From Last Time

Cayley — Hamilton Theorem:
Given a matrix A, A satisfies its own characteristic polynomial.

* No reason to compute matrix powers higher than A"
« Can express functions composed of matrix polynomials
« What about functions of A that are NOT polynomials?
* Use Taylor series 3 5 7
. A A A
* Examples: sin(A) _A_§+§_?+"'
A% A% AS

eAt:I+At+%A2t2+%A3t3+...

Properties of e At
* AeAt=eAtA
» Given A =PLP1, then eAt= P gLt P1
« Helps us to compute solutions of state equations

Solution of State Equation

Given % = Ax+Bu withx(0)=x,
y = Cx+Du
Then starting with x = Ax+Bu
(x —Ax) = Bu

Multiply both sides by e, we get € ™' (x — Ax) = e *'Bu
d —At_ o) —At
— (e = e
= (e xit)) € Bu

Integrating both sides, we obtain

Y
x(1) —/.BA‘XU+/ A=) Bu(r)dr
StateTranﬁ{}iEﬁ 0
Matrix

Ural Response P |

Solutions of State Equations

.t
%(f) = EALXU+/ A" Bu(r)dr
Jo

« If we have a un/under — damped response, what would this
look like in our solution?

» Recall: ei% = cosq + j sing




Example 1
. o 2 0| _o¢
Given: X = {_2 _5]X+[1}e
y = [21]x

Eigenvalues of A: -1, -4
Eigenvectors of A: [-2 1], [1 -2]T

p_ |2 1}13_1:[—2 1

1 -2 1 -2

eAt Pe/\tP—l
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Example 1

Convolution integral

t _e— 2t + 2eft + lef4t
/ d(t — 7)Bu(r)dr = { Cor 1y 23 a
JO e — ge

-1
10—t -2t 4 -4t
. . - € — e — 5€
Resulting in z(t) = 3
g ( ) |: _E%e—t + e—2t + _e—4t }

With y(t) = [21]x = 5et — 2

Stability

« Total response of the system is
c(t) = cforced(t) + chatural ()

* A linear time-invariant (LTI) system is
* Stable if ¢ () Oast
* Unstable if ¢, at) ast
* Marginally stable if ¢, .,(t) neither grows or decays as t
 Another definition — Bounded Input Bounded Output (BIBO)
* A system is stable if every bounded input yields a bounded output

¢ A system is unstable if every bounded input yields an unbounded
output

d-— erelationship of stability

l[e(O)|] < &
=lle(®)]] < e t>0

« Stability in the sense of Lyapunov
€ * c(t) is stable if and only if for any e > 0,
] % a d(e) > 0 such that

¢ Asymptotic Stability

* C(t) is asymptotically stable if and only
f d if for any d > 0 such that
- [c(O)I < 6

%y = |le@®)| — 0, ast— oo




Stability & Location of Poles
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A few more words about pole locations

» Equivalent systems

« If poles are in left-half plane
R(s) + E(s) 10(s +2) C(s)

o (sta)
¢ Positive coefficients
* All powers present

’T S(s +4)(s + 6)(s + 8)(s + 10)

* Instability — Sufficient Condition
¢ Signs of coefficients are not the
same
¢ Missing powers — (maybe
marginally stable)

R | 10(s +2) | cw
| 55+ 285"+ 2843 + 12325+ 19305 + 20 |

Routh-Hurwitz
« Provides stability information without requiring to explicitly
solve for poles

* Trivial for analysis
* Provides bounds for design
» 2 Steps:

¢ Step 1: Generate Routh table

* Step 2: Interpret the Routh table following Routh-Hurwitz criterion

Generating a Basic Routh Table

R(s) N(s) C(s)

44 05333 + a2s2

ays

+ais+ay

s4

53

52

st

s0




Example 2
RGs) + <o EG) 1000 Cls)
_% (s+2)s+3)s+5)
R(s) 1000 C(s)
s [ C6)

5+ 1052 + 315 + 1030

Using Matlab we get:

-13.4136 What can you conclude

1.7068 + j8.5950 about your Routh Table?
1.7068 - j8.5950

Routh-Hurwitz Criterion

 # of roots located in the RHP == # of sign changes in the 1st
column of Routh table

s8 1 31 0

s? 10 1030 0

Example 3

D(s) = 3s” + 9s6 + 6s° + 454 + 7s3 + 8s2 + 25 + 6

Using Matlab:

-2.2859

-1.0265 + j0.6541
-1.0265 - j0.6541
0.6404 + j0.7106
0.6404 - j0.7106
0.0291 +j0.8028
0.0291 - j0.8028

st -72 0 0
$ 1103 | o 0
Example 4
10
T(s) =
() $5 4254435346524+ 55+3
s5 1 3 5
s 2 6 3
g3 e
52
51
SO




Another Method to Handle Osin 1 st Column

* Fact:
* R, = Roots(Polynomial 1)
* R, = Roots(Polynomial 2)
e Foreveryr; Rjandr R, r=1rforalll=j=1,..,p
* Then # of r;in RHP & LHP ==# of r;in RHP & LHP

* Given:

e Let s = 1/d, then

Example 4 — Again
10

$5 4254435346524+ 55+3

T(s) =

ds 3 6 2

d4 5 3 1

ds

d2

di

Example 5
s5 1 6 8
st 1 6 8
[

< | Now what?
52

sl

s0

Entire Row in Routh Table is 0

» From our previous example, row right before the row of Os is
P(s)=s*+6s2+8
then, compute dP/ds = 4s3 + 12s + 0
* Replace the row of zeros with the coefficients of dP/ds

s5 1 6 8
s4 1 6 8
s® A 74 3 0
SZ
Sl
SO




Why does this work?

« A row of zeros appear when a purely even or purely odd
polynomial is a factor of D(s)
e Ex:s*+5s2+ 7 —even
s%+ 55+ 7s + 1 — odd
< Even polynomials only have roots that are symmetrical about
the origin

Why does this work?

¢ Row b/4 the zeros contains the even polynomial that is a
factor of D(s)

* Row containing even polynomial to end of Routh table — test
of ONLY the even polynomial

Furthermore
s8 1 12 39 48 20
s’ 1 22 59 38 0
6 -1 -2 1 2 0
5 1 3 2 0 0
s4 1 3 2 0 0
s8 a2 03 L0 0 0
s? 3 4 0 0 0
st 1/3 0 0 0 0
s? 4 0 0 0 0
Odd RHP Poles: 2 Even RHP Poles: 0
Odd LHP Poles: 2 Even LHP Poles: 0

Odd jw Poles: 0 Even jw Poles: 4

S5 1 6 8
s4 1 6 8
S8 4 12 0
s2 3 8 0
st 1/3 0 0
s 8 0 0
Example 6

sb 1 -6 -1 6

S5 1 0 -1 0

54

53

52
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Stability Design via Routh — Hurwitz

Consider

Find the range of K for system to be stable assuming K > 0.

Step 1: Obtain transfer function

Step 2: Construct Routh Table

Stability Design via Routh — Hurwitz

Want K>0 s. t. system is stable

S8 1 7
s? 18 K
st

s0

For system to be stable: K < 77(18)

Stability in State Space
Given,

This system is stable if and only if
foralli=1,...,n

Furthermore, if A satisfy the condition, we call A Hurwitz.




