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Stability

• Total response of the system is

• A linear time-invariant (LTI) system is
• Stable if cnatural(t) � 0 as t � �
• Unstable if cnatural(t) � � as t � �
• Marginally stable if cnatural(t) neither grows or decays as t � �

• Another definition – Bounded Input Bounded Output (BIBO)
• A system is stable if every bounded input yields a bounded output
• A system is unstable if every bounded input yields an unbounded 

output
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dddd – eeee relationship of stability

• Stability in the sense of Lyapunov
• c(t) is stable if and only if for any e > 0, 

� a d(e) > 0 such that

• Asymptotic Stability
• C(t) is asymptotically stable if and only 

if for any d > 0 such that

e

d

d
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Routh-Hurwitz

• Provides stability information without requiring to explicitly  
solve for poles

• Trivial for analysis, helpful for design
• Routh-Hurwitz Criterion: 

• # of roots located in the RHP == # of sign changes in the 1st column 
of Routh table

• 2 Steps:
• Step 1: Generate Routh table
• Step 2: Interpret the Routh table following Routh-Hurwitz criterion
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Generating a Basic Routh Table

b1 0 
c1 0 = 0

c1

b1 0 
c1 0 = 0

c1

b1 b2

c1 0 = d1

c1

S0

a3 0 
b1 0 = 0

b1

a3 0 
b1 0 = 0

b1

a3 a1

b1 b2 = c1

b1

s1

a4 0 
a3 0 = 0

a3

a4 a0

a3 0 = b2

a3

a4 a2

a3 a1 = b1

a3

s2

0a1a3s3

a0a2a4s4

- - -

- - -

- - -
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Special Case 1: 1 st Element is 0

003S0

00
(42e-49-6e2)/

(12e-14)
s1

03(6e-7)/es2

07/20s3

362s4

531s5

e
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Special Case 1: A Different Method

1d0

-1.75d1

11.33d2

1.44.2d3

135d4

263d5
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Special Case 2: Entire Row of 0s

• Row right before the row of 0s is P(s) = s4 + 6s2 + 8, 
compute dP/ds

008S0

001/3s1

083s2

0124s3

861s4

861s5

1 3

8

Stability Design via Routh – Hurwitz

Want K>0 s. t. system is stable

0KS0

0-[K-77(18)]/18s1

K18s2

771s3

For system to be stable: K < 77(18)



3

9

Steady – State Errors

• Definition:
• Difference between the input and output for a given test input as t �

�

• Sources of Steady – State Errors
• Nonlinearity
• System configuration
• Type of input applied
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Common Test Inputs
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Closed Loop Transfer Functions

• Given a closed loop T(s), the error is given as
E(s) = R(s) – C(s)
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Example 1

• Given T(s) = 5/(s2 + 7s + 10) w/ R(s) = 1/s
• What is e(� )?
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Unity Feedback Systems

• More often, we are given 
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We can do more analysis

• If R(s) = 1/s (unit step)

• For e(� ) = 0, G(s) = � when s � 0

• At least one pole must be at origin for e(� ) = 0
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We can do more analysis

• If R(s) = 1/s2 (ramp )

• For e(� ) = 0, sG(s) = � when s � 0

• If one pole at origin, e(� ) = finite

• If no poles at origin, e(� ) = �

• For e(� ) = 0, must have 2 or more poles at origin
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We can do more analysis

• If R(s) = 1/s3 (parabola )

• For e(� ) = 0, s2G(s) = � when s � 0

• If two poles at origin, e(� ) = finite

• If one or no poles at origin, e(� ) = �

• For e(� ) = 0, must have 3 or more poles at origin
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Static Error Constants

• Steady – state error performance specifications

• Position Constant, Kp

• Velocity Constant, Kv

• Acceleration Constant, Ka

• As Ki (i = p, v or a) increases, e(� ) decreases
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Example 2

• Given Kp = 1000, what can we say about the system?

• Answer
• System is stable b/c e(� )  = 1/(1+K_p) = 1/1001

• System has exactly no poles at origin
• Input test signal is a step
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Nonunity Feedback Systems

• In general we are given

• We would like to perform a similar analysis, so what do we 
do?
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Convert It Into A Unity Feedback System
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Example 3

Find the steady state error for the system

Answer: e(� )  = - 4
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Sensitivity

• Consider F = K/(K+a)

• Let K = 10 and a = 100, then F = 0.091
• Let a = 300, then F = 0.032

• Change in a: (300-100)/100 % = 200%
• Change in F: (0.032-0.091)/0.091 % = -65%

• Definition:
• Ratio of the fractional change in F to the fractional change in P
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Example 4

• Given the system,

• Calculate the sensitivity of the closed-loop transfer function.

• Answer:

• How would you reduce the sensitivity? 


