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From Last Time

Definition:
• The frequency response of a linear system is the relationship 

between the gain and the phase of a sinusoidal input and the 
corresponding sinusoidal output.

Note:
• Frequency response gives steady state response
• Complements analysis from root locus

• Often used to back out system parameters
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From Last Time

• Frequency Response

• Leads to 2 plots
• MG vs. w � 20log10 (MG) vs. log10 (w)
• f G vs. w � 20log10 (MG) vs. log10 (w) } Bode Plots
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A Simple Example

Given G(s) = 1/(s+2), find analytic expression for MG and f G
and plot the Bode plots
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Asymptotic Approximations

• What if we want to sketch the Bode plots by hand?
• What simplifications can we make?

• Consider G(s) = (s+a), then G(jw) = (jw + a) = a(jw/a + 1)
• For w � 0 (i.e. low frequencies)

• For w � 0 (i.e. high frequencies)
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Terminology & Normalization
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Bode Plot for G(s) = s+a
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Bode Plots for G(s) = s and G(s) = 1/s
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Bode Plots for G(s) =  (s+a) and G(s) = 1/(s+a)
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Why Log 10 ?

Consider

Find the expression for MG and f G.

• Linearity!
• Can construct response to any input!
• Normalization helps!
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Example

Plot the Bode plots for the system given by

Matlab command: bode, zpk
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Bode Plots for G(s) = s 2 + 2zwzwzwzwn s +wwwwn
2

• Difference between approximation and actual response 
depends on z

• Consider G(s) = (s2 + 2zwn s +wn
2)= wn

2 (s2 / wn
2+2zs/wn+1)

then G(jw) =wn
2 (2jz w/wn +1-w2 / wn

2)
• For w � 0 (i.e. low frequencies)

• For w � 0 (i.e. high frequencies)
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Bode Plots for G(s) = s 2 + 2zwzwzwzwn s +wwwwn
2
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Dependency on zzzz - Magnitude
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Dependency on zzzz - Phase
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The Nyquist Criterion

• Relates stability of the closed-loop system to the open-loop 
frequency response and open-loop pole location

• Gives # of closed-loop poles in RHP

• Similar to root-locus, we look at 
1 + G(s)H(s)  = 0

• Unlike root-locus, we can simplify to G(s)H(s)
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The Concept of Mapping

• Consider the following function:
F(s) = s – s0

s0 is possibly complex.
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Mapping Continued

• Similarly, consider F(s) = 1/(s – s0) where s0 is possibly 
complex.
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Mapping Continued

• Suppose F(s) is given by
F(s) = (s-s0)(s-s1)

s-plane
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s-s1
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Note: # of zeros inside �������� = # of times Gencircles 
the origin clockwise
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Mapping Continued

• Next, suppose F(s) is given by
F(s) = 1/{(s-s0)(s-s1)}

s-plane
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s-s1
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q1

q0

Note: # of zeros inside �������� = # of times Gencircles 
the origin counterclockwise
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Derivation of the Nyquist Criterion

Note the following:
1. Relationship btwn poles of 1+G(s)H(s) & poles of G(s)H(s)
2. Relationship btwn zeros of 1+G(s)H(s) & poles of T(s)

Let G(s) = NG/DG and H(s) = NH/DH

Note:
1) Poles of 1+GH = poles of GH
2) Zeros of 1+GH = poles of T
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Derivation Continued

Let F(s) = 1+G(s)H(s) 
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The Nyquist Criterion

Given F(s) = 1 + G(s)H(s), recall

Zeroes of F(s) correspond to the poles of T(s)!

����

�
� Since N = P – Z, 

if Z > 0 then system 
is unstable!
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Cauchy’s Principle of Argument

Theorem:
Let F(s) be the ratio of 2 polynomials in s.  Let the closed 
curve � in the s-plane be mapped into the complex plane 
through the mapping F(s).  If F(s) is analytic within and on � , 
except at a finite number of poles, and if F(s) has neither 
poles nor zeros on � , then

N = P - Z

where Z is the number of zeros of F(s) in � , P is the number 
of poles in F(s) in � , and N is the number of 
counterclockwise encirclements of the origin.
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Some More Simplification

Instead of F(s) = 1 + G(s)H(s), let F(s) = G(s)H(s)

Then, N = P – Z is the number of counterclockwise 
encirclements of -1
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Stability via Nyquist Criterion

Z = 0
P = 0

Thus, N = 0

Z = 2
P = 0

Thus, N = 2
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A Closer Look

Counterclockwise � +1
Clockwise � -1
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Applying the Nyquist Criterion

• Use Z = P – N (instead of N = P – Z)
• Consider

• Open-loop poles 2, 4
• Open-loop zeros -3, -5
• Question: For what range of K is closed-loop system stable?

28

First note …

Matlab: zpk, nyquist

Note the following:
• As K changes, Ginflates/deflates
• For this system, P = 2, thus N = P – Z

• If Z = 0 -> system is unstable

• For system to be stable, Z = 0 => N = 2
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To Find K

• Obtain Nyquist plot w/ K = 1

• Note, if Nyquist diagram intersections real-axis @ -1

• Let -1/K be the critical point (instead of -1), find K to satisfy 
Nyquist criteria

G(j\omega)H(j\omega) = -1

System is marginally stable
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Example

Given

Step 1: Set K = 1, sketch poles & zeros in s-plane, sketch 
Nyquist diagram

Step 2: Find G(jw)H(jw)

Step 3: Find point where Nyquist intersects negative real axis

Step 4: Determine N for stability and then K


