
Swarthmore College
Department of Mathematics and Statistics

2007 Honors Examination in Algebra

Instructions: Thi s exam contains 10 problems. Try to solve about six problemsascompletely
aspossible. Beyond that, turn in any solutions or partial solutions that you can get done. I am
interested in your thoughts on the problem even if they do not completely solve it . In particular,
turn in your solution even if you canÕtdo all the parts of a mult iple part problem. You might
also formulate and solve special cases that you can thin k of. Where there are multip le parts to
a problem, you can answer a later part without solving all the earlier ones. The problems are
not necessarily in increasing order of di!cult y.

1. Let Sn denote the symmetric group of permutat ions of {1, 2, . . . , n}. Consider S3 ⊆ S4 in
the natural way such that the permutati ons in S3 Þx the number 4.

(a) Find a set of coset representativ esof S3 in S4 (i.e., one from each coset).
(b) Find a property on the permutat ions of S4 such that σ and τ share th is property if

and only if they are in the same coset.
(c) Generalizeboth (a) and (b) to Sn (with proof).

2. Prove from basic principles that in a commutati ve ring R with unit y 1, an ideal M is
maximal if and only if R/M is a Þeld.

3. Show that x3−x−1 and x3−x + 1 are irr educible over Z3 (th e integers mod 3). Constr uct
their splittin g Þelds and explicitly exhibit an isomorphism between thesesplitti ng Þelds.

4. Let G be a group wit h subgroup H. For g ∈ G deÞne the (H,H)-double coset of g to be

HgH = { h1gh2 | h1, h2 ∈ H }.

(a) Show that the (H,H) double cosets part ition G but that, unlike left cosets, di"e rent
(H,H)-double cosets need not have the same cardinalit y.

(b) Suppose that G acts tr ansitively on the set X = {x1, . . . , xn} and that H = {g ∈
G | gx1 = x1}. Show that the number of orbits of X under the acti on of H is the same
as the number of (H,H)-double cosets. (Hin t: since G acts t ransitively, there exist
elements gi ∈ G such that gix1 = xi).

5. True or False? Justify your answers.

(a) The principal ideal 〈1 +
√
−5〉 is maximal in Z[

√
−5].

(b) Z[i]/〈2− i〉 ∼= Z5, (Here, Z[i] denotesthe ring of Gaussian integers).
(c) The ring S ⊆ Z[x] consisti ng of polynomials with zero coe!c ient on the linear term

S =
{
a0 + a2x

2 + a3x
3 + · · · + anxn | ai ∈ Z

}

is a unique factor ization domain (hint: th ink about x2 and x3).
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6. Let E be the splittin g Þeld of the polynomial x3 − 2 over Q.

(a) Find a basis for E as a vector spaceover Q.
(b) Find a primitiv e element α such that E = Q(α). (Note that it su!c es to show that α

is not contained in any proper subÞeld of E.)

7. (a) Let G be a group and H ≤ G a subgroup with [G : H] = n. Prove that there exists a
normal subgroup N $ G such that

(a) [G : N ] divides n! and (b) N ⊆ H

(Hint: Let G act on the set of left cosets X = {gH|g ∈ G} to get φ : G → Sn.)

(b) Use thepreviousresult to show that any group of order 24must havea normal subgroup
of order 4 or 8. (Hin t: let H be a Sylow-2 subgroup.)

8. Let R be a commutativ e ring with unit y 1. An element t in an R-module M is called a
torsion element if rt = 0 for some nonzero element r ∈ R. The set of torsion elements in M
is denoted tor(M ).

(a) Prove that if R is an integral domain then tor(M ) is a submodule of M and show that
M/tor(M ) has no nonzero torsion elements (i.e., it is torsion free).

(b) Give an example of a ring R and an R-module M such that tor(M ) is not a submodule.
(c) Show that if R has zero divisors, then every nonzero R-module has torsion elements.

9. Every permutation in Sn is either even or odd. DeÞne the sign of a permutati on σ to be
sign(σ) = 1, if σ is even, and sign(σ) = −1, if σ is odd. Prove that

sign(σ) =
∏

1≤i<j≤n

σ(i) − σ(j)
i− j

.

10. Let G be a Þnite group with conjugacyclassesC1, C2, . . . , C!. Let CG = {
∑

g∈G λgg|λg ∈ C}
denote the group algebra of G over the complex numbers C.

(a) Show that the classsums Ci =
∑

c∈Ci

c are in the center Z(CG).

(b) Let V be a G-module over C. For z ∈ Z(CG), show that the map φz : V → V given
by φz(v) = zv is a G-module homomorphism.

(c) Suppose that V is an irreducible G-module. What doesSchurÕslemma say about the
homomorphism φz? Use th is to describe multipl ication of vectors in V by an element
z of the center.

(d) As an example, let V be the permutation module of S4 spanned by v1, v2, v3, v4 with
σ(vi) = vσ(i). Let W = span(v2 − v1, v3 − v1, v4 − v1). Then W is an irr educible
submodule of V (you do not need to prove th is). Let C betheconjugacyclassconsisting
of two-cycles. Describe the action of C on W . If possible,generalize to Sn.
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