More Integration of Forms

Prove: If R = [a,b] X [¢, d], C is the boundary of R (counterclockwise), and P(z,y) is continu-

/—Pydmdy:/ Pdzx.
R c

This is the second half of the proof of the rectangular Green’s theorem, and proceeds essentially

ously differentiable, then

the same as the half I proved in class. But it helps you understand if you push the pencil too.
Try to push it without looking at your notes or the proof in the text.

Push the pencil another way. Show that if we define

fla,b) = / Pdz+ Qdy, where
Cy+cz
C, = straight line from [0,0] to [a,0], C}, = straight line from [a, 0] to [a, b],

then fy(x,y) = P(x,y). This is the second half of proving that the necessary condition dw = 0
is sufficient to make w = df in a ball.

(Review of “one-point singularities”) Let

Lo “ydetraxdy —(y—bydet (z—a)dy  —(y—d)ydz+ (x—c)dy

?+y? (z—a)+(y-0)? @y -a?

Let C be the unit circle at the origin, traversed counterclockwise. Define k = |, o Q-

a) What is the value of k if (a,b) is inside C'? Hint: You already know that [, w = 27 from
earlier work. You also know that dw = 0 except at the origin. Finally, k equals [ w around
another circle. Why?

b) What is k if (a, b) is outside C?

d) What is [, a4~ if both (a,b) and (¢, d) are inside C?

Let F(x,y,2) = (2,9, 2). Let S be the surface of the unit ball. Compute [¢x - N dA using the
divergence theorem. Note: N is the unit normal, and on the wnit ball, so is x. Thus x- N =1
everywhere on S.

Let H be the upper unit hemisphere, so that the unit circle C' on the zy plane (viewed as part
of R3) is its boundary. C is also the boundary of the unit disk D in the zy plane. Use Stokes’
Theorem to turn

/ ydr +zdy +xdz
c

a) into an integral on H,

b) into an integral on D. Evaluate this last integral (all the stuff that we haven’t learned how
to evaluate goes away).
n an

Suppose f: R" — R. Define V2f =" 527
i=1

22 Show that if w = df, then div w = V2f.
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