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Inner radius:  14.5 AU
Outer radius: 975 AU
Grain size: 10-5 cm
Mass: 0.023 lunar masses

Inner radius:  96.9 AU
Outer radius: 989 AU
Grain size: 10-5 cm
Mass: 1.04 lunar masses
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DEFVJ}GIH�CKJ}€VWKJ„‡•€�O�~�YQJXiXJŽH�‡4YP^7‡�H�CEG=A�DEYQH�^¨k8?eY”^#iSJŽDEFVJ<GIH�`�JSOQWcYP^ŠDEF�YQWB~#A�~6JSC[`�JS~6JS^V`†H�^.G=A�^�\.Œb€#A�^�DEYPDEYQJXWgœ�YPD

YQW8€VWKJ„‡°€�O�DKH‹‡�H�CEG AŽR5CEYQ`�H�‡¨GIH�`�JSOQWBA�^V`�iXH�^VWEDECE€ViSDcA‹~�CKH�Z#A�Z�YPOPYPD�\z`7YQWEDECEYPZ�€�DEYQH�^�YP^z~#A�CƒA�GIJSDKJSCcWE~#A�iXJ5k!•v€VWKJ

•cAg\+JXWKYˆA�^†WEDƒA�DEYQWEDKYPiXW[DKHIigA�OQi„€VOQA�DƒJ‹DEFVJ}CKJSOˆA�DEYPdbJŽ~�CKH�Z#A�Z�YPOPYPD�\†H�‡vJgA�iƒF†GIH�`�JSO4H�^ŠDEFVJŽR5CEYQ`1k

•cAg\bJXWgª7DEFVJXH�CKJSG WEDƒA�DKJXW

P(X j Y; I ) =
P(Y j X ; I ) ¢P(X j I )

P(Y j I )
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@cFVJSCKJU•
YQWcZ#A�iƒaeR5CKH�€�^V`ŠYP^7‡�H�CEG=A�DEYQH�^¨œ�A�^V`��9A�^V`

;

A�CKJ‹iXH�CECKJSOˆA�DKJX`†CƒA�^V`�H�G d�A�CEYˆA�Z�OQJXW…k

�_J„OˆA�DEYP^�R=DEF�YQWcDKH=AMGIH�`�JSO£A�^V`†`VA�DƒA•R5YPd+JXW

P(model j data; I ) =
P(data j model; I ) ¢P(model j I )

P(data j I )
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P (data j I )
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H�€�DKJSCnOPYPG•YPDnH�‡{A†iSYPCKiS€�GIWEDKJSOPOˆA�C•`7YQWEa �„k�TBFVJ=H�ZVWƒJSCEd+JX`¤`VA�DƒA†YQWUiXJSCEDƒA�YP^�OP\¤iXH�CECKJSOˆA�DKJX`¤DKH†DEFVJ=Z#A�iƒa�R5CKH�€�^V`

YP^7‡�H�CEG=A�DEYQH�^¨œ7Z�€�DBYPDNYQWNYPG•~6H5WKWEYPZ�OQJ<DKHnDKJSOPO�FVH…@‹œ7WƒH

P(data j I )
YQWN€�^�a�^VH…@c^¨k"–<H…@NJSd+JSCgœ�‡�H�CcAUR5YPd+JS^ŠWKJSDBH�‡

`VA�DƒA4�µ˜‹WEDƒA�C
�„œ

P(data j I )
YQW[iXH�^VWED¯A�^�Dc‡•H�C{JSd+JSCE\�GIH�`�JSO�œVWƒH•@NJŽigA�^•`7CKH�~†YPD[YP^�DKH=AM~�CKH�~6H�CEDEYQH�^#A�OPYQD�\+k

P(model j data; I ) / P(data j model) ¢P(model j I )
��Ÿ>�

Â¤J}@cYPOPO¨^VH�CEG=A�OPYP‚gJ‹OˆA�DKJSC[DKH•CKJSGIH…dbJ}DKFVJ}~�CKH�~6H�CEDEYQH�^#A�OPYQD�\+k



�

�

š

�

��������� �

P (data j model )

j¨JSD

data
iXH�G•~�CEYQWKJ

n
`VA�DƒA•~6H�YP^�DKWgf

data1
œ

data2
œ1kPkPk[œ

datan
k

P(data j model) = P(data1 j model) ¢P(data2 j model) ¢: : :
��•1�

=
nY

i =1

P(datai j model)
� 0>�

l<H…@²Y”‡"@NJMA�WKWK€�GIJUDEF#A�D_DEFVJnGIJgA�WE€�CKJSGIJS^�DŽJSCECKH�CKWŽA�CKJU^VH�CEG=A�OPOP\�`7YQWEDECEYPZ�€�DKJX`)WƒHIDEF#A�D

datai
igA�^�Z6J

@cCEYPDEDKJS^)A�W{A

�

A�€#WKWEYˆA�^Š@cYPDEF

¹ = modelvaluei
A�^V`

¾= ¾data i

œ7DEFVJS^

P(datai j model) =
1

p
2¼¾i

e
¡ ( model v alue i ¡ data i ) 2

2¾2
i

� />�

P(data j model) = (
1

p
2¼

)n ¢
nY

i =1

1
¾i

¢e¡ Â2

2
�µ˜gš>�

Â¤J[igA�^z`7CKH�~

( 1p
2¼

)n ¢
Q n

i=1
1
¾i

YP^�DKH‹DEFVJ[~�CKH�~6H�CEDEYQH�^#A�OPYPD´\•Z6JXigA�€VWKJ5œ7A�W"OQH�^�RMA�W"@NJ[€VWKJcDEFVJ{WƒA�GIJ{`VA�DƒA7œ

YPD[@cYPOPO1Z6JŽDEFVJ‹WƒA�GIJ}‡•H�C[JSdbJSCE\�GIH�`�JSO�k"TBFVJS^

P(data j model) / e¡ Â2

2
�µ˜5˜"�

��������� �

P (model j I )

:#H�C

P(model j I )
œ�DEFVJŽ~�CEYQH�C_`7YQWEDECEYPZ�€�DKYPH�^0œV@NJUWKJSD[€�~�~6JSC<A�^V`ŠOQH…@NJSC{Z6H�€�^V`�W_H�^•JgA�iƒF�H�‡!H�€�C[GIH�`�JSO

~#A�CƒA�GIJSDKJSCKW_@cF�YQiƒF�R5YPd+JXW

P(model j I ) = 0
‡�H�C_A�OPO0GIH�`�JSOQW_H�€�DKWKYQ`�JUH�‡!H�€�C_R5CEYQ`1kc?�YP^ViXJU@NJ‹`�HI^VH�D{ae^VH…@

Gn€ViƒFtJSOQWKJ•‡°CKH�G Z#A�iƒa�R5CKH�€V^V`�YP^7‡�H�CEG=A�DEYQH�^¨œvH�€�CUZ6JXWED‹R5€VJXWƒWUWEFVH�€�OQ`�Z6J•DƒH•A�WKWE€VGIJ•€�^�Y”‡�H�CEG ~�CKH�Z#A�Z�YPOPYPD�\

H…dbJSCBA�OPO�R5CEYQ`zGIH�`�JSOQWgk"TBFVJS^

P(model j I )
@cYPOPO�`7CKH�~.H�€�DBH�‡¨DEFVJ_~�CKH�~6H�CEDEYQH�^#A�OPYPD�\bk"–<H…@NJSd+JSCgœ�DKFVJ{~�F�\7WEYQigA�O

~#A�CƒA�GIJSDKJSCKWB�

r1
œ

r2
œ

mass
œ6A�^V`

a
�B@NH�€�OQ`•Z6J‹GIH�CKJMA�~�~�CKH�~�CEYˆA�DKJSOP\�`7YQWEDECEYPZ�€�DKJX`¬A�W[€�^�Y”‡�H�CEG YP^•OQH�R�±%WE~#A�iXJ

�•–}A�CEd+JS\tA�^V`‘o+JA�1JSCE\7W

�

š5š5š>�„k¢•�‡[@NJz@cA�^�D

P(model j I )
DKH)`7CKH�~‰H�€VD•H�‡[DEF#J�JXŒb€#A�DEYQH�^¨œ!@NJz@cYPOPOB^VJXJS`

DKHzYP^VWEDEYPDE€�DKJMH�€�C<~�CEYQH�CKW}DEF�CKH�€�R5F)R5CEYQ`¬WE~#A�iSYP^�R�³¦WKH�DEFVJUGIH�`�JSOvR5CƒA�YP^¬WKYP‚gJSWŽA�^V`)JSDKi5k_@cYPOPO£Z6JM`7YQWEDECEYPZ�€�DKJX`

€�^�Y”‡�H�CEG•OP\�YP^†OQH�R=WE~#A�iXJ5k

TBFVJ �V^#A�O¨CKJSOˆA�DEYPdbJŽ~�CKH�Z#A�Z�YPOPYPDEYQJXW[‡�H�C[JgA�iƒF†GIH�`�JSO£A�CKJ}R5YPdbJS^†Z�\

P(model j data) / e¡ Â2

2
�µ˜

�

�



�

�

˜

�

@cF�YQiƒF�igA�^ŠZ6JŽ^VH�CEG=A�OPYP‚gJX`†DKHIiXH�^VWEDECE€ViSD<A�^†^7±�~#A�CƒA�GIJSDKJSC{~�CKH�Z#A�Z�YPOPYPD�\†`7YQWEDECEYPZ�€�DEYQH�^¨œ

P(x1; : : : ; xn )
k

�0·���· � �bº��0¼1½’¼

�

� ��»

�

À•¹ � � �‹»�¼ ��� �£À��•À º…À��	�

•N\ŽDEFVJ8GIJSDEFVH�`•H�‡VG=A�CER5YP^#A�O7~�CKH�Z#A�Z�YPOPYPDEYQJXW…œ5@NJ8igA�^MCKJXWEDKH�CKJBA�^MYP^V`�JS~6JS^V`�JS^�Dv~�CƒH�Z#A�Z�YPOPY”D´\n`7YQWEDECEYPZ�€�DEYQH�^

‡•€�^ViSDEYQH�^Š‡•H�C{JgA�iƒFŠ‡°CKJXJŽ~#A�CƒA�GIJSDKJSC{Z�\�YP^�DKJSR5CƒA�DEYP^�RzH…dbJSCcDEFVJ‹H�DEFVJSCc‡•CKJXJ}~#A�CƒA�GIJSDKJSCKW6�•WKJXJ :£YPRVk
•1�„k

P(x1) =
Z 1

¡1
: : :

Z 1

¡1
P(x1; : : : ; xn )dx2 : : : dxn

�µ˜g¡>�

•�^I~�CƒA�iSDEYQiXJ5œe•v`�HŽ^VH�D
YP^�DKJSR5CƒA�DKJ{‡°CKH�G

¡1
DKH

1
kv•£WKJSD"€V~�~6JSCNA�^V`IOQH…@NJSC8Z6H�€�^V`�W8H�^=DEFVJ[~#A�CƒA�GIJSDKJSCKW

Z#A�WKJX`)H�^)DEFVJnOPYPDKJSCƒA�DE€�CKJ•A�^V`�~�CKJSdeYPH�€#W_DECEYˆA�OQWB�°DEF�YQW<YQW_~#A�CEDŽH�‡"DEFVJM•cAg\+JXWKYˆA�^�~�CEYQH�C
�„k}TBFVJnGn€�OPDEY”±�d5A�CEYˆA�Z�OQJ

YP^�DKJSR5CƒA�DEYQH�^ A�^V`“R5CEYQ`e±�GIH�`�JSO}igA�OQiS€�OˆA�DEYQH�^’igA�^¦Z6J†J„¥7DECKJSGIJSOP\“iXH�G•~�€�DƒA�DEYQH�^#A�OQOP\“YP^�DKJS^VWEYPdbJ†@cF�YQiƒF¦WKJSDKW�A

OPYPG•YPD{H�^†DEFVJŽ~�CKJXiSYQWEYQH�^•H�‡vGn\�DECƒA�~6JS‚gH�YQ`VA�O0YP^�DKJSR5CƒA�DEYQH�^¨k



�

�1�

�

:£YPRVk!•ek ³ TBFVJ

�

±%—¦~VCKH�Z#A�Z�YPOPYPD�\•`7YQWEDECEYPZ�€�DEYQH�^IYQWvWƒJS~#A�CƒA�DKJX`•YP^�DKH<YP^V`�JS~6JS^V`�JS^eD{˜„±%—¦~�OQH�DKWv€VWKYP^�R}DEFVJNGIJSDEFVH�`

H�‡[G=A�CKR5Y”^�A�ON~�CKH�Z#A�Z�YPOPYPDEYQJXW…k¬•%^tDEF�YQWn~#A�~6JSCgœ"•}€VWKJzDEFVJ=DKJXiƒF�^�YQŒ�€VJzDKH�DECƒA�^VWµ‡�H�CEG™A¬•…±%—�GIH�`�JSONR5CEYQ`tYP^�DKH

WKJSdbJS^ŠYP^V`7YPd�YQ`7€�A�O¨~�CKH�Z#A�Z�YPOPYPD�\†`7YQWEDECEYPZ�€�DEYQH�^VW[‡•H�CcYPG•~6H�CEDƒA�^eD_`7YQWEaz~#A�CƒA�GIJSDKJSCKW…k
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�
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�

�$� � �	�…À��V¹�� � ��»

�

À•¹ � � �²¼1½��2� �cÀ ºXº…À°¹

�

TBFVJU•cAg\+JXWEYˆA�^�«�G=A�CKR5Y”^�A�O£WEDƒA�DEYQWEDEYQiXW_A�^#A�OP\7WEYQW[GIJSDEFVH�`†YQW[€VWƒJ¯‡•€�O1‡�H�C[iXH�^VWƒH�OPYQ`VA�DEYP^�RzYP^7‡•H�CEG=A�DEYQH�^•‡•CKH�G

G=A�^�\IGIHb`VJ„OQW…k :#H�CNA‹~�CKH�Z�OQJSG @cYPDEFzOQH�DKWNH�‡0`VA�DƒAMA�^V`�A‹WKYPG•~�OQJ{GIH�`�JSO�œ�YPD8G=Ag\•Z6J{~6H5WƒWEYPZ�OQJ{DKH �VDBA‹WEYP^�R5OQJ

Z6JXWEDµ± �VD_GIH�`�JSO4DKHIDEFVJU`VA�DƒA7œ#Z�€�D{@cFVJS^�Gn€�OPDEYP~�OQJUGIH�`�JSOQW<igA�^4�#D{DEFVJU`VA�DƒA•@[Y”DKFVH�€�D<`7CƒA�WEDEYQigA�OPOP\†`7Y��1JSCKJS^�D

Â2
WKDƒA�DEYQWEDEYQiXWgœ�DEFVJ‹GIJSDEFVH�`•H�‡!•cAg\+JXWKYˆA�^�«�G=A�CER5YP^#A�O£WEDƒA�DEYQWEDEYQiXW{WEFVH�€VOP`†Z6JŽ€VWKJX`†DKHIiXH�^VWEDECE€ViSD_`7YQWEDECEYPZ�€�DEYQH�^VW

H�‡{YP^V`7YPdeYQ`7€#A�OB~#A�CƒA�GIJSDKJSCKWgk�TBFVJ�€VWKJ„‡•€�OP^VJXWKW•H�‡{DEF�YQWMDKJXiƒF�^�YQŒ�€VJ.WEDKJSGIWn‡•CKH�G DEFVJ=‡�A�iSDMDEF#A�D•YPDMR5YPd+JXWn‡�A�YPC

@NJSYPR5F�DEYP^�R•DKHU@NJSOPO”± �VDNGIH�`�JSOQWcA�^V`=Z#A�`7OP\�± �VDNGIH�`�JSOQW�3eDEFVJ{CKJSOˆA�DEYPdbJ{~VCKH�Z#A�Z�YPOPYPD�\=H�‡0G=A�^�\•GIJX`7YQH�iSCKJ<GIH�`�JSOQW

G=Ag\.WE€�CE~#A�WKWcDKFVJ}CKJSOˆA�DEYPdbJŽ~�CKH�Z#A�Z�YPOPYPD�\†H�‡!A•WKYP^�R5OQJŽR+H�Hb`†GIH�`�JSO�k

•�^•DEFVJMiXH�^�DKJ„¥eD}H�‡"DEF�YQW_~�CKH�ÃEJXiSDgœ6•[A�G YP^�DKJSCKJXWEDKJX`�YP^!�VDEDEYP^�R.WƒJSd+JS^)`7YQWEaŠ~#A�CƒA�GIJSDKJSCKWŽA�^V`)JSd�A�OP€#A�DEYP^�R

DEFVJSYPC8G=A�CER5YP^#A�O�~�CKH�Z#A�Z�YPOPYPDEYQJXW…k!TcFVJ[€�OPDEYPG=A�DKJ_R+H+A�O�H�‡1DEFVJ{~�CKH�ÃµJXiSD8YQW
DKHUiXH�^VWEDECƒA�YP^zDEFVJ_`7YQWEa•~#A�CƒA�GIJSDKJSCKWNZ�\

iXH�^VWEDECE€ViSDEYP^�R=G=A�CER5YP^#A�O4`7YQWKDECEYPZ�€�DEYQH�^VW[@cYPDEF•O”YPG•YPDKW…k"•
F#AgdbJŽiƒFVH5WKJS^†DEF�CKJXJ‹J„¥VA�G•~�OQJ‹WEDƒA�CƒWB‡•H�CcDEF�YQW[~#A�~6JSCgf

–<—§˜gš5›ŽYQW8A :£h 58?•WKDƒA�C"@cYPDEF=R+H�H�`=H�~�DEYQigA�O6`VA�DƒA?� ‡•H�C"DEFVJ[~�FVH�DKH5WE~�F#J„CƒJ<�VD
�"A�^V`=J„¥�iXJS~�DEYQH�^#A�O1?�~�YPDE‚gJSC

`VA�DƒA7kc•�D[@BA�W_H�^VJnH�‡!DEFVJUH�^�OP\4:vh 58?•WEDƒA�CKW{@cYPDEF�• �{]_L ›7k 0

¹m
`VA�DƒA9�°DEFVH�€�R5F•‡�H�C_–_—�˜gš5›7œ#DEFVJn›7k 0

¹m
`VA�DƒAU`�H�JXW
^VH�D �VD
@NJSOPO�@cYPDEF=DEFVJ{H�DEFVJSCN• �{]_L‘`VA�DƒA>�„œ7A�^V`IYPD
@BA�WNA‹WEDƒA�C
@cYPDEF�`�JA�V^�YPDKJ_J„¥�iXJXWKW"YP^=DEFVJ 	)• 58?

•�š•A�^V`¢˜gŸ5š

¹m
Z#A�^V`�Wgœ7@cYPDEFŠWKG=A�OPO1JSCECKH�CKWcH�^ŠJgA�iƒF†H�‡4DEFVH5WKJ<CKJXWK~6JXiSDEYPd+J}~6H�YP^�DKWgk!TBFVJ}CKJXWE€�OPDKWN‡�H�CB–<—3˜gš5›

`�JSGIH�^VWEDECƒA�DKJXW}?�~�YPDE‚gJSCgªmW_WKJS^VWEYPDEYPdeYPD�\zDKH•DEFVJ‹`7YQWEaz~#A�CƒA�GIJSDKJSCKW…œ�YP^V`VJ„~6JS^V`VJ„^eD_H�‡"A�^ViSYPOPOˆA�CE\Š`VA�DƒA7k

–<— ˜gš+•e˜SžbŸ�YQW�A¢^VJgA�CEZ�\ :£h 58?“WEDƒA�C=@cYPDEF¦R5CKJgA�DzG•YPOPOPYPGIJSDKJSCŠA�^ViSYPOPOˆA�CE\(`VA�DƒA¤A�^V`’A¢CKJXWKH�OPdbJX`(iSYPCµ±

iS€�GIWEDKJSOPOˆA�C}`7YQWKa.YP^)WƒigA�DEDKJSCKJX`1œ6H�~�DEYQigA�O£OPYPR5F�D_‡•CKH�G DEFVJn–{€�Z�ZVOPJ•?�~#A�iXJMT4JSOQJXWKiXH�~6J5k��Žh8L �•œ1?�L 8_•B]Mœ�A�^V`

?eh8?eT-`#A�DƒAzA�CKJ•A�OPOvAgd5A�YPOˆA�Z�OQJU‡•H�C<–<—�˜gš+•e˜SžbŸ �•WƒJXJn]{~�~6JS^V`7Y”¥�•*�„œ6A�^V`¬A�OPO4F#AgdbJnWEG=A�OPOvJS^VH�€�R5F¬JSCECKH�CKW<DKH

FVJSOP~¢iXH�^VWEDECƒA�YP^¢`7YQWEa†~#A�CƒA�GIJSDKJSCKWgk‹•cAg\bJXWEYˆA�^�«�G=A�CER5YP^#A�O"WEDƒA�DEYQWEDEYQiXW}CKJXWE€�OPDKWŽA�CKJMiXH�G•~#A�CKJX`¬DKHzDEFVJMCKJXWKH�OPdbJX`

–_€�Z�Z�OQJŽYPG=A�R+J5œ#A�^V`ŠDEFVJŽ€VWKJ„‡•€�OP^VJXWKW[H�‡vOQH�^�R�±�@BAgd+JSOQJS^�R5DEF)`VA�DƒA•YQW[`7YQWKiS€VWƒWKJX`1k

–<— ˜5˜g›5š�žb¡MYQW[A$:£h 58?�WEDƒA�CcDEF#A�D[WEFVH…@[WB^VH•YP^7‡•CƒA�CKJX`ŠJ„¥7iXJXWƒWBY”^�	)• 58?

�

ž•H�C_•�š

¹m
`VA�DƒA �°YPDcF#A�WB^VH

	)• 58?†˜gŸ5š

¹m
`VA�DƒA>�„k!TBFVJ_~6H�YP^�DBH�‡��VDEDEYP^�RMDEF�YQWNWEDƒA�C8@cYPDEF.iSYPCKiS€�GIWEDKJSOPOˆA�Cc`7YQWEa•GIH�`�JSOQWNYQW8DKHn`�JSGIH�^VWEDECƒA�DKJ

DEFVJ•CKJXWE€�OPDKWŽH�‡cA�•cAg\+JXWEYˆA�^�« 	¬A�CER5YP^#A�O
WEDƒA�DEYQWEDEYQiXWŽ^VH�^7±%`�JSDKJXiSDEYQH�^¨k•] ^#H�^7±%`�JSDKJXi„DKYPH5^�€VWEYP^�RŠDEFVJXWKJ•GIJSDEFVH�`�W

igA�^†Z6JŽ`VJ
�#^VJX`•A�W{A•WKJSD[H�‡vCKJXWE€�OPDKWcDKF#A�D{igA�^�^VH�D[~�€�D_AMOQH…@NJSC{OPYPG•YPD{H�^ŠG=A�WƒWgk

:#H�CUJgA�iƒF¤H�‡BDEFVJXWKJIWEDƒA�CKW…œ¨•<igA�OQiS€�OˆA�DKJIDEFVJIG=A�CER5YP^#A�O8`7YQWEDECEYPZ�€�DEYQH�^VW‹‡�H�C

r1
œ

r2
œ

mass
œ

°
�•J„¥�iXJS~�DŽ‡�H�C

–<— ˜gš+•e˜SžbŸ>�„œ

a
œ

p
œNA�^V`

q
k :#H�C•DEFVJŠD�@NH�WEDƒA�CKW•@cYPDEF(`7YQWEa7Wgœ
–<— ˜gš5›�A�^V`“–<— ˜gš+•e˜SžbŸ7œ

r1
A�^V`

mass
igA�^)Z6JniXH�^VWKDECƒA�YP^VJX`)DKH=€�^�YPGIH�`VA�O�œ

�

A�€VWKWE±�OPYPa+Jn`7YQWEDECEYPZ�€�DEYQH�^VW…k

p
YQW<iXH�^VWKDECƒA�YP^VJX`•‡�H�C_Z6H�DEF¬WEDƒA�CKW…œ6A�^V`

q
YQW

iXH�^VWEDECƒA�YP^VJX`¤‡�H�Cn–<— ˜gš+•e˜SžbŸ7k

a
YQWU^VH�DMiXH�^VWEDECƒA�YP^VJX`t@cYPDEF�YP^‘DEFVJ=^#A�CECKH…@ Z#A�^V`tH�‡[Gn\¢GIH�`�JSOQWnDEF#A�D•A�CKJ

iXH�^VWEYQ`�JSCKJX`=A�iXiS€�CƒA�DKJ �•WKJXJBWƒJXiSDEYQH�^I¡7k ž2�„k

r2
YQWv^VH�D"iXH�^VWEDECƒA�YP^VJX`•‡•H�C!JSYPDEFVJSC"WEDƒA�Cgk

°
F#A�W"A_€�^�Y”‡�H�CEG†œ5G=A�CER5YP^#A�O

~�CKH�Z#A�Z�YPOPYPD�\IH…dbJSC"DEFVJcCƒA�^�R+J{`�JXWKiSCEYPZ6JX`IYP^=WKJXiSDEYQH�^�¡7k žVkv•�D!YQW
iXH�G•~�OQJSDKJSOP\•€�^ViXH�^VWEDECƒA�YP^VJX`=Z�\MDEFVJ{`VA�DƒA}€VWKYP^�R

DEF�YQW[GIJSDEFVH�`1k
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TBFVJŽ•cAg\bJXWEYˆA�^45!CEYQH�Cc‡•H�CcDEFVJ}GIJSDEFVH�`�W{`�JXWKiSCEYPZ6JX`ŠYP^.DEF�YQWc~#A�~6JSC[YQW[A�~�~�OPYQJX`ŠDEF�CKH�€�R5F†R5CEYQ`ŠWK~#A�iSYP^�R=A�W

`�JXWKiSCEYPZ6JX`†YP^•WKJXiSDEYQH�^†žVkP˜5k ¡7k8•NA�WƒWE€�GIJŽDEF#A�D[DEFVJUA•~�CEYQH�CEY¨~�CKH�Z#A�Z�YPOPYPDEYQJXW<H�‡vDEFVJŽ~#A�CƒA�GIJSDKJSCKW6�
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p
A�^V`

q
k

q
F#A�W}YPDKW

Z�YPR5R+JXWED<JA��JXiSD_H�^•OQH�^�R�±�@BAgdbJSOQJS^�R5DEF¬JSG•YQWKWEYQH�^¨œ#@cF�YQiƒF�YQW[@cF�\.DEF#J‹OQH�^�R�±�@BAgd+JSOQJS^�R5DEF¢`VA�DƒA•YQW{WƒH•YPG•~6H�CEDƒA�^�D

‡�H�C_iXH�^VWKDECƒA�YP^�YP^�R�YPDgk_TBFVJMiƒF#A�^�R+JnYP^�DEFVJMWEF#A�~6JMH�‡"DEFVJ

p
±%iS€�CEdbJUYQW_GIH5WED<OPY”abJSOP\�AICKJXWE€�OPD<H�‡
DEFVJniXH�^V`7YPDEYQH�^

•BF#AgdbJUYPG•~6H5WKJX`�DEF#A�D

p < q
k{] WEYPG•YPOˆA�C<WƒJSD_H�‡
CKJXWE€�OPDKW_DKH=DEFVJnZ�OP€VJniS€�CEdbJUYQW<WEFVH…@c^)YP^!�VR5€�CKJ�˜

�

‡�H�C<–_—

˜gš5›7œ�@cF�YQiƒF†F#A�W[^VH•G•G�`VA�DƒA7k

j¨H�^�R�±�@BA…d+JSOQJS^�R5DKF¤`VA�DƒAzYQW<^VJXiXJXWƒWƒA�CE\†‡�H�C}iXH�^VWEDECƒA�YP^�YP^�R

p
œ

q
œ1A�^V`¬DEFVJ•H�€�DKJSCŽiXH�^VWEDEC¯A�Y”^eDŽH�‡

r1
knLBA�Cµ±

~6JS^�DKJSC!%(' ),+ -<�

�

š5š5›>�•?eh8?eT GIJgA�WE€�CKJSGIJS^�DKWIA�CKJ�FVJSOP~7‡°€�ON‡•H�C•A•OQH�D•H�‡{DEFVJ :vh 58?tWEDƒA�CKWgœvZ�€�DMGIH�CƒJ�`VA�DƒA

A�^V`#«�H�C[WEG=A�OPOQJSCcJSCECKH�CBZ#A�CKWcA�CƒJ_^VJXiXJXWKW¯A�CE\•‡�H�CNDEFVJ<D�\e~6JXWBH�‡4iXH�^VWKDECƒA�YP^�DKWBDEF#A�D[A�CKJ<DEFVJ<R+H+A�O�H�‡4DEF�YQWN~�CƒH�ÃµJXiSD

A�^V`ŠYPDKWcDKJXiƒF�^�YQŒ�€VJXWgk
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TBFVJ_WEDECE€ViSDE€�CKJ5œeJSdbH�OP€�DEYQH�^¨œ7A�^V`z`7€VWED8iXH�^eDKJS^�DKWNH�‡¨iSYPCKiS€�GIWEDKJSOPOˆA�CB`7YQWKaeWNA�CKJ[YPG•~6H�CEDƒA�^�D8‡�H�C
DECƒA�iSYP^�RnDEFVJ

‡�H�CEG=A�DEYQH�^IH�‡�~�OˆA�^VJSDKWgk£—}JSDKJSCEG•YP^�YP^�R‹DEFVJNGIH�`�JSO�D�\e~6JXW!A�^V`•~#A�CƒA�GIJSDKJSC"iXH�^VWKDECƒA�YP^�DKWvYQW"A�^•YP^�DKJSCK`7YQWKiSYP~�OPYP^#A�CE\

�#JSOQ`(DEF#A�D�Y”^#i„OP€V`VJSW�OˆA�Z6H�CƒA�DKH�CE\(~�F�\eWKYQiXWgœBDEFVJXH�CE\+œ[`7YPCKJXiSD�WK~#A�iXJ•GIJgA�WE€�CKJSGIJS^�Dgœ{H�ZVWKJSCEd5A�DEYQH�^¨œ[iXH�G•~�€�DKJSC

GIH�`�JSOPYP^�RVœ�A�^V`•WEDƒA�DEYQWEDEYQigA�O7YP^7‡�JSCKJS^ViXJ5kvTBFVJ[?�~�YPDE‚gJSC
?�~#A�iXJcT4JSOQJXWKiXH�~6JNYQW!A_~6H…@NJSCµ‡°€�O�^VJS@‰DKH�H�Oe‡•H�CvH�ZVWƒJSCEd�YP^�R

`7YQWEa7W¨YP^•A[@BAgd+JSOQJS^�R5DEFMCƒA�^�R+J �•@cF�YQiƒFnYP^ViSOP€V`�JXW£DEFVJ8`7YQWEaeW…ªX~6JgA�a‹JSG•YQWƒWEYQH�^ �1DEF#A�D4@BA�W0~VCKJSd�YQH�€VWEOP\ŽYPG•~6H5WƒWEYPZ�OQJ5k

?�DƒA�CKWvDEF�A�DvF#AgdbJNYP^7‡°CƒA�CƒJS`•J„¥�iXJXWKWKJXWvYP^=?�~�YPDE‚gJSC!@BAgdbJSOQJS^�R5DEFVW
A�CKJNOPYPabJSOP\nWK€�CECKH�€�^V`�JX`•Z�\niSYPCKiS€�GIWKDKJSOPOˆA�C
`7YQWEaeW…œ

A�^V`.Z�\zWE€�Z�DECƒA�iSDEYP^�R=H�€�DcDEFVJ}iXH�^�DECEYPZ�€�DEYQH�^�H�‡4DEFVJŽWEDKJSOPOˆA�CB~�FVH�DƒH5WE~�FVJSCKJ5œV•8A�G A�Z�OQJ<DKH•GIH�`�JSO¨`7YQWEa7WNDKHMDEFVJ

YP^7‡•CƒA�CKJX`ŠJ„¥�iXJXWKWKJXWgk!•BJXigA�€VWKJŽWKYP^�R5OQJ5œ7Z6JXWEDµ± �VD[GIH�`�JSOQW[H�^VO”\�DKJSOPO1€VWc@cF#A�D[D�\�~6JXW[H�‡£GIH�`�JSOQW<�VD{A�^V`.@cFVJSDEFVJSC

GIH�`�JSOQW<�VD{A�D{A�OPO�œV•"€VWƒJ<DEFVJŽDKJXiƒF�^�YQŒb€VJXW{H�‡v•cAg\bJXWEYˆA�^†WEDƒA�DEYQWEDEYQiXW{A�^V`ŠG=A�CER5YP^#A�O¨~�CKH�Z#A�ZVY”OPYPDEYQJXW{DKH•iXH�^VWKDECE€ViSD

~�CKH�Z#A�Z�YPOPYPD�\Š`�YPWKDECEYPZ�€�DEYQH�^VW[‡•H�CcYPG•~6H�CEDƒA�^�D<`7YQWEaz~#A�CƒA�GIJSDKJSCKWgk

–<—’˜gš5›[A�^V`‹–<—’˜gš+•e˜SžbŸcF#AgdbJvYP^7‡•CƒA�CKJX`‹J„¥7iXJXWƒWKJXWgœg@cF�YQiƒFU•#F�Agd+J
A�^#A�OP\�‚gJX`Ž@[Y”DKF‹DEFVJ!•cAg\bJXWEYˆA�^�«�G=A�CER5YP^#A�OQW

DKJXiƒF�^�YQŒ�€VJ5k :#H�CŽ–_— ˜gš5›7œ

r1
œ

mass
œ1A�^#`

p
A�CKJ•iXH�^VWEDECƒA�YP^VJX`1k :#H�C}–<— ˜gš+•e˜SžbŸ7œ

r 1
œ

mass
œ

p
œ¨A�^V`

q
A�CKJ

iXH�^VWEDECƒA�YP^VJX`1k

°
A�^V`

r2
igA�^�^VH�D
Z6J[iXH�^VWEDECƒA�YP^VJX`1k

a
YQW"^VH�D
iXH�^VWEDECƒA�YP^VJX`I€VWEYP^�R‹DEFVJcGIH�`�JSOQW"‡°CKH�G DEF�YQW"~#A�~6JSCgk

•�DcYQW[OPYPabJSOP\�DEF#A�D<A•Gn€�OPDEYP~�OQJUR5CƒA�YP^7±%WEYP‚gJ‹GIH�`�JSO0@cYPDEF)A�iXiS€�CƒA�DKJSOP\ŠCKJS~�CKJXWKJS^�DKJX`•OˆA�CER+J„±�R5CƒA�YP^)JSG•YQWKWEYQH�^•@NH�€�OQ`

iXH�^VWEDECƒA�YP^†OQA�CKR+J

a
œ�A�^V`†AM`�JSDƒA�YPOQJX`†WEDE€V`7\�H�‡4CƒA�`7YˆA�DEYPdbJ}R5CƒA�YP^ŠCKJSGIH…deYP^�R•~�CKH�iXJXWKWKJXWc@NH�€�OQ`ŠiXH�^VWEDECƒA�YP^†WEG=A�OPO

a
k 8_^�DEYPO

a
YQWciXH�^VWEDECƒA�YP^VJX`1œ#A�OPO�G=A�WKWcJXWEDEYPG=A�DKJXW{A�CKJ}H�^�OP\�A�iXiS€�CƒA�DKJŽYP^.DEFVJ}iXH�^�DKJ„¥7DcH�‡£WEYP^�R5OQJ„±�R5CƒA�YP^†GIH�`�JSOQW

@cFVJSCKJ

a < 100 ¹m
3�DEFVJn~�F�\eWEYQigA�OPOP\•~6JSCEDEYP^VJS^�DŽŒb€#JSWKDEYQH�^¨œ6FVH…@-Gn€ViƒF)G=A�WKW<YQW<H�CEZ�YPDEYP^�R.DEFVJMWEDƒA�Cgœ�igA�^�^VH�D

Z6JUA�^VWE@NJSCKJX`ŠZ�\�DEFVJ‹iS€�CECKJS^�D[GIH�`�JSOQW…k

�1·��1· �0¾0º…¾0» � �6º�� � �

�

-���-��>-���� �
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 %��?%�� '����������	%A+
�

TBFVJ�CKJXWE€�OPDKW•H�‡{DEF�YQW•~#A�~6JSC•~6H�YP^�D•DKH¬WKH�GIJ�^VJXiXJXWKWƒA�CE\tiƒF#A�^�R+JXW•DEF#A�D•WEFVH�€VOP`‘Z6J�G=A�`�J�DKH)DEFVJ.`7YQWEa

GIH�`�JSOQWgk!TBFVJ[GIH5WKD8H�Z�d�YQH�€VW
‡�A�€�OPD8H�‡1DKFVJ[GIH�`�JSOQW8YQW"DEFVJ{€�^�~�F�\eWKYQigA�O�JSG•YQWKWKYQH�^�«�A�ZVWKH�CE~�DEYQH�^ŠA�~�~�CKHg¥7YPG=A�DEYQH�^

`�JXWKiSCEYPZ6JX`tYP^‘WKJXiSDEYQH�^®¡7k ¡7k!�{JSGIH…deYP^�R�DEFVJ�A�~�~�CKHg¥7YPG=A�DEYQH�^‘@cYPOPOBigA�€VWKJ=DEFVJz`7YQWEa¢GIH�`�JSOPYP^�R¬JXŒ�€#A�DEYQH�^VWMYP^

WKJXiSDEYQH�^†¡7k

�

DKHnZ6JXiXH�GIJ}^VH�^7±�A�^#A�OP\�DEYQi‹A�^V`�@cYPOPO¨A�`�`.iXH�G•~�€�DƒA�DEYQH�^ŠDEYPGIJ<DKH•JgA�iƒF.GIHb`VJ„O�œ7Z�€�Dc`�H�YP^�R•WKHn@cYPOPO

A�OPOQH…@�OˆA�CER+J}R5CƒA�YP^.GIH�`�JSOQWgœe@[F�YQiƒF†A�CKJ<^VJXiXJXWKWƒA�CE\I‡�H�CNGIH�`�JSOPYP^�R=An`7YQWKaI@cYPDEF†AM`7YQWEDECEYPZ�€�DEYQH�^†H�‡0R5CƒA�YP^†WEYP‚gJXWgk

TBF�YQW[YQWcDEFVJ‹H�^�OP\�@BAg\�DKHIA�iXiS€�CƒA�DKJSOP\†`�JSDKJSCEG•YP^VJU`7YQWEazG=A�WƒWgk

�

-���-���-�� ��	 %�� '�� % ) ����	 %�� %�� ' ����� ��	 )��!� �

T4HUYPG•~�CKH…dbJ{DEFVJ_`7YQWEa•G=A�WKW8JXWKDEYPG=A�DKJ5œ�GIH�CKJ{YP^7‡�H�CEG=A�DEYQH�^�YQW
^VJXJX`�JX`�A�Z6H�€�DNDEFVJ{WKF#A�~6J_A�^V`z`�JS^VWKYPD�\IH�‡

iSYPCKiS€�GIWEDKJSOPOˆA�C<`7€VWED[R5CƒA�YP^VWgkN?�~�FVJSCEYQigA�O0R5CƒA�YP^VW[F#A…d+JŽDEFVJŽOQJgA�WED[~6H5WKWEYPZ�OQJ‹WK€�Cµ‡�A�iXJ„±�A�CKJgA+«�OP€�G•YP^#H5WEYPD�\ŠCƒA�DEYQH•‡�H�C

A•R5YPd+JS^†G=A�WƒWgœ�WKH•Y”‡£CƒJXA�O4iSYPCKiS€�GIWEDKJSOPOˆA�C<`7YQWEaeWcF#AgdbJŽYPCECKJSR5€�OˆA�C{R5CƒA�YP^VWgœVDEFVJ‹`7YQWEa�ª W[G=A�WKWc@cYPOPO0Z6J}OQH…@BJSC[DEF#A�^



�

¡�ž

�

DEFVJ‹GIH�`�JSOv`7YQWEaeW…k

�

CƒA�YP^)WEF#A�~6Jn`7YQWEDECEYPZ�€�DEYQH�^VW_@cYPOPO4OPYPa+JSOP\ŠZ6J‹DEFVJUCKJXWE€�OPD_H�‡
`7YPCKJXi„D<GIJgA�WE€�CKJSGIJS^�D}H�‡8?eH�OˆA�C

?�\7WEDKJSG9`7€VWEDgk£]_OQWKH�œ�DEF�YQWv@BH�€�OQ`IA�O”OQH…@®GIH�CKJ[A�iXiS€�CƒA�DKJcGIH�`�JSOPYP^�RUH�‡6`7€VWED"A�ZVWKH�CE~�DEYQH�^�«�JSG•YQWƒWEYQH�^�«�WKigA�DEDƒJSCEYP^�R

~�CKH�~6JSCEDEYQJXWgk

�

- ��-

�

- ��� � 	 ��
 %��?%�� ' ����� 	�� ��	 �

•�^¬DEF�YQWŽ~#A�~6JSCU•{F#AgdbJ•€VWKJX`¬€�^�Y”‡•H�CEG ~�CEYQH�CKW‹DKHŠ`�JXWKiSCEYPZ6J•Gn\�Z6JXWEDŽYP^�YPDEYˆA�O"R5€VJXWKW}‡�H�C}DEFVJ•~�CKH�Z#A�Z�YPOPYPD�\

`7YQWEDECEYPZ�€�DEYQH�^VW…k“•�^‰CƒJXA�OPYPD�\bœ8@NJŠa�^VH…@�DEF#A�DIDEFVJ†`7YQWEDECEYPZ�€�DEYQH�^VW�A�CKJ.^VH�DIR+H�YP^�R�DKH¢Z6J.€�^�Y”‡�H�CEG �°DEFVJS\‘@cYPOPO

~�CKH�Z#A�Z�OP\�Z6J=€�^VY”GIH�`VA�O��„œ
A�^V`tDEFVJ=~�CEYQH�CMWKFVH�€�OQ`¤CKJ„©#JXiSDMDEF�YQWna�^VH�@cOQJS`�R+J�k¢LNH�^VWEDECE€ViSDEYP^�R¢A†~�CEYQH�CM@NH�€�OQ`

Z6JUA�^•JS^VH�CEGIH�€VW{€�^V`�JSCED¯A�a�YP^�RVœ#@cF�YQiƒF•@NH�€�OQ`ŠYP^�dbH�OPdbJŽ€VWEYP^�RIDEFVJ‹•cAg\bJXWEYˆA�^�«�G=A�CER5YP^#A�O4GIJSDEFVH�`•H�^�A•OˆA�CER+J

WƒA�G•~�OQJ•H�‡NiSYPCKiS€�GIWEDKJSOPOˆA�Cn`7YQWEaeW…k 5"CKJXWE€�G=A�Z�OP\+œ0WE€#iƒF�Az~�CEYQH�C‹`7YQWEDECEYPZ�€�DEYQH�^�@NH�€�OQ`¬Z6JIA�R+J•`�JS~6JS^V`�JS^�DnA�^V`

iXH�€�OQ`ŠZ6JŽYPDKJSCƒA�DKJX`†@cYPDEF�A•WƒA�G•~VOPJ‹H�‡vG=A�^�\.iSYPCKiS€�GIWEDKJSOPOˆA�C<`7YQWEa7Wgk

�

-���-�� -�� ��� �(' 		� � '�� ��� � ��� )�		� ��� ),+ � ���A' 	�� 
 ��'�� ��� ��

� � � %�� � �	� ���!� ' ��� ��� 
,%�		�	%�� ��'��
��%�	 �

8_OPDEYPG=A�DKJSOP\+œ6DEFVJUR+H+A�O£H�‡"DEFVJn•cAg\bJSWKYˆA�^�«�G=A�CER5YP^#A�OQW<GIJSDEFVH�`�YQW_DKH�A�OPOQH…@²~#A�CƒA�GIJSDKJSCŽJXWEDEYPG=A�DEYQH�^)@cYPDEF

JSCECKH�C8A�^#A�OP\eWKYQW"A�^V`IiXH�^7�#`�JS^ViXJ[OPYPG•Y”DƒWgkvTBFVJBZ6JXWED"WKiXJS^#A�CEYQHŽ@NH�€�OQ`•Z6JBDKH �#D

�

A�€VWKWEYˆA�^IiS€�CEdbJXW!DKH}~#A�CƒA�GIJSDKJSC

`7YQWEDECEYPZ�€�DEYQH�^VW…k"•�^ŠGIH5WED{igA�WKJXWgœ7DEF�YQW[@cYPOPO¨Z6J}~6H5WKWKYPZ�OQJ}@cYPDEF•WK€ �=iSYQJS^�D[YP^�DKJSR5CƒA�DEYQH�^ �•JXŒb€#A�DEYQH�^t˜g¡>�„k
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�†À��"� �-¼1½ ��� � �¨¾ �7º…À°¼�¹ �

�•·•¶#· � �b»�À�� �7º…À ¼6¹“¼

�

º�� �	� �2� � �b» �7º…¾0» � � �¨¾ �7º…À ¼6¹¦À•¹ �$��¿ � ���V¹ �V¹4½ � ��» �2�g¿>� �„¶ � � ���

Â¤JŠA�WKWE€�GIJ.DEFVJ.WEDƒA�C=A�^V`‘DEF#J�R5CƒA�YP^VWIJSG•YPD•DEFVJSCEG=A�OPOP\bœ
OPYPa+J.Z�OˆA�iƒa�Z6H�`7YQJXWgœBA�OPDEFVH�€�R5F®^VH�D•~6JSCµ‡�JXiSDEOP\

J �=iSYQJS^�D•H�^VJXWgk.T4H4�V^V`�DEFVJzJXŒb€�YPOPYPZ�CEYP€�G DKJSG•~6JSCƒA�DE€�CKJ�H�‡cDEFVJ=R5CƒA�YP^VWMA�WMA.‡•€�^ViSDEYQH�^‘H�‡cCƒA�`7YP€VWgœ£@NJB�V^V`

Tdust
@cFVJSCKJ‹DEFVJ}R5CƒA�YP^VW{JSG•YPD{DEFVJŽW¯A�GIJ‹A�GIH�€�^�D_H�‡vJS^VJSCER5\.DEF#A�D[DEFVJS\ŠA�ZVWKH�CEZ¨k

g1¼a2(
Rstar

r
)2

Z 1

0
¼²º B º (Tstar )dº

�•]M˜"�

4g2¼a2
Z 1

0
¼²º B º (Tdust )dº

�•]

�

�

]M˜MYQW}DEFVJ•JS^VJSCER5\¢A�ZVWKH�CEZ6JX`¬Z�\¬A�`7€VWED}R5CƒA�YP^tA�^V`¬]

�

YQW}DEFVJ•JS^VJSCER5\¬JSG•YPDEDKJX`¬Z�\¬A�`7€VWEDŽR5CƒA�YP^¨k

g1
A�^V`

g2
A�CKJ{R+JXH�GIJSDECEYQi_‡�A�iSDKH�CKW8CKJSOˆA�DKJX`zDKHMAU`7€VWED8R5CƒA�YP^¨ªmWBWEF#A�~6J5œ�CKH�DƒA�DEYQH�^¨œ�A�^V`ziXH�^V`7€ViSDEYPdeYPD�\+k8?eJSD

g1 = g2
‡�H�CŽA�`7€VWED}R5CƒA�YP^¢@cFVH5WKJ•JS^�DEYPCKJ•WE€�Cµ‡�A�iXJMYQWŽA�D‹A�^¢JXŒ�€�YPOPYPZ�CEYP€�G DKJSG•~6JSCƒA�DE€�CKJ5œ

Tg
kUl<H…@9WKJSD<DEFVJIA�ZVWKH�CEZ6JX`

JS^VJSCER5\.JXŒ�€#A�O¨DKH•DEFVJ‹JSG•YPDEDKJX`•JS^VJSCER5\�DƒH•WKH�OPdbJ<‡•H�C[DEFVJ‹JXŒb€�YPOPYPZ�CEYP€�G RbA�WcDƒJ„G•~6JSCƒA�DE€VCKJ5k

(
Rstar

r
)2

Z 1

0
²º B º (Tstar )dº = 4

Z 1

0
²º B º (Tdust )dº

�•]}¡>�

•cA�iƒaeG=A�^�A�^V` 5vA�CKJXWKiXJ&�µ˜�/1/5¡>��WE€�R5R+JXWED.€VWEYP^�R“A¤~6H…@NJSCŠOˆAg@ `�JXigAg\(‡•H�C

²º
WKHtDEF#A�D.‡•H�C

¸ > ¸ 0
œ

²º » ²0(¸ 0=¸ )p ‡•H�C<A�ZVWKH�CE~�DEYQH�^ �°DEF#J‹OQJ„‡°D_WEYQ`�JUH�‡"]}¡>�„œ�A�^V`

²º » ²0(¸ 0=¸ )q ‡�H�C{JSG•YQWKWEYQH�^ �°DEFVJ‹CEYPR5F�D<WEYQ`�J
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