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ABSTRACT. Let (X, B, u) be a probability space and let 77, ..., T}
be | commuting invertible measure preserving transformations
of X. We show that if the group of transformations
generated by Ti,...,T; is totally ergodic, then the averages

ﬁ D ucwn T, Tf“(u) e Tlp“(u)fi converge in L?(u) for all
polynomials p;;: Z% — Z, all f € L>(u) and all Fglner sequences
{®dn}F_, in Z9.

1. INTRODUCTION

In 1996, Bergelson and Leibman proved the following generalization
of Furstenberg’s Multiple Recurrence Theorem [Ful], corresponding to
the multidimensional polynomial version of Szemerédi’s theorem.

Theorem 1.1. [BL] Let (X, B, 1) be a probability space, let Ty, ..., T,
be commuting invertible measure preserving transformations of X, let
pij: Z — Z be polynomials satisfying p;;(0) =0 for all1 <i <r/1 <
Jj <I, and let A € B with (A) > 0. Then

1 N—-1 T o o
lim inf > *‘(.ﬂ TP P 4) >,
n=0 =1

Furstenberg’s theorem corresponds to the case that p;;(n) = n for
i = j, pij(n) =0 for ¢ # j and each T; = T}. In this linear case, Host
and Kra [HK1] showed that the lim inf is in fact a limit. Host and
Kra [HK2] and Leibman [Le2| proved convergence in the polynomial
case assuming all 7; = Tj. It is natural to ask whether the general
commuting averages for polynomials in Theorem 1.1 converge.

Definition 1.2. We say T1,...,7; is a totally ergodic group of trans-
formations of X if each T7'73%...7" is ergodic for any choice of

(c1,...,a) #(0,...,0).

1



2 MICHAEL C. R. JOHNSON

We show that given a totally ergodic group of transformations, we
obtain convergence in L?*(). We prove a statement replacing indicator
functions with arbitrary functions in L ().

Theorem 1.3. Let (X, B, u) be a probability space, let Ty,...,T; be a
totally ergodic group of commuting invertible measure preserving trans-
formations of X, and let p;: 2% — Z for 1 < i < r, 1 < j <1 be
polynomials.  For any fi,..., [, € L>®(u) and any Folner sequence
{dNIX_, in Z%, the averages

1 4 - -
(1) |(I)N| Z Hfi(szl( )".ﬂpzl( )JJ)

ued N 1=1
converge in L*(i) as N — oo.

Without the assumption of total ergodicity, convergence for the above
averages (1) remains open and is only known in the linear case. Frantzik-
inakis and Kra [FrK] showed that given p;;(n) = n for ¢ = j and
pij(n) = 0 for i # j, if we assume that T; is ergodic for each ¢ €
{1,...,1} and Tﬂ}‘l is ergodic for all ¢ # j, we obtain convergence in
L?(u). Tao [Ta] recently proved convergence in L?(u) for the general
linear case without the ergodicity assumptions needed in [FrK].

In previous results, convergence was often shown by proving that
the averages in (1) do not change by replacing each function with its
conditional expectation on a certain characteristic factor, namely an
inverse limit of nilsystems. This characteristic factor, is then shown to
have algebraic structures for which convergence is known. We define
these terms precisely in the section below. To prove our theorem, we
combine this technique with PET-induction as introduced by Bergelson

[Be].

2. PRELIMINARIES

For simplicity, we assume all functions are real valued. All theorems
and definitions hold for complex valued functions with obvious minor
modifications. Throughout, we use the notation T'f = f(T).

2.1. Nilsystems.

Definition 2.1. Let G be a k-step nilpotent Lie group, let I' be a
discrete cocompact subgroup of G, and let X = G/T". For each g €
G, let T, : G/T' — G/I" be defined by T,(zI') = gaT', and let p be
Haar measure, the unique invariant measure under left translations by
elements in G. We call (X, B, u1, (T,,9 € G)) a nilsystem.
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Definition 2.2. A sequence of finite subsets {®y}%_; of a group G is
a Fglner sequence if for all g € G,

. |gPnAD,|
hm _—

=0,

where A is the symmetric difference operation.

Ergodic averages in nilsystems have been well studied. We make use
of the following theorem of Leibman:

Theorem 2.3. [Lel] Let (X,B,u,(T,,g € G)) be a nilsystem with

= G/T, g,,...,9, € G, and py,...,p: Z° — 7Z be polynomials.
Then for any f € C(X) and any Folner sequence {®n}S_, in Z2, the
averages

3 g

ued

converge pointwise as N — 00.

Corollary 2.4. Let (X,B,pu,(T,,9 € G)) be a nilsystem with X =
G/T, g,,...,9, € G, and p;ij: Z° — Z for 1 < i < r, 1 < j <1 be
polynomials. Then for any f1,..., f» € L>®(u) and any Folner sequence
{®N}S_, in Z%, the averages

|(I)N| Z H Tpn _ T;;u(u)fi

ued N i=1

converge in L*(i) as N — oo.
Proof. By applying Theorem 2.3 to X",
le...: ATH:TQ1 X ... Xng X Idxy x ... x Idx,

and f=f1®...0 f,®1®...® 1, we obtain the pointwise averages
for fi,...,fr € C(X). Using the density of C(X) in L*>(u), L*(u)
convergence follows for arbitrary fi,..., f. € L®(u). O

2.2. The Host-Kra seminorms ||{z. We briefly review the construc-
tion of the Host-Kra seminorms on L*°(u) from [HK1]. As our setting
deals with multiple commuting transformations, we must specify which
transformation is used. In this section, 7' is an ergodic measure pre-
serving transformation of (X, B, u).

For each k > 0 we define a probability measure ,ugf] on XH = X Qk,
invariant under T = T x ... x T (2* times).
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Set ,ug,q] = p. For k > 0, let Igc] be the o-algebra of TH-invariant
subsets of X[¥I. Then define ,ug,]fﬂ} = ,u[jlﬂ X 7k] ,ug,]f} to be the relatively
T

independent square of ,ugf] over Ij[lf ! This means for F LG € L(ulk)

| PG k) = [ BT EGIZE
X [k+1] X [K]

Using these measures, define

2k_1

2k 2.)d
= [, T st

for a bounded function f € L*(u) and k£ > 1. It is shown in [HK1]
that for every & > 1 and every ergodic 7', || - |lxr is a seminorm on
L>®(u). Also, for f € L*®(p), we have || fllir = | | fdu| and for every
k2L Aflkr < Iflleer < 0 |-

2.3. The Host-Kra factors Z;,(X). We now define an increasing se-
quence of factors {Zx(X,T) : k > 0} as constructed in [HK1]. Let
Zi(X,T) be the T-invariant sub-o-algebra characterized by the follow-
ing property: for every f € L*®(u), E(f|Zx(X,T)) = 0 if and only if
IAllk+1.7 = 0. We define Z(X,T') to be the factor of X associated to
the sub-o-algebra Z;. Thus Zy(X,T) is the trivial factor and Z;(X,T)
is the Kronecker factor. A priori, these constructions depend on the
transformation 7.

Indeed, the following observation of Frantzikinakis and Kra shows
that given basic assumptions, none of the previous constructions de-
pend on the transformation 7.

Proposition 2.5. [FrK] Assume that T and S are ergodic commut-
ing invertible measure preserving transformations of a space (X, B, u).
Then for allk > 1 and all f € L>®(w), | fler = | fllx.s and Zp(X,T) =
Zk(X,S).

Thus we discard T from our notation.

Definition 2.6. We call a probability space (X, B, u) with [ invertible
commuting measure preserving transformations 7Ti,...,7;, an
(invertible commuting measure preserving) system. If the group
of transformations is also totally ergodic, then we call it a totally
ergodic system. We denote it as (X, B, u, (T1,...,T;)). A system
(X,B,u,(Th,...,T7;)) is an inverse limit of systems
(X, B;, s, (T4, ..., T1)) if each B; C B;y1 and B = /2, B; up to sets of

measure zero.
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The main result of the Host-Kra theory is that each of the factors
(Zk,T;) is isomorphic to an inverse limit of k-step nilsystems. How-
ever, such isomorphism a priori depends on the transformation 7;. In
[FrK], they deal specifically with this technicality. We say that a sys-
tem (X, B, u, (T1,...,T;)) has order k if X = Z,(X). (Note that by
Proposition 2.5, Z(X,T;), does not depend on ).

Theorem 2.7. [FrK] Any system (X, B, u, (T, ...,1})) of order k is
an inverse limit of a sequence of systems (X, By, i, (T, ..., 1T})), each
arising from k-step nilsystems, where X = G;/T'; and each transforma-
tion T, ..., T} is a left translation of G;/T; by an element in G;.

By combining Theorem 2.7 and Corollary 2.4, Theorem 1.3 is proved
in the case that X = Z;(X) for some k.

2.4. Characteristic factors.

Definition 2.8. We say a sub-g-algebra X C B is a characteristic
factor for L?(u)-convergence of the averages

1 - pi1(w) Pt (u)
(1)WZHT1 I

uedn 1=1

if X' is T; invariant for all 1 < j <[ and the averages in (1) converge to 0
in L2(p) for any Fglner sequence {®y}3%_, in Z¢ whenever E(f;|X) =0
for some 1 <4 <r.

Using the multilinearity of our averages in (1), it only remains to
show that for some k € N, Z,(X) is a characteristic factor.

We say the set of polynomials {p;;: Z¢ — Z for 1 < i < r,1 <
j < 1} is an ED-set if at least one polynomial p;; is non-zero, and
each p;yj, and p;yj, — pi,;, have positive degree or are identically zero
for all g, jo,%1,71. We note that Theorem 1.3 is trivially true if all
the polynomials are identically zero. So, by replacing each f; with
Tyt T f; for some ¢q,...,¢ € Z, we may assume that our set of
polynomials is an ED-set. Thus the main theorem is a consequence of
the following;:

Proposition 2.9. Let (X,B,u,T1,...,T;) be a totally ergodic system
and {pij:Zd — Z for 1 < i < r1 < j <1} be an ED-set of
polynomials. Then there exists k € N such that for any
fiye ooy fr € L®°(u) with || fulle = 0 for some 1 < m < r, we have
. 1 - i1 (u i2(u i
lim sup HW Z <HTf 1( )ng( ) TP,

N—o0 wedy i=1

=0
L2 ()

for any Folner sequence {®y}3%_, in Z4.
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We note that the above integer k is only dependent on the set of
polynomials {p;;} and not on the system (X, B, u, (T1,...,1})) or the
dimension d. By relabeling our polynomials and functions, we need
only prove Proposition 2.9 in the case that || fi|x = 0 for some k € N.

3. LINEAR CASE

To prove proposition 2.9, we use PET-induction as introduced by
Bergelson in [Be|. In this section we prove the base case of the induc-
tion.

Proposition 3.1. Let (X, B, i, (T4, ...,T})) be a totally ergodic system
and {p;;j: 2% — Z for 1 < i < r,1 < j <1} be an ED-set of linear
functions. Then there exists a constant C' > 0 dependent only on the
set of polynomaials, such that

. 1 . i1(u i2(u it (u
hmsupH—|(I)N| Z (HTf ( )T§)2( )...Tlpl( )fz)

N—0o0 wedy =1

L2(p)
<
C min I
forany fi,..., fr € L®(u) with || fi||L=u < 1 and any Folner sequence

As a corollary, we get that Z,.(X) is characteristic for the averages
in (1). We use the following version of the van der Corput lemma in
the inductive process to reduce each average to a previous step.

Lemma 3.2. [BMZ] Let {g,}uec be a bounded family of elements of
a Hilbert space H indexed by elements of a finitely generated abelian
group G and let {Pn}¥_, be a Folner sequence in G.

(1) For any finite set F C G,

< lim Sup —5 |F|2 Z Z gu+v7gu+w

N—o0 ueCID

1
e 55 3 o
im sup T EZ{’g
uedy

N—oo

(2) There exists a Folner sequence {@M}le in G* such that

: 1 2 . 1
lim sup H (I)_ Z Ju < lim sup @_ Z <gu+v7 gu+w> .
N—oo ‘ N| ueP N M—o0 M (u,0,w)EO s

Leibman proved the following lemma in his proof of convergence for
a single transformation [Le2]. We likewise use his lemma to prove the
linear case for multiple commuting transformations.
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Lemma 3.3. [Le2]

(1) Let p;: Z¢ — 7 be nonconstant linear functions for each i =
1,...,l. There exists a constant C, such that for any f € L*(u)
and any Folner sequence {®y}3%_, in 74,

1
lim H— T e < Ol 1.
i [y S ], <

(2) Let p;: Z¢ — 7 be nonconstant linear functions for each i =
1,...,l. There exists a constant C, such that for any f € L*(u)
and any Fglner sequence {®N}S_, in Z2,

1(uw u k k+1
Jim Z ILf -T2 T A < A

uG‘I)N

We note here that part (1) of Lemma 3.3 is similar to Lemma 7
in [Le2] but with multiple commuting transformations. The only step
needed to alter his proof is to show our average also convergences to
the conditional expection onto the appropriate sub-o-algebra of f. But
this follows from classical results on convergence for amenable group
actions.

Proof of Proposition 3.1. To simplify notation, we write 77" . " ()

as SPiW _ Since each p;; is a linear polynomial, we have SPi(*)SPi(®) =
Spitp;(u)

We proceed by induction on r. For r = 1, we are done by Lemma
3.3. Assume the proposition holds for » — 1 functions. Let fq,..., f. be
essentially bounded functions on X with | f;| zee(,) < 1 for all 1 < i<r,
and let {®y}%_, be a Fglner sequence in Z. By applying Lemma 3.2
to g, = SPW ... 8P f for any finite F C Z¢, we get

lim sup Hﬁ Z ﬁSPi(u)fi 2
N i1

N—o0 L2(n)
i(u+v) i (utw)
< hglj;l}p !Fl2 Z / HS” fi - HSP ) fidp
vweF u6<1>
1 u
_hmsup ‘FP Z / HSPz )gpr(w)(gpil) £,
vwEF u€<I>

5P w>f,-> (57, oo f2)dp

r—1
|F\2 Z lim sup H(I)L Z HSm—pr(u)(Spi(v)fi ) Spi(w)fi)‘
N

N—0o0 uedy i=1

L2(u)
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By the induction process, there exists a constant C, independent of
fi,-.., fr and {Pn}F_,, such that

lim sup H% Z Hspz S pr(u) (sz fz sz(w f7,>

N—oo wED y i=1

2(w)
< C\||(Sfi(v)fi S EY |
for all v,w € Z% and i € {1,...,r}. Thus for any finite set F' C Z? and

ied{l,...,r},
1 U
lim su H— Sfl(") f
i [re ZH f

N—oo L2(p)
< (7 SISO 852 p) 1)
v,weF
) N (172
<o SSG s )
| | v,weF
Let {Un}3_, be any Folner sequence in Z%. Thus {Uy x U}, is
a Fglner sequence in Z??. By Lemma 3.3 we have for each i € {1,...,7}
tmowp o 3o U STV RIE < el
M—oo
v, weW pr

with ¢ independent of f;. By replacing F with ¥y for each N € N, we
get

. 1 T i
hmsupH(I)— E | |Sf()f¢
D] :

uedy i=1

< V2 minll s s
N—oco ZST

L2 ()

4. PET-INDUCTION

We now deal with the inductive step. A set of polynomials P = {p;; :
1 <i<r1<j<I} where each p;;: 7% — 7 is called a (integer)
polynomial family. We define the degree of a family P,

deg(P) = max deg(p;;)-
We define the column degree of a polynomial family P to be the
vector C(P) = (cy, ..., ¢) where each

c¢; = max deg(p;;).

1<e<r
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We say that two polynomials p, ¢ are equivalent if deg(p) = deg(q)
and deg(p — q) < deg(p). Thus any collection of polynomials can
be partitioned into equivalence classes. We define the degree of an
equivalence class of polynomials to be equal to the degree of any of its
representatives.

We define the weight of a column j, to be the vector w;(P) =
(wj, . - ., Waeg(p);) With each w;; equal to the number of equivalence
classes in P of degree 7 in column j. Given two vectors v = (vy,...,v,),
vi=(v]...,v)), wesay v < V' if z < 2/ or if z = 2’ and there exists
ng such that v,, < v and for each n > ng, v, = v,,. Thus the set
of weights and the set of column degrees become well ordered sets. A
polynomial family P = {p;;} is said to be standard if it is an ED-set
and deg(py;) = deg(P) for some 1 < j < [. We now state Proposition
2.9 in the case that P is standard.

Proposition 4.1. Let (X, B, i, (T4, ...,T})) be a totally ergodic system
and P = {p;;: 1 <i<r/1<j<I} be a standard polynomial family.
Then there exists k € N such that for any fi,...,f. € L>®(u) with
I fllx = 0, we have

r

Z (H Tfil(“)Té’iQ(u) - ~j}pil(U)fi>

uedy i=1

lim sup

1
N—oo H |(I)N‘ L2(u) n

for any Folner sequence {®n1}3_, in Z2.

To prove Proposition 4.1, we construct a sequence of polynomial
families that controls the above averages, where after finitely many
steps, we obtain a family of smaller column degree. To accomplish this,
we first fix a column j* that contains a polynomial of maximal degree.
Using PET-induction on the weight of this column, we show that indeed
the column degree is eventually reduced. This process is similar to the
PET-induction process used in [Le2| for a single transformation. We
then proceed with a second induction on the column degree to construct
a linear polynomial family that controls the above averages.

Example. We now illustrate this process for the following simple ex-
ample. We start with the standard polynomial family

n® n?
h= <n 2n)
which has degree deg(P;) = 2, column degree C'(P;) = (2,2) and
column weights wy(Py) = (1,1), and we(Py) = (1,1).
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Next, we have the polynomial family

P n*—n—2 n*—2n—4
27 \n24+3n+2 n? +2n ’

which has degree deg(FP2) = 2, column degree C(FP:) = (2,2) and
column weights wy (P,) = (0, 1), and we(Py) = (0,1).
Finally, the polynomial family

-2n—4 —-2n-—5
Ps=|—-4n—-4 —4n—14
2n +4 2n + 3

has degree deg(P3;) = 1, column degree C'(P;) = (1,1) and column
weights wy(Ps) = (3), and wy(P3) = (3).

4.1. Inductive Polynomial Families. We begin by defining that a
certain property holds for almost all v € Z? if the set of elements for
which the property does not hold is contained in a set of zero density
with respect to any Fglner sequence in Z?. To show a property holds
for almost all v € Z%, we use the fact that a set of zeros of a nontrivial
polynomial has zero density with respect to any Fglner sequence in Z<.

Given any standard polynomial family P with deg(P) > 2, for each
(v,w) € Z** we construct a new family P,,,, as follows. Set j* be the
minimal j such that

deg(pi;) = deg(P)
for some 7. Define oy = j*, a» = 1, and «; = j otherwise.

We now choose i to be the row that we later subtract away to create
the new polynomial family. Our goal is to choose i appropriately such
that C'(P) will be less for some future polynomial family.

If deg(pij«) < deg(P), choose iy to be the minimal ¢ such that
deg(pij«) = deg(P). When deg(pij+) = deg(P), the choice of iy is
complicated by the fact that our column j* may have many polynomi-
als which are identically zero. We use the following notation to track
such zeros. Let

In={ie{l,...;r}:py=0forall j=1,....,1},

Li={ie{l,...,r} deg(p;) <1lforall j=1...,1}\ I, and

L={1,....r}\ (lyUL).

Since P is an ED-set, I; is composed of nonzero rows containing
only linear polynomials (or zero), while I is composed of the rows that
contain a polynomial of degree greater than 2. Define Hy(P) = I U I,
and inductively define

HJ(P) :{26 {1,,7“}])10% :O}QHJ_l(P)
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for 1 < j <[ (we omit the polynomial family P when there is no
confusion which family we are dealing with). Thus, H; records which
non-identically zero rows have zeros in columns ay, ..., a;. Pick jo to
be the smallest ;7 > 1 such that H; = (). In the case that column j*
has no zero entries, we see that j, = 1.

Then pick the smallest i € Hj,—; such that Pioas, has minimal degree
among all Piag, with ¢ € Hj,_,. If all such Piay, have the same degree,
pick the smallest g so that pj,q,, is also not equivalent to pia, ; if all
such pio;, are equivalent, pick the smallest iy such that for some j,
deg(pi,;) = deg(P) and p;,; is not equivalent to py;. If all such p;; are
equivalent to pyj;, then choose the smallest iy such that there exists j
such that deg(py;) = deg(P), but deg(p;,;) < deg(P). In the case that
such 7y does not exist, choose 7y = min Hj;.

For all (v, w) € Z*, set v = w if deg(p;;) = 1, otherwise set v = v.
Therefore, given (v, w) € Z*¢, we define the new polynomial family

Pv,'w = {plj(u+vzj>7pzj(U+UJ) 1€ [Q,j = 1,[}
Ulpy(utw):ieh,j=1...1}

where each of the polynomials p;;(u+v"), p;;j(u+w) are considered as
polynomials in u.
We order the family

Pow = A{twuwnj  1<h<s,1<5 <1}
in the following manner. We label each row
pia(u+v7), ... py(u+v"7)
and
pir(u+w), ... pu(u+w)
as
Qo1 (W), s Qo hi (W)

for some unique 1 < h < s where py;(u+v") = g, 4,1 and p;;(u+w) =

Qv,w,s,j (U) :

Since for each vector (v, w) in Z*¢, p;;(u+v), p;;(u+w), and p;;(u) are
all equivalent, the column degrees and the weight of column j for (B, ,,),
(P,.) are identical for all 1 < j <l and (v,w) € Z**. By construction,
the first row of P,,, also contains a polynomial of maximal degree and
it is easy to check that P,, is an ED-set for each (v,w) outside a
set of zeros of finitely many polynomials. Hence, P,,, is a standard

polynomial family for almost all (v, w) € Z*.
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Next, for each (v,w) € Z?? we define the new family
Pow ={@whj— Qouwsj: 1 <h<s—11<j<I}

Example. In our previous example, we see that P, = (P;),, with
(v,w) = (0,2) and Py = (Pa)y with (v, w) = (1,0).

We would like to show that the new family P, ,, is standard for almost
all choices of (v, w). In fact, P, ,, is an ED-set whenever P, ,, is. We now
show that the first row in P, ,, contains a polynomial of maximal degree.
When p;,a, is not equivalent to pia,, then deg(quuwia, — Quwsa) =
deg(pra,) = deg(P,). However, when p; ., is equivalent to pia,,
deg(quavhoy — Qowsear) = deg(pra,) — 1 for all h < s — 1. However by
the choice of iy either some other column j has deg(p;;) = deg(pia,) Or
all columns have maximum degree deg(pio,) — 1. In all cases, the new
family P,,, is standard for almost all (v,w) € Z??. Also, since each
new polynomial family is constructed only by subtracting polynomials
within each column, the maximum degree in each column cannot in-
crease. Therefore C(P,,,) < C(P). Thus, we have proved the following
lemma.

Lemma 4.2. Given any standard polynomial family P with deg(P) >
2, for almost all (v,w) € Z*, P,,, is standard and has C(P,,,) <
C(P).

In the case where column j* has any zero entries, we cannot expect
that w;«(P,) < w;«(P) as in [Le2]. In the case that P,, is standard
and has deg(P,,,) = 1, then our process terminates. However, for each
(v1,w;) € Z** where the new polynomial family P,, ,, is standard and
has deg(P,, w,) > 2, we may continue the inductive process to construct
for each (v, ws) € Z*¢ a new family

(P’Ulawl )’U2’U)2

which we notate as Py, w,, where vo = (v1,v2) and wy = (wy,ws). In
the case that P, ,, is not standard, this leads our inductive process
into a dead-end. However, Lemma 4.2 shows that this case is indeed
exceptional, as for almost all choices of (vi,w;) € Z*?, P, ,, is stan-
dard.

Similarly, when the family P, , is standard with deg(Py, w,) > 2,
then for each (vii1,wiy1) € Z*¢, we construct the new family Py, | w, .,
where vy = (v1,...,041) and Wiy = (wq,...,w1). We see from
repeated application of Lemma 4.2 that at each step ¢ in the process,
for almost all choices of (v, w;) € Z*? P, , is standard.
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4.2. Equivalence of Polynomial Families. The set of equivalence
classes, the degrees of each entry, and even the number of polynomials
in P, w, depend on the choice of vector (v, w;). We will show that for
almost all choices of (v, w;), the associated polynomial families share
the above characteristics. For a standard polynomial family P and ¢ €
N, we say two polynomial families, Py, &, = {ﬁﬁj: 1<i<r1<j<I}
and Py, %, = {ﬁﬁj: 1 <i<#1<j<I} are equivalent if 7 = 7 and
for each i, j, there exists a polynomial pfj(u, Vi, W) Z32HDE 5 7, such
that p;(u) = p;;(u, v, W) and pj;(u) = pj;(u, Vi, We).

Lemma 4.3. Let P be a standard family with deg(P) > 2. For each
step t in the inductive process, there exists (Vy, W;) € Z*¢ such that
Py, w, is standard, and for almost all choices of (v, w;) € Z*?, Py, w,
is standard and equivalent to Py, v,

Proof. We proceed by induction on t. The case for ¢t = 0 is trivial.

Suppose for some t € N, there exists (v;, w;) € Z*? such that
Po,w, = {pj;(u, v, W)} is standard with deg(Py,w,) > 2, and for
almost all (v, w;) € Z*, Py, w, = {p};(u, vi,wy)} is standard and is
equivalent to Py, w,.

Given any polynomial p(u, vy, wy), deg(p(u, vy, wy)) is constant for
almost all (v, w;) (as viewed as polynomials of u). We know that
the union of finitely many sets of zero density with respect to any
Fglner sequence also has zero density. Hence for almost all (v, wy),
both deg<plj (U, Vi, Wt)) and deg(pi1j1 (U,, Vi, Wt) = Digjs (U, Vi, Wt)) are
constant. Since pf;(u, v¢, w;) have the same degree as pf;(u, V;, ;) and
Phyjy (w0, v, W) is equivalent to pj, ;. (u, vi, wy) if and only if pj ;. (u, V¢, W)
is equivalent to pj,;, (u, V¢, W;) for almost all (v¢, w;) € Z*%, our choice
of iy is the same for almost all (v;, w;) € Z24.

Choose (v, W;) to be any such vector satisfying the above with
Py, ., vy, standard for some (0441, wy11) € Z*.

Since our choice of iy is the same for almost all polynomial families,
we get that P, | w,,, is a standard family equivalent to P, ., «,,, for
almost all (v, W) € Z240+, O

4.3. Reduction of Column Degree.

Proposition 4.4. Given any standard polynomial family P with
deg(P) > 2, there exists a step t € N and (vy,W;) € Z*% such that
Ps, %, is a standard polynomial family of linear terms, and for almost
all (v, wy) € 2%, Py, w, is a standard linear family and equivalent to
t
Vi,Wt®

By applying Proposition 3.1, we get the following corollary.
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Corollary 4.5. Given any totally ergodic system, Z, s characteristic
for the averages of all such Py, w,, where ry corresponds to number of
rows in Py, &, .

Proof. We proceed by induction on the column degrees of our families.
Given any standard polynomial family P with deg(P) > 2, it suffices to
show that there exists a step ¢ and (v, w;) € Z*¢ with Py, , standard,
such that for almost all (v, w;) € Z*¢, P,, , is standard and equiv-
alent to Py, w,, and C(Py, w,) < C(P). To show after finitely many
steps the column degree indeed reduces, we employ a second induction
on the weight of column j*, the minimal j such that

deg(pi;) = deg(P)

for some 1.

When deg(py;«) < deg(P), our choice of iy is such that for almost
all (vy,w;) € Z*, P, ., is standard and the polynomial in the first
row of column j* is of maximal degree. When deg(p;«) = deg(P),
for each (vi,w;) € Z*?, the polynomial in the first row of column j*
is of maximal degree unless p; ;- is equivalent to pi;. In this case
C(Pyw) < C(P) and we are done. As such, we may assume that
deg(p1y-) — deg(P).

Case 1: Suppose r = 1. Clearly w;(Py, w,) < w;(P) for all (vy,w;) €
72 and j = 1,...,1 as deg(pi;(u + vy’) — p1;(u +wy)) < deg(p;) for
all D1y 7é 0.

Case 2: Suppose r > 2 and the set Hy(P) = (). This means that
all polynomials in column j* are nonzero. Then for all (vy,w;) € Z*,
the equivalence classes and their degrees in column j* of Py, w, remain
the same as in Py, , except the classes in column j* of Py, ., with
identical degree as ¢y, w,.s;+- Each equivalence class not equivalent to
Qo ,u01,5,5+ becomes a new equivalence class of the same degree, while the
equivalence class equivalent to gy, ., s+ splits into new classes of lower
degree. Thus w;(Py, w,) < w;(P) for all (vi,w) € Z*.

Case 3: Suppose r > 2 and Hy(P) # (). Here, at least one polynomial
in column j* is identically zero. We show that after finitely many steps,
the weight of column j* is reduced. To do this we show that there
exists a step ¢ and (v, w;) € Z*? with Py, , standard, such that for
almost all (v;, w;) € Z*4 P, , is standard and equivalent to Py, ,,
Hi(Pyyw,) = 0, and wa, (P, w,) < Wa, (P).

Since Hy(P) # 0, we have H,;, = 0 but H;,—1 # 0.

For each polynomial family P, ., and integer x = 1,...,l — 1, we
define the sub-polynomial family

Pfﬂ = {p” 1€ Hm(thwt),:B < O{] S l}

Vi, Wi
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We note that the entries in the first column in P! are the entries
of column «, of Py, w, from rows whose polynomials are all identically
zero in columns oy, ..., o5 1.

Claim: For every polynomial family P with deg(P) > 2 and jy # 1,
there exists a step ¢ such that for almost all choices of (v, wy), P{}
is a linear family.

To prove the claim, we induct on j,. Suppose jo = [. Thus, P°~! has
only one column. Then, by our choice of ig, for all (v, w;) € Z*¢, we
have wy (P, ,,,) < wi(P"). This is because the equivalence classes and
their degrees of P&hwl remain the same as in P\}l,wl except the classes
with identical degree as ¢y, w,.s.o,- Each equivalence class not equivalent
t0 Quy.w1,5,0, PECOME a new equivalence class of the same degree, while
the equivalence class equivalent to gy, w, s, Splits into new classes of
lower degree.

Since row iy has zeros in each column a, . . . , aj,—1, for each (vy, wy) €
Z2? the number and degrees of each equivalence class in columns
ai,...,aj_1 is thesamein P, ,,, asin P. Thus for almost all (vy,w) €
Z*, j* is still the minimal j such that deg(p;;) = deg(P) for some i,
and wq,(P) = Wa,(Pyw,), for all j = ai,...,aj,1. Thus, we may
continue our inductive process until we have P! is linear.

Suppose our claim holds for all polynomial families with j < j, <
[. To complete the induction, we will show the claim holds for all
polynomial families with j, = j. To do this, we employ an induction
on the weight of column j,. As in the base case, since H;, = () but
Hj,—1 # 0, we have wy (P, ) < wi(P?). When Hj (P, w,) = 0,

similarly we can continue to reduce the weight of column 1 in P, .

However, if some new zero appears in column jo, and Hj, (Py, w,) #
(), we must first reduce the remaining polynomials in all rows ¢ €
Hj,(Py, w,) to zero. Thus, we consider the subfamily P2 By the

v1,W1 "
induction hypothesis, there exists some step ¢ such that P, ., has

all linear terms in subfamily P . Hence for each (v, wis1) € Z,
H; (P ) = (0. Thus as previously, we then may reduce the weight

Vi+1,Wi41
of column «;, further.

Hence after finitely many steps ¢, we will get that every entry in
column 1 of P~L s identically zero. Thus H;, = Hjy11 # 0. Thus

Vit Wyt

by the induction hypothesis, we may find a step ¢ such that PP _ is

Vi, Wi
linear. Since, every entry in column 1 of ij_l is identically zero,

Vit Wyt
jO_l . . . .
P, 1s also linear, thus proving the claim.

Thus, given polynomial family P, we may find a step ¢t such that
P is linear. Thus, ij;l’wH , has no nonzero polynomials. Thus, in
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each row of Py, w,,, with zeros in columns, oy, ..., a1, it also has
zeros in columns oy, ..., 0. Thus, Hj,_1(Py,, | wi,) = 0.

We now may repeat the above process until Hy(Py, w,) = (0 for some
t. Thus by the previous cases, we have wj«(Py,,, w.,,) < wj=(P).

Thus, by repeating either step 1,2, or 3, we may show that there is a
step t Wlth C(Py,w,) < C(P). By Lemma 4.3 this step t is the same for
almost all choices of (vy, w;) € Z*<. At this point column j* may no
longer contain a polynomial of maximal degree. We, then now choose
a new j*, which again by Lemma 4.3 will be the same for almost all
choices of (v, w;) € Z*?. We then may repeat this process to further
reduce the column degree until we reach the desired step where almost
all such families are linear families.

O

4.4. Reduction to Linear Case.

Proof of Proposition 4.1. We now reduce to the linear case. For poly-
nomial families of degree 1, the result is given by Proposition 3.1. Let
P ={p;jj:1<i<r1l<j<I}bea standard polynomial family of
degree at least 2 with column degree C(P). Now let fi,..., fr € L*>(u)
and let {®x}35_, be a Fglner sequence in Z¢. Without loss of generality
we may assume that | f; [z < 1 for all 1 < i <. Thus by Lemma
3.2 and Holder’s inequality we have for any finite set F C Z,

: 1 - i1 (U il (U

L2
N—oo wedy im1 (w)

Z/HWW%”

v1,Ww1 GF u€<1>

1
< hm sup Tak

Tlpiz(u-i—vl)fi . H T{m(u-i-wl) - 'j}pil (U+w1)fid'u

1 Qv wy,h,1 (W)
<hmsup TaC Z /XHT
V1 ,W1 GF u€<I>
N j—éqvl,wl,h,l( )bvhwl’hdﬂ
1 s—1
Z lim sup H_ Z HTl(qvl,wl,h,rqvl,wl,s,l)(u)
vl,w1EF N—oo 1] wedy h=1

T(QUl,wl,h,l_QUl,wl,s,Z)(u)
-4y

V1, w1 7h )
L2(p)
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for (vy,w;) € Z*!, where the b,, ., represent any of the following
bounded functions:

o TP i popor e 1
o fi T{Dn(vl)*ml(wﬂ - .Tlpu(vl)*pil(wﬂfi fori € I
Since P is a standard polynomial family of degree at least 2, 1 € I,

and we have that by, ,, 1 = 17" ... 1" fi for some a4, ...,a; € Z. Thus
for all k£ and all (v, w,) € Z*,

60101 allsc = [1.fll-

By Lemma 4.3, at each step ¢ there exists (v;, w;) € Z*¢ such that for
almost all choices of (v;, w;) € Z*? Py, , is standard and equivalent
to P, w,-

Let G; be the good set of (v, w;) € Z*? satisfying the above, and
B; be the complement. For each (v, w;) € G, when Py, w, = {pfj :
1 <i<r,1<j<I} has degree at least 2, we repeat the argument in
(2) to get that for any finite F' C Z¢,

T

hmsupum Z (HTfl( )...Tlp’( )fz)

N—0oo wedy =1

L2 (w)

Tt

1 . 1 t(u t(u
S 2 e 30 ATH

(vi,wi)EF2INGy N—o0 ued N i=1

L2(p)

1
+ |F|2 Z 1

(Vt ,Wt)€F2tﬁBt

where f{ =T ... T f; for some ay,...,a; € Z and all others are
functions bounded by 1. This follows because in each step t in the
induction process,

Tt

1 ! () W) pq
u Hm S (rr e

lim sup
UE(I’N i=1

L2(p)

is bounded by 1.

By Proposition 4.4, there exists a step ¢t € N and (¥, W;) € Z*
such that for almost all (v,, w;) € Z*¢, P! . is a standard polynomial
family of linear terms and equivalent to Pf g .

By Corollary 4.5, when P, ,, is equivalent to P, &, Z, is char-
acteristic for the averages using Py, ,,. In other words, if we assume

[l 2 =0
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=0.
L2 (n)

1 a ¢ u t U
lim sup Hm Z (HTlpil( )"'Tlpd( )ff)

N—0o0 uedy i=1

As 7, is characteristic for the averages of P{, ,, for all (v;,w;) € G,
and the exceptional set B; has zero density with respect to any Fglner
sequence in Z?¢, we get that

: 1 : i1 2
hmsup”m Z (HTlp ® Tp’ fl)

N—oo wedy i=1

1 : L . Phy () pzl t
1nf(|F|2t Z lim sup H By g}; HTI 1 T, f
uedy 1=

N
Vt ,Wt)€F2tﬂGt —ee

L2(p)

1
T > =0

(ve,wi)EF2NB;

4.5. Reduction to the standard case.

Proof of Proposition 2.9. We now reduce the general case to one in-
volving standard systems. Let P = {p;;: 1 < i < r1 < j <}
be a (nonstandard) ED-set of polynomials of degree less than b, let
fi,oos fr € L°(p), and let {®Pn}_; be a Folner sequence in Z¢. By
Lemma 3.2, there exists a Folner sequence {Oy}%_; in Z*? such that

: 1 N
hmsup”m Z (HTfl( Tp” fz)

N—oo wedy i=1 (1)
1
< lim sup — / szl(“Jr’U +q(u)
Sl > H
(u,0,w)EO s

N Tlpil(u-i-v)fi H Tlpil(u-*‘w)'i'Q(u) o j}pil(u+w)fidﬂ

i=1

1 T i . s i

< limsup H_ E | | Tlpzl( +uit)+q( ) ) .jﬂlpzl( + l)<T1p11( )
M—o0 @M -
(u,v,w)€EB s 1=1

B Tlpiz (v_v“)fz‘) H Tfil(u+w)+q( u) szl (“-HU)

=1

LQ(u)
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where ¢ : Z*? — Z is any polynomial of degree b. We note the set
{pa (u+v™)+q(u), pa (utw)+q(w), pij(u+ov?), py(utw): 1 <i <r, 2 <j<lI}
of polynomials Z3? — Z is a standard family of degree b, thus there

exists £ € N (that depends only on the original polynomial family P)
such that

: 1 a i1 (U 'Ui1 u A Uil i ’l)—’Ui1
hmsupH@ S et qpatet ppatmt)

M=o (u,v,w)€O ) =1

o Tlpiz(vaﬂ)fi) H Tfi1(u+w)+11(u) o Tlpu(u+w)fi

=1

=0.
L2(p)

0
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