Mathematical Modeling Techniques
Difference Equations

1st-Order Linear Difference Equation
A first order linear difference equation has the form,
Tpi1 = aT, + b.

It depends only on the previous generation. Solutions are usually found iteratively. Find
the first few generations. Once a pattern is established, write the solution.

Example 1: z,.1 = ax,
Let xg be your initial condition. It can stand for any constant that you choose. Then,

Iy = aXy

To =— a1 — CLQIQ
I3 = QaAx9 — a3x0
T, = a"T

2nd-Order Linear Difference Equation
A second order linear difference equation has the form,

Tpi1 = aTy, + bx, 1. (1)
It depends on the previous two generations. Note, it could be written in the form

Tpio = ATpyq + bT,. (2)

(1) and (2) are the same equation!! Solutions can be found in this form (i) or by converting
to a system of first order linear difference equations (ii).

i Solutions have the form
Ty, = AT + ANS
where \; o are solutions of
A —al—b=0.

ii To solve by converting to a system of first order linear difference equations, let x,,_, =
Yn. Therefore, y,.1 = x, and (1) becomes

Tpt1 = ATy + byn (3)

Ynt1 = Tn (4)

See the section on Systems of 1st Order Linear Equations for details on how to solve
(3)-(4). Note: the solution will be the same as (i).



Systems of 1st Order Linear Equations

Regardless of how many variables (populations) are in the model (equations), each variable
in the generation only depends on the variables in the previous generation. This is why they
are called first order. Equations have the form,

Tnt1 = Q11Tp + A12Yn (5)

Ynt1l = 0Q21Ty 1 A22Yn (6)

Since (5)-(6) can be written as
T . aip Q12 T
Y ) az1 Q22 vy,

Tn = A1>\12—|—A2>\%
Yn = BN+ By)\?

Solutions have the form

where \; 5 are solutions of the eigenvalue problem

det(au_/\ 12 ):0,
a21 aze — A

and A, 5, B1o are found from the initial conditions provided. If no initial conditions are
provided, you can leave as A; o and B o.

Linear Algebra Note (not required for class - just making connections): We could write (7)-(7)
as Z, = U1 \1 + UaXo where
-(3)
Zn =
y n

A1,2 are the eigenvalues and U12 are the eigenvectors. Note: the eigenvectors are scaled for the
initial conditions.

1st Order Non-Linear Difference Equations

First order non-linear difference equations have the form

Tpy1 = f(xn)

The population in a generation only depends on the previous generation, even though the
terms can be quite complicated. We do not solve non-linear difference equations. Therefore,
the dynamics depend upon ’end-behavior’ not ’solutions’. To explore the end-behavior, find
steady states and stability.



Steady states are when the population is constant over generations,
Tyl = T — X.

All steady states must be non-negative to be biologically accurate!! Be sure to find parame-
ter conditions for the steady states to be non-negative! We can have multiple steady states
for the model.

To determine whether solutions that start near the steady states will approach it, we deter-
mine stability. Stability for each steady state is found by testing

f(®)] <1
Systems of Non-Linear Difference Equations

Once again, the population in a generation only depends on the populations in the previous
generation. Systems of non-linear difference equations have the form,

Tp+1 = f(wnayn)a
Ynt1 = g($n7yn)~

Since we can’t solve these types of models, we must find steady states and try to determine
the stability of each steady state.

Steady states are defined by a population staying constant. Therefore, they are found by
setting

Tptl =Ty =X

Yn4+1 = Yn = X

and solving the system of equations. We can have multiple steady states, but they must be
non-negative. Finding the parameter regimes for the steady state to be non-negative can
help with stability conditions.

Stability is determined by taking the partial derivatives of f(z,,y,) and g(z,, y,).
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For stability, |A1 2| < 1 where A, » are given by

ap — A Qai2
az1 age — A
Since we are only concerned with stability and not solutions, we don’t need the actual A
values, we just need both of their magnitudes to be less than 1. For this to hold,

1Bl <1+~ <2 (7)
where

B = an +ax

Y= G11Q22 — Q12021



