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Given the following system,

x = Ax+Bu (1)
y = Cx+Du

with x(0) = x¢, we can obtain the closed form solution of x(¢) as follows:

x = Ax-+Bu
(x—Ax) = Bu

Multiplying both sides of the equation by et we get:
e A(x—Ax) = e A'Bu
d
o (e*AtX(t)) = ¢ A'Bu

t d t
/(eAtx(t)) dt = /GATBU(T)dT
o dt 0
t
e Ax|b = /G_ATBU(T)dT
0
t
e Alx(t) —x¢ = /G_ATBU(T)dT
0
t
e Alx(t) = Xo—l—/ e ATBu(r)dr
0
Multiplying both sides by et we get
t
x(t) = eAtXO—l—eAt/ e ATBu(r)dr
0
t
x(t) = eAtxo—i—/ AT Bu(r)dr (2)
0

We call eAt the state transition matriz and the first term of (2) gives the natural response of the
system. The second term of (2) is called the convolution integral and results in the forced response
of the system. Thus, the output of the system is given by

y(t)=C <6Atx0 + /0 t eA(tT)Bu(T)dT> + Du (3)



