the eigervectors of A with eigervalue form
a vector space. This is called the eigenspace for A and

If Aisn n,then det(A | ) isan nth degreepolynomial in
a) Verify this in the casen = 3 for the particular 3 3 matrix A whoseertries are all 1.

b) The polynomial det(A 1 ) is called the characteristic polynomial of A. Find the
roots of the characteristic polynomial of the particular A from part a), that is, nd the
eigernvaluesof that A.

¢) Find a basisfor eat eigenspacdrom b)
Explain why is aneigervalueof A () Na | 6 fOg.
The following statemert, often heard, is false. Why?
is an eigenvalue of A if there is a vector x such that Ax = X.
Linear operators (linear functions T from vector space U to U) can have eigernvalues and

eigervectorstoo: k is an eigervalue of T if there is a nonzerovector u sud that T(u) = ku, in
which caseall such u are eigervectors.

Let U be the spaceof dierentiable real functions (that is, the vectors are functions like
f (x) = x?). The di erentiation operator, D(f) = {9, is a linear operator on U.
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a) Find anonzerof in U sud that f is an eigervector of D with eigenvalue 1.
b) Find anonzerof in U such that f is an eigervector of D with eigervalue 2.
Eigenvectorsin spacesof functions are often called eigenfunctions .

Section TA. Eigentheory , Mo deling

1.

Consider the following population transition mcE);deI:9
8 1 3 Cnxz ) L . .
Un+1 = Au,, where A = 2 g and u, = - [ , With ¢, the population in California at
2 n

time n and r,, the population in the rest of the US at time n. This is the sameproblem that is

usually the rst examplewe do in classfor eigertheory, except no initial conditions have been

given.

a) Provethat it doesnot matter what the initial population distribution ug is: solong as
the transition matrix A is unchanged,in the limit California will have half the population
of the rest of the country. This is an example of a general phenomenon: Markov Chains
\forget" their initial state.

b) More specically, show that in the limit California has 1/3 of the original population in
the United States.

Your hand calculator has built-in commandsto nd eigernvalues and assaiated eigernvectors.
Learn these commandsand usethem to once again nd the eigervalues and eigervectors for
the California population problem above. Doesyou calculator nd the samebasic eigernvectors
we found by hand?

Let A =

8 9
a) Solvethe recurrencerelation un+1 = Aup with initial condition ug = 323 .

8 9
0
b) Solvethe dierential equation ((jj—\: = Av with initial condition v(0) = 363 .

Consider the link ed recurrence

alt) = 3a(t) + 2b(t)

Bt = at)  26(1) a(0) = 1, b(O) = 4

a) If a(t) and b(t) arethe amounts of military spendingat time t by countries A and B, explain
why this recurrence system could model an arms race. It's the signs of the coe cien ts
that you should justify; don't worry about trying to justify the speci ¢ magnitudes.)

b) Rewrite the linked di erential equation as a single matrix equation.
c) Solvethe equation. Doesthis arms race have a happy ending or an unhappy ending?
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d) Solvethe discrete analog of this model:

an+1 = 3ap + 2by

=1; = 4
bhi1 = a, 2b, %0 %

In light of the solutions you get, is this discreteversiona plausible model for an arms race?

Modify the arms race of Problem 4 to

8 9
3 4 8

ul= u; u() =3 3 :
3 2 1

a) How doesthe story assaiated with the modi cation compareto the story for the original.
Is eadh country more or lesssensitive to armamert by the other country than it wasin
Problem 47?

b) Solvethe recurrence. Doesthis arms race have a happy ending or an unhappy ending?

Reverseall the signsin the matrix of Problem 4:

a) Interpret the revised problem in terms of the population of two competing species.

b) Find the generalsolution to the recurrence. (You can't nd a particular solution because

no initial conditions were given yet.)
8 9

6
c) Supposefurther that u(0) = 333 Find the particular solution. What is the longterm

outcome of the competition?

8.9
3
d) Do c) again, but with u(0) = 3 6’3 .
8 9
. . _3 43
e) Do ¢) again but with u(0) = : 4

Here perhapsis a competing-speciesmodel with more realistic numbers:

0 1:2 4

1 1.2 P

a) Find the generalsolution.

b) Shaw that there is only one ratio of the initial populations for which both populations
survive.

c) To what extent can you generalizethe result of b) to any model pn+1 = Ap, or p°= Ap

+
for which the ertries in A have the sign pattern N ?
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8. Rabbits and wolves compete. Let r(t) and w(t) be the populations of rabbits and wolvesin
someervironment at time t. Considerthe system of di erential equations

dr=dt= 4r 2w
dw=dt= r+ w:

a) Why is this system plausible? What doesit say that is correct about how rabbits and
wolvesinteract?

b) If initially r = 300and w = 200, what are r(t) and w(t)?
¢) What happensast! 1 ?

d) Isthis systemstable, neutrally stable, or unstable?

9. Changethe initial conditions of Problem 8, but keepthe di erential equationsthe same:

8..9
r( 30
a) Let 3 ( ),B =3 % . What is the solution and what is the long-term behavior?
w(0) 100

8 9 8_ 9
2 I'(O)B _ 2 1003
b) Sameasa) but - w(0) T 00

¢) In this model, the initial ratio r(0)=w(0) determines whether both populations survive.
Explain.

10. Considerthe system

V0= 4v 5w v(0) = 8
wl=2v 3w w(0) = 5:

a) Solweit.

b) Can you give an example of how this could be a reasonablepopulation model for two
species;that is, how at least the signsof the coe cien ts could be right for two speciesthat
are dependert in a certain way?

11. Usethe explicit formula for f,, the nth b onaccinumber, to determine limp,;  fn+1 =fp.

12. SupposeFibonaccihad started his sequencewith Fo = 1, F; = 3 while keepingthe recurrence

I:n+1

Fns1 = Fn + F,, 1. Find a formula for the new Fib onacci numbers. What is nIlilm now?

n
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Section TB. Eigentheory , Intermediate

1.

6.

SupposeA isn n, up 2 R" and Aug = ug. Verify that the vector-valued function u(t) =
el ug satis es uqt) = A u(t). This explains how nding eigernvaluesand eigervectorsfor A (a
problem that involvesno cortin uous variables) can lead to a solution of a systemof di eren tial
eqguations.

a) Prove:If 1; , aredistinct eigenvaluesof A, and u;;u, are assaiated nonzero eigervec-
tors, then uq; u, are independert.

b) Prove: If 1; ,; 3 are distinct eigervaluesof A, and uq;u»; us are assaiated nonzero

eigervectors, then uq; u;; us are independen. After doing this, you should seehow the
induction goesthat provesthe n-eigernvalue result.

down the diagonal.

a) Prove: AP = P .

b) If Aisn nandvgi;vy:::;v, are independer, then P ! exists (why?). Use this fact
to write a formula for from a) and thus concludethat there is a basisof R" in which
the mapping x ! Ax just stretches(or shrinks, or reverses)by various amounts along the
dierent axes.

c) AssumingP ! exists, write aformulafor Akug in termsof P and . Although this formula
is longer on paper than just writing AXuy, it is much shorter to compute and easierto use
in determining the behavior of AKug ask! 1 . Why?

Let A be square.

a) Show that 0is an eigenvalue of A if and only if (You nd an appropriate
condition; there are seweral good ones.)

b) Show: If A isinvertible and is an eigervalue with eigervectorv, then ! isan eigervalue
of A 1, alsowith eigenvectorv.

Use a computer or calculator to nd the eigernvaluesand eigervectors for

21 23 4 53
2 3 456
C=f1 0 2 0 3
1 1 2 35
1 110 2
Find the characteristic polynomial for
2 3 2l 2 3 43
2 3 Lo 2 0 21 3
a) A= b) B = 3 2 065. c C=§ z
) 5 1 ) 2 g ) 0 0 35
0 3 4
0 00 4
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It is not likely you will get multiple roots to a polynomial if you pick a polynomial at random.
This problem (which is solved by calculus) beginsto get at a careful demonstration of this
claim.

Considerall quadratics p(x) = x?+ bx+ ¢, where band c are real numbers chosenat random
and independenly from the interval [ 1;1].
a) Find the probability that both roots are real (not complex) Hint: in the 2 2 square of
points (b;c) on the plane, nd the area of the points for which x? + bx+ ¢ = 0 has real
roots. Useyour knowledge of the quadratic equation.

b) Find the probability that the two roots are distinct.

Section TC. Eigentheory and Diagonalization

1.

3 0 ,
Considerthe matrix A = 0 1= ° The matrix inducesa mapping of the xy-plane to itself

by x I Ax.
a) What doesthis mapping do to the x-axis? To the y-axis?
b) Hereis the unit squarewith diagonalsdrawn in:

Show the image of this squareand its diagonals under the mapping. You should be able
to do this without actually computing any products Ax.

The point of this problem is that it is easyto understand the action of diagonal matrices. The
great achievemert of eigertheory is to show that almost all square matrices behave the same
way as diagonal matrices, only with di erent bases.

1 4 )
Let A = . Find
2 3

a) all eigervaluesof A and corresponding eigernvectors,
b) aninvertible matrix P such that D = P AP is diagonal.

For ead of the following matrices, Find all eigervalues,and if they exist, a basisof eigervectors
for R? and a diagonalizing matrix P.

5 6 5 1
a) b)
3 2 1 3
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2 2 )
Let A = . Find
1 3

a) all eigervaluesand corresponding eigervectors,

b) aninvertible P such that D = P AP is diagonal,

c) A® (computed in away that is reasonableto do by hand),
d) asquareroot of A, that is, a matrix B suc that B2 = A.

Determine if matrix C in Problem TB{6c is diagonalizable.

8.9 8.9
3 2
Find the matrix A whoseeigernvaluesare 1 and 4 and whose eigervectors are 3 1,3 and 3 1,3

respectively.

For atimed paper-and-pencil test on eigertheory, it is only fair that the eigervaluesand eigen-
vectorsshould be simple but unguessable.What's a good way for a professorto create matrices
A with this property? (Trial and error is not a good way | try it). Useyour method to create
asimple 2 2 matrix with small-integer but unguessablesigernvaluesand eigernvectors.

Let A be square.
a) Show: A and AT have the sameeigervalues.

jth column is an eigervector of A for eigervalue . By a), AT hasthe sameeigernvalues
asA. Name assaiated eigervectorsfor AT using something related to P.

3 2 .
Let A = 5 3 Find an orthogonal matrix P for which PT AP is diagonal.

Find a symmetric 2 2 A for which the eigervaluesare 1 and9 and u = (1;3)" is an eigervector
for = 1.

Suppose A is a symmetric matrix with eigernvalues 1; »;:::; n and assaiated orthonormal
basisvi;Vvs;:::;v,. Then it turns out that
X] .
AX = iProj, x:

Prove this two ways:

a) Argue conceptually (no algebra; just from what have a diagonalization means about a
mapping and from what orthogonal projection means).

b) Algebraically, starting with A = P PT, where as usual P is the matrix whose columns
are the v;.

1 1
Is A = 5 1 diagonalizable over the reals? Over the complex numbers? (In ead case,

either compute a diagonalization or explain why none exists.)
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If A is diagonalizable, show that AT is diagonalizable with the sameeigernvalues. If P is a
diagonalizing matrix for A, what is a diagonalizing matrix for AT ?

SupposeA; B are both diagonalizablen n matrices with the sameset of n independert eigen-
vectors. Shawv that A; B commute.

Suppose A; B commute and A is diagonalizable with distinct eigernvalues. Show that B is
diagonalizablewith the sameset of eigenvectors.

Section TD. Matrix Exp onentials

1.

a) If A is diagonalizable,show that e 54 = elt* A,

b) Howewer, givea?2 2 examplethat, in general,e®e® 6 e®*C. Sigh, the law of exponerts
breaks down for matrix exponerts.

Explain why, if A and B commute, then e*e® = e** B Hint: Expand out all three exponertials
with their power seriesde nitions, and match terms on the two sidesup to, say, 3rd powersto
seewhat is going on. Why is commutativit y necessary?

Convert y%= 0 into a matrix system;call your matrix A. Find the generalsolution by nding
eMug. (You won't be able to compute et by diagonalizing, but in this caseyou can compute
it directly. Of course,you know the solutions to y%°= 0 in advance from 1st-year calculus, so
you can ched your answer.)

Section TE. Reducing Systems to First Order

1.

Consider the 3rd order recurrencerelation
an+1 = an + a, 1+ 2a, 2; Qp=-a=a=1L
Rewrite this asa 1st order matrix recurrencerelation

Un+1 = Alp; Ug = something

Consider the 2-variable 2nd-order recurrencerelation

an 2bn 1
3b, + 28, ay 1:

An+1

Bh+1

Rewrite this asa 1st-order matrix recurrencerelation.
Considerthe 3rd order di erential equation

%) %) fqt) 2f(t)=0, f(0)=f%Y0)=1%0)= 1
Rewrite this asa 1st order matrix di erential equation

ft) = Af(t); f(0) = something
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4. Transform the equation y°°+ y = 0 into a rst-order matrix dierential equation, and use
that matrix equation to nd the particular solution when the initial conditions are y(0) = 2,
=0
y .

Note: If you have taken any calculus-basedphysics, y°°+ y = 0 is a di erential equation
you have seenbefore and know the solutions to. Thus you should make sure that the answer
you get by linear algebra methods really is the sameas the solution you already know. Also,
comparethe linear algebramethod to the method you used before.

Section TF. Computing Eigenvalues and Eigen vectors

This section is about how eigenvalues are actually computed, given that symbolic determinants
(those with letters like as well as numbers) are too ine cien t to compute for even modest size
n's. We usetoy examples(n = 2;3, where determinants are not bad) made up to illustrate the
methods Still, you will want to carry out the calculators with a graphics calculator or with Matlab
or Mathematica.

1 1 8 l9
1. LetA= CLetu= 33,
1 4 0
a) Compute Au. Normalize the result by scaling so that the rst entry is 1. That is, if
v =Au= (2;7)7, replacev by (1;3:5)". (You could also normalize the o cial way, by
scaling to make jvj = 1, but the way | propose may be a little simpler. Call the result
u (that is, update u). Now iterate many times. Doesu approach a limit? If so, call the
limit u . Compute Au . What do you nd?

b) Compute the eigervalues and eigervectors of A. Explain what happenedin a) using the
eigertheory formula for A"u (for any initial u).

Find it on o ce computer!

Section TG. Jordan Canonical Form

1. Recallthat E (a Jordan block in Jordan canonical form) is a squarematrix with ead entry on
the main diagonal being , ead ertry in the \sup erdiagonal” being 1, and all other ertries O.

Find the pattern in the entries of (E )". No proof required, but ideally you will describe the
ertries so well that if | ask you for the (2,5) entry of the 8th power of the 7 7 Jordan block
E4, you can tell me its numerical value by hand computation.

4 4
2. Find the Jordan canonical form A° of the matrix A = 10" That is, nd a matrix A°
consisting of Jordan blocks, and an invertible P, such that A = PA%P 1. | have not givenyou
an algorithm for doing this, but for such a small matrix it is not hard to do it with what you
already know. Hint : Find all the eigenvaluesof A and then nd all possible2 2 Jordan forms

using theseeigervalues. Then nd which one works for A.
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Section TH. Eigentheory with Complex Num bers

1.

Let A =

a) Find the eigervalues (real or complex), assa@iated eigervectors, and a factorization A =
P P !where is diagonal.

b) Express(4;2) asa linear combination of the vectorsin the basisof eigervectorsfrom a).

c) Sameaspart b) for (1;3). Notice anything about the coe cien ts in b) and c)?

Let A beann n real matrix (i.e., real ertries). Suppose is a complex eigernvalue, that is, the
imaginary part is nonzero. Then, sincecomplexroots of real polynomials (lik ethe characteristic
polynomial) comein conjugate pairs, is also an eigervalue of A. In this problem, we prove,
roughly speaking, that everything about the eigenspaceslso comesin conjugate pairs.

For this purpose, considerv 2 C", that is, v = (¢;;Cp;:::;¢y) Where ead ¢ is a complex
number. Then de ne the conjugate vector v to be (T;;C;:: 1)

a) Prove:v isin the eigenspaceE of i Visin the eigenspaceE of
b) Prove: If fvy;vo;:ii;vphgisabasisof E ,then fvy;Vy;:::;V,gis abasisof E .

c) SupposeA is diagonalizable (allowing complex eigervaluesand eigervectors, that is, if we
work in the vector spaceC"). Letvy;Vvy;:::; v, beabasisof C" consistingof eigervectors,
where, whenewer we have chosensomev as a basis eigervector for , we have also chosen
V as a basiseigervector for . (By part b we can do this.) Supposeu 2 R" and we wish
to Wr[ge u asa linear corrblnatlon of these eigervectors. Sinceu is alsoin C", we know
u= ., Gv; in aunique way. Prove: In this linear combination, if c is the coe cien t

. . L . P P
of v, then T is the coecient of v. Hint: if u = ,_, gv;, thentu = ., gv; isa
represeration of the real vector u in a seeminglydi erent linear combination.
P . ,
d) Shaw that, in consequencef part ¢, the contribution ofv andv to u in ,”l GV is twice
the real part of cv. By the real part of avector (a;+ byi; @ ::;an+bhi) wemean(ag;:::; an).
a) Show that ewery linear operator in R3 has at least one real eigervector. Hint: What do
you know about roots of cubic polynomials?

b) Let T be a length preserving linear transformation of R3, that is jT(x)j = jxj for all
x 2 R3. Show that the only possiblereal eigervaluesof T are 1.

c) Show that every rotation of R® hasan axis. That is, shaw that any distance preserving
linear operator on R3 that doesn't re ect any vectorsmust have a xed axis around which
points o the axis may move.

In fact, every distance preserving function in R" that holds the origin xed is necessarilya
linear function, and theselinear transformations are compositions of rotations and re ections.
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Section U. Quadratic Forms

When we say, for instance, that a matrix A is positivede nite, we meanthat the assiated quadratic
form xT Ax is positive de nite. A quadratic form Q(x) = xT Ax is positive de nite if Q(x) > 0 for
all x 6 0. Seethe handout for more details.

The following quadratic form problems are adapted from Sdhaum, Linear Algebia 2/ed. Original
problem numbers are shown in parentheses.

1. (4.48) Considerthe quadratic form in traditional notation
Q(x;y;z) = 3x?>+ 4xy y?+ 8xz 6yz+ z°

Find a symmetric matrix A sothat if x = (x;y; z), then Q(x) = xT Ax.

5 2
2. (447) Let A= 8 8 and considerthe quadratic form Q(x) = xTAx.

a) Find a symmetric matrix B sothat Q(x) = x"Bx.
b) Write Q(x) in traditional algebraic form.

3. (4.53+) Determineif Q(x;y)= 2x?> 12xy + 5y? is positive de nite by
a) traditional completing the square,
b) row reduction to reducethe ass@iated symmetric matrix A to UTDU,
¢) Finding the eigervalues.

4. (4.50) Let
Q% y) = 3x*+ 2y y* (1)

a) Rewrite Q in matrix form.
b) Now considerthe substitution x=s 3t, y= 25+ t.
i) Carry out this substitution in (1) and rearrange by high school algebrato get a new
quadratic form QY(s;t). Rewrite this quadratic in matrix form Q%s) = s"Bs.
i) Do the substitution ertirely in matrix notation, starting with the matrix form of Q
from part a). This should help you understand better why, when we get diagonaliza-
tions, they always correspond to factorizations PTDP.

2 3
1 3 2
5. (4.46) Determine if A = 9 3 7 5 Z is positive de nite by doing GE to factor it into
2 5 8

the form PTDP.

6. Let Q(x;y) = 3x?> 6xy+ 11y?. Apply eigertheory to the assaiated symmetric matrix to nd
afactorization PT P whereP is orthogonal and the diagonal matrix  tells you if Q is positive
de nite.

The following quadratic form problemsare adaptedfrom Strang, Linear Algebia and Its Applications,
2nd ed.
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Show that the quadratic form Q(x;y) = 2x?+ 4xy + y? hasa saddlepoint at the origin, despite
the fact that its coe cien ts are positive. Show this by completing the square,and thus getting
the di erence of two squares.

Use one or another of the characterizations of positive-de nitenessfor a symmetric matrix to
prove the following.

a) If A is positive, then sois A?.

b) If A and B are positive de nite, then sois A + B.

Prove: if A is a positive de nite matrix (thus, among other things, symmetric), then it hasa
positive de nite squareroot. That is, there is a positive de nite matrix R sud that R? = A.
Hint : Finding a squareroot of a matrix is easyif the matrix is diagonal with positive diagonal
ertries.

Prove: if A is positive de nite and C is invertible, then CT AC is positive de nite.

A symmetric matrix A is negativ e de nite if, for all x 6 0, xT Ax < 0. Give sewral if and
only if conditions for being negative de nite. Hint: A is positive de nite.

2 3
1 30
Let A = 2 3 87 Z Find nonzerovectorsu:v suc that uTAu > 0and v Av < 0. That
0 7 6

is, A is neither positive de nite, nor negative de nite, nor positive inde nite, nor negative
inde nite. Hint: Use any one of seweral standard algorithms will corvince you that u;v exist,
but you may haveto do a little more work to nd speci ¢ vectors.
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